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We give a systematic summary of the properties of the Gegenbauer functions C$(x) and D¢ (x) for general
complex degree and order, with emphasis on the functions of the second kind, D$(x), and on results useful
in scattering theory. The results presented include Sommerfeld-Watson type expansion formulas and two

reciprocal addition formulas for the functions of the second kind.

The analysis of Bethe —Salpeter wavefunctions and
relativistic scattering amplitudes in terms of repre-
sentations of the homogeneous Lorentz group has been
considered by many authors.! The most common
approaches have involved either the use of the repre-
sentation theory of the Lorentz group and expansions
in the corresponding representation functions to simpli-
fy dynamical calculations, or the use of the ideas of
Fourier analysis on the Lorentz group to obtain repre-
sentations of scattering amplitudes in different kine-
matic regions. A more general approach based on the
analytic properties of relativistic scattering amplitudes,
and the expansion of the Cauchy denominators in fixed-
energy dispersion relations using the representation
functions of the Lorentz group, was developed by the
present authors. ?

The functions which appear in any of the foregoing
approaches to relativistic scattering problems for spin-
les particles are Gegenbauer (or hyperspherical) func-
tions. Although the properties of the Gegenbauer poly-
nomials. C*(x) are well known and readily available, 3%
much less information is available in standard refer-
ences about the Gegenbauer functions of the second Kind,
D?(x). The results obtained in Ref, 2, especially those
concerned with the connections between Lorentz and
Regge expansions, depended on a number of detailed
properties of the DX(x) which we found it necessary to
work out for ourselves. In particular, we derived sev-
eral remarkable addition formulas for the functions of
the second kind and general Regge-like expansion for-
mulas for the Cauchy denominator.

In the present paper, we have attempted to collect
systematically most of the results on Gegenbauer func-
tions which we found to be useful in our earlier work.
Some of the results on addition and expansion formulas
are new, as noted; others are known, but not readily
available., Finally, for completeness, we have included
some standard results, or generalizations of standard
results,

The present paper is divided into a number of short
subsections which deal with particular properties of the
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Gegenbauer functions C#(x) and D¥(x) for general values
of A, a, and x, Sections 1—5 deal with the definitions
and elementary properties of the functions (integral
representations, representations as hypergeometric
functions, index symmetries, recurrence relations,
reflection symmetries, and analytic properties). Sec-
tion 6 deals with asymptotic properties of the functions
for large degree and order, and contains some new
relations. Section 7 deals with the expansion of the
Cauchy denominator, and Secs. 8—10 with the addition
formulas. The main expansion and addition formulas of
Secs. 7—10 are restated for Legendre functions in

Sec. 11. Representative derivations of asymptotic lim-
its of the Gegenbauer functions for large order and
degree (Sec. 6) are given in Appendix A. A detailed
proof of one of the addition formulas of Sec. 9 is given
in Appendix B. The rest of the results given in Secs.
6—10 can be established using similar methods, but
detailed proofs are not given.

1. DEFINITIONS AND INTEGRAL REPRESENTATIONS

The Gegenbauer functions C;(z) are defined as the
solution of the differential equation (HTF 3-15.2 (2)]¢

{(zz_ 1) %,2 +(2x+1)z g; -l +2a)}c;*(z)=0,

(1.1

which are regular at the singular point z=1. The func-
tions of general degree A and order a with Re(A +2a)
>0 are given by the integral representation

CX(2) = (2mi)* [ dte**(1 -2zt + £y ® (1.2)
=(2ni)* exp(2nia) [ dtr2 Mt -2, (¢ =20,

(1.3)
Re(x +2a)>0.

Here z,=z% (z° ~1)!/2, The arguments of z, (z-1),
and (z +1) are all restricted to the range (- #7,7). In
particular, (22-1)'/2is cut from z=-1to z=+1.

The contour C in Egs. (1.2) and (1. 3) must enclose the
origin in a counterclockwise sense and avoid the cuts
of the integrand (see Fig. 1). The factor (1 —2z¢+ ) ®
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FIG. 1. The contour C in the ¢ plane is used in the integral
representation of C¢(2), (1.3). The contour C, is used in the
integral representation of D¢ (z), (1.5). The phases of ¢, £~ z,,
t - z_ above and below their respective cuts, are indicated in
the figure.

is to be interpreted everywhere as exp(2nia)(t - z,)"*
x(t - 2.)"® with 0 <arg(t - z,) <2r7.

For Rex <0 and Re(A +2a) >0, one can obtain an
alternative integral representation for C{(z) by changing
the contour integral in (1.2) to an integral along the
negative real axis, and the replacing ¢ by &?,

C?(z)z-z'“ill;ﬂfm dBexpl- (A +a)8]

X (coshB+ z)~%, (1.4)

From this it is clear that C¥(z) is analytic in the z plane
cut from z=-1 to z=-, The cut structure may also
be deduced from (1. 3) by noting that the points z, pinch
the integration contour in Fig. 1 for z - -1, —

A second solution to Gegenbauer’s equation can be
obtained by choosing a different contour in the integral
representation (1.3). We choose a contour such that
D¥z)—0 for 1zl— o, Re(x +2a)>0, and define D(z)
by’

D (z) =exp(2mia)(2mi)™ [, dtt*H (- 2,y %t -2.)"
(1.5)

The contour C, is defined in Fig. 1. The singularities
z, pinch the contour C, for z— +1, —; the function
D(z) is consequently cut from z=+1to z2=~=, For
Rea <1 and Re(x +2a) >0, we can obtain an alternative
representation for Df(z) which is analogous to (1.4),

DX(z)=2"%explira) sinma

X [osh"z dpexp[- (A + a)8] (coshp — z)=°. w6

2. REPRESENTATIONS IN TERMS OF
HYPERGEOMETRIC FUNCTIONS

The integral representation for DZ(z), (1.5), is easily
transformed into the standard integral representation
for the hypergeometric function. One finds that

[z + (2% = 1)*/2]29T () +2a)
T +a+1)

D¥(z) =explina)

. . z_(zz_l)llz
X, F, (a,)\+20,)\+a+1, PR
(2.1)

— exp(ina) -ﬂg)—li%%exp[ (O +2a)8]
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X, Fi(a, X +2a;n +a +1;e28), (2.2)
z=coshf, ef=z+(2~1)1/2, |e8|>1,
_ , I'(x +2a) ez
=exe(in9) T+ o 1) 29
X, Fzx+a, 2 +a+3n+a+1;22), [z\>1,
(2.3)
- T'(x+2a)
. 1y192 o+l /2 j 2 _1)a/2+1/4
‘/_exp[2m -3)] T(a)T(A+1) (2" -1)
x@a{7al2). (2.4)

‘In the last expression @4 (z) is the usual associated

Legendre function of the second kind [HTF 3.2 (5)].
The asymptotic behavior of DZ(z) as |z|— = is clear
from (2.3).

Hypergeometric expansions of C(z) are available in
standard references, or can be derived from (1, 3)%*
We quote only the expressions

T(x +2a)

C)?(z)= —r—(mz—a—)- ZFX(- 7\,K +2Q;C{ +%;%(1 —_ z)),
[3(1-2)|<1,
(2.5)
— % sinm 1"()\ +2(;‘)(ra()'—)\ - a) [_Z +(22 _ 1)1/2]_,“20‘

z_(22-1)1/2)

X Fy ()\ +2a,00+a +1; ey g VAL

T +a)

Y F@Te D FHE =D

(22 )1/2
X2F1<7\C¥—)\ a+lw

Z+(2-102=¢", |ef|>1, (2.6)
_ 1 . T +20)T (= - a) -2
=— ;smn)\ @) (2z2)
X Fi3r+a, 2 +a+5a+a+1;27%)
T(x+a) N
* F@ren &9
X Fi (=32, = A+ 5= 1= a +1527%), 2.7
|2]>1,
T'(x+2a)
— - o+l /2 2 a/2+1/4 p=a+l/2
=v7r2 F(a)P(x+1)(z 1)y Ptz a(2),

(2.8)

where P¢ is an associated Legendre function {(HTF
3.2(3)]. The expansion of C¥(z) for |z| large may be
obtained from (2.7).

The zeros and poles of C(z) and D2(z) as functions
of A and a are readily deduced from the integral repre-
sentations or the hypergeometric series (2.1) and
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(2.5):
D¢ has poles for » +2a=0,-1,~2,°-,
zeros for a=0,-1,-2,---, (2.9)
C2 has poles for A +2a=0,-1,~2,:--,
zeros for «=0,-1,-2,--+,
and zeros for x=~1,-2,-+-, (2.10)
For »=0,1,2, -+, C&(2) has no poles as a function of

Q.

3. SYMMETRY WITH RESPECT TO A AND «

We can also obtain a number of useful symmetry
properties of C and Dy from their hypergeometric
expansions. From (2.5) and the properties of the gamma
functions, it follows that

i 2
€3 pale) == FRTAL2A) o). (3.1)
From (2. 3) and (2.7),
C(2) =exp(- ina) ﬁ% [D&(2) - D& _,.(2)).
(3.2)

It should be noted that the right-hand side of (3.2) does
not vanish for » =integer. The product singx D?(z) van-
ishes, but from (2. 3) one can see that singx D&_, (2)

is nonzero.

If we rewrite (2.3) for o —- a +1, x=x+2a-1,
and apply the Kummer transformation [HTF 2. 9(2)]

Fila, bye;2)=(1-2)"t ,F\(c—a,c - bic;z),  (3.3)
we obtain
D%l (2)==exp(-2mia)22%1(2% — 1)*-1/2
+
T(x +1)I'(a) De(2), 5. 4)

x T +20)T(-a+1)y 72
while from (3.2) and (3.4) it follows that

T(a)T(x +1)
I'(-a+1)T(x +2a)

C;‘f;é..l(z) — 22a-1(22 _ 1)a-1/2

x{Cg(z) - 2 exp(~ ina) cosma DX(z)}. (3.5)

These results can be re-expressed as well-known
properties of the Legendre functions by using (2.4) and
(2.8).

4. RECURRENCE RELATIONS

The recurrence relations for the functions C2(z) are
available from standard references (HTF 3.15.2):

A+1DCE (2) =20 +a)zC(2) + (A +2a - 1)C2 (2)=0,
(4.1)
A+ a+1)CE () = a[Ct(2) - CE(2)], 4.2)

20(1 - 22)CH(z) = +2a - 1)CE,(2) - 22C(z), (4.3)
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d

P CX(z)=2aC¥(2), (4.4)
L [Cgale) - Cale)] =200+ ICE). (4.5)

" The functions Df(z) defined by (1.5) or (2.1)—~(2.4)

satisfy the same recurrence relations’ provided
A#0,-1,-2,"-,

5. REFLECTION SYMMETRY AND CUT STRUCTURE

One can establish the following properties of C(z)
and DX(z) from the integral representations (1,3) and
(1.5) or from the hypergeometric expansions in (2. 3)
and (2.5).

Reflection symmetries, z—~exp(+ir)z:

CHexp(x im)z] =exp(+ imA)C2(2) * 24 exp(— iTa)

(5.1)
(5.2)

X exp(¥ ira) sinmx DX(z),
D&exp(+ in)z] = exp[F ir(x +20a)]D2(2).
Discontinuities and relations on the cuts:
CH{~x +i0) = C(~ x - i0)

=2¢ sinm{C¥(x) — 2 exp(- iwa) cosma D(x)}, x>1,

(5.3)
D¥(—= x +i0) = D¥(~ x - i0) = = 2i sinm(A + 22) D (x), x>1,

(5.4)
C2(x) = DX(x +140) + exp(- 27ia)D(x - i0), |x|<1. (5.5)

In these expressions, z is an arbitrary complex num-
ber on the first sheet of the z plane, while x is real.
For a =1/2, the relations reduce to those familiar in
the case of the Legendre functions.

We can use the foregoing relations to obtain an inte-
gral representation for the functions D&(z) with integer
degree. It is easily seen from (5.2) that the function

(5.6)

is cut only from z=-1 to z=+1. The discontinuity
across this cut can be calculated using (5.5),

D (x +140) = D2(x = i0) = (1 - x*)*"1/2explin(a - 3)1CX(x).
(5.7

The function 13,‘,"(2) can clearly be expressed as a con-
tour integral using Cauchy’s theorem, with a contour
which consists of a clockwise circuit around the cut
from z=-1to z=+1, and a counterclockwise loop at
o, The contribution from the latter vanishes for
n=0 |see (2.3)]. For Rea >~ 3, we can express the
remaining integral in terms of the discontinuity func-
tion (5.7), and obtain the desired representation,

1 Lo (1= B)*1/2Co(8)

T ; 2 _1)a+l/2 ~_
D¥(z) =exp(ita)(z® - 1) = /:1 dt o

D¥(z)=(22 = 1)*1/2D%(z), n=integer,

s

n=0,1,2,...,Rea>—%. (5.8)

In the special case o =%, this result reduces to a fami-
liar expression for @,(z) [ef. (2.4), (2.8)]. See also
Ref. 3, (4.61.4), for the corresponding result for the
more general case of Jacobi functions.
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6. ASYMPTOTIC LIMITS FOR LARGE A AND «

We shall frequently need the behavior of C¥(z) and
Dy (z) for large values of one or both of the parameters.
This behavior is easily obtained from the integral
representations by saddle point methods. It can also be
obtained in some cases by noting that the leading terms
in the hypergeometric function ,F,(a, b;c;z) provide an
asymptotic expansion of the function in inverse powers
of ¢ for Rec—« and |z|>1 provided z does not lie on
the interval 1< z<w [HTF 2.3.2]. In the present sec-
tion, we will simply collect the results which we will
need later, and indicate the method of derivation of
each. The saddle point calculations for two nonstandard
limits [(6.1) and (6, 10)] are sketched in Appendix A.
The remaining saddle point calculations involve similar
techniques, and the details will not be given. All of
the asymptotic estimates presented are uniform for z
and any free parameters {e.g., « in the case A — )
in any fixed finite domains in the complex plane which
exclude the points or regions indicated. We have not
determined in most cases the most general conditions
under which our results hold, but only that the range
of validity is adequate for our purposes.

The asymptotic behavior of C{(z) for |A|— = along
any ray in the right half x plane is considered in
Appendix A, Along rays such that Imx — +

C(z) ~a* 122D ()M (22 - 1) /2
x{[z + (22 = 1)}/2+® texp(s ima)|z + (22 - 1)1/2] 2o,

|A|—=, Rex20, Imx—zx%, |arg(zz1)|<7.  (6.1)
This result holds, as indicated, for all z not on the in-
terval —» <z <1, The derivation which leads to (6.1)
must be altered somewhat for Rex — « with Imx fixed
[see Appendix A or HTF 2.3.2 (17)], and one finds a
result with the same form, but a quite different
interpretation,

sz(z) ~7\°“12'“[1"(01)]'1(z2 _ 1)-a/2

x{lz+ (22 = )32 +exple inadlz + (2 = 1H/2]oe),

])\|-—°0, Rerx=0, Imz =0, |arg(zil)l<nq (6.2)
This result holds for all z not on the intervals — = <z
<-1and 1=<z<, It should be modified for z on the in-
terval 1< z <« by omission of the second term (see
Appendix A). We note in this connection that

\z+(22-1)1/2t>1

for all z in the complex z plane cut from —~1 to +1., The
equality is attained only for z on the cut. The second
term in (6.2) is therefore exponentially small relative
to the first term and can be dropped in any case for
Rex — « provided z is a finite distance away from the
interval [-1,1].

A more detailed analysis shows that (6.1) and (6.2)
are equivalent for all z a finite distance away from
[-1,1] and all |x|~, Rer= 0, provided only the domi-
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nant terms are retained. The interval [~ 1,1] requires
special treatment. The asymptotic behavior of C¥(z)
for Rex — -« can be determined by using the symmetry
relation (3.1) in conjunction with (6.1) or (6.2).

The asymptotic behavior of D¥(z) for |A|-—~ is quite
simple [Appendix A or (5d) and HTF 3.2 (37), 2.3.2
(186)],

Dz} ~explima)n 12T (a) ] (22 = 1)"%/2[z + (2% — 1)1/ 2] 2,

(6.3)

The asymptotic behavior of C¥7(z) for Ren— ~ can be
obtained from the integral representation (1. 3) using
a saddle point estimate or, alternatively, by applying
the Kummer transformation (3. 3) to the hypergeometric
function (2.5) and retaining only the leading term
(HTF 2.3.2),

hl“"”’ Iarg)\\<n, ‘arg(2i1)|<n_

T'(x+2a+n)

-aq=n+l /2
T'(x ~n+1)T(2a +2#n) (z+1)

C:ﬂn(z) =2a+n-1/2
-n

X Fi+ta+3,-r—a+sa+n+3;3(1-2)

_sinw(n~2)

2-a-n+1/2 z+1 ~o-n+l/2
—r
O (2 +1) ,

Ren—=, |arg(z+1)|<ﬂ. (6.4)

The corresponding result for D¥(z) can be obtained
either by saddle point methods, or from (5.1) and
(6.4). Thus, we find from (5. 1) that

1

Di(z) = sexplin(a +n)] ST =)

x{expls in(a +n+5)]CEMexp(+ in)z]

(6.5)
Use of the asymptotic limit (6.4) then gives the limit

—explz in(x +a + H]ICE(2)}

DEn(z) ~ 2721 2() /2 explin(a +n)]

x{(z = 1) * /2 _expl+in

(@1 =Dz + 1o/, (6.6)

Ren—o, Imz=s0, |arg(zi1)l<7r.

The second term in this expression should be omitted
for z on the interval 1 <z <,

The asymptotic behavior of C(z) for Ren— = can be
obtained by using successively (3.5), (5.1), and (6.4).
We find from (3.5) and (5.1) that

T+ DN a)
- o+l __92a-1{,2 a-1/2
Clfan(a)=277(2% - 1) T(A+20)T (- a +1)sinm

xexp(+ in(a + P cosnr + a]CX(2)

—costaCexp(xin)zl;, Imz=0. (6.7)
If we now replace a in (6.7) by n~a +1 and x by A +2«
—n-1, and use the asymptotic limit in (6.4), we find

that
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sinm(a - n)

a-n ~On-a+1/2 -1/2
Ginlz)~2 (mn) sint\ + 20 = n)

x{cosm(n— a)(z + 1" ***/2 + expltin(n - a + 3)]
><cos1r(>\ + a)(z _ l)n-ad/z}’

(6.8)

We will also need asymptotic estimates for the func-
tions D%, ,(z) and C}**}(z) for |x|—~ with Rex> 0 and
the ratio |7/x1<«1 and fixed, We obtain the estimate of
D%, ,(2) by using (3. 2) and whichever of (6.1) or (6.2)
is appropriate. The results in the two cases have the
same form,

D% (2)~ - explira](x - 1)*127%(22 - 1)"*/?['(@) sin7

Ren—, Imz=0, |arg(z+1)|<m.

x(A=1+2a)]*

x{sinm(x = I+ a)lz + (2% = 1)/2p-t-a
- sinra expltinr(r = [ +a)]

X[z +(22 = 1)1/2]-)«+z+a}’

where the + in the phase factor in the second term
corresponds either to |x|—« with Imx —F o,

larg(z -1)i< 7, or to Rex —+ <, Imx fixed, Imz=0, de-
pending on whether (6.1) or (6.2) is used. (The results
are, of course, equivalent when nonleading terms are
dropped.) For Rex —» and !z + (2% - 1)/2|> 1, the
second term in (6. 9) should be dropped.

(6.9)

Finally, the asymptotic estimate for C}"(z) is derived
in Appendix A for the conditions we will need,

A= - r() 2zt, -i 1—zt0 -A(1=%)
o)~ ey 0] (1=

ty=x/{z +[22 = x(2 - )]/ 2} = x/ 22, (6.10)

x|, Rex>0, x=1/A, |x|<1 and fixed, |z|> 1.

This result apparently cannot be derived directly from
the hypergeometric representations of C}"!(z).

7. EXPANSION OF THE CAUCHY DENOMINATOR

The Gegenbauer polynomials C%(¢) for n=0,1,2,-..
form a complete set of eigenfunctions for the differen-
tial equation (1.1).% These polynomials are orthogonal
on the interval - 1<¢<1 with the weight (1 - 2)21/2,
Rea > - ; |[HTF 3.15.1 (16)],

[1 dt(l — PY*=2C(HCH(E)

-1

I'(n+2a)
" O DIT@F o

— 2-2 a+l

(7.1)

We may use the completeness and the orthogonality
relations in conjunction with (5. 8) to derive a standard
generalization® of Heine’s expansion of the Cauchy
denominator (z - #)™! in terms of Legendre functions
[HTF 3.10 (10)]
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(z _ t)'l =exp(— ina)zz"‘[r(a)]z(zz - l)a-llz

T'n+1) ., o
xg(n+a) i’m—) C" (t)Dn (Z). (7.2)
This expansion converges absolutely for
[+ - 12 [z + (22 - 1) /2] <11, (7.3)

a result which can be established by using the asymp-
totic limits (6.2) and (6. 3) in (7.2). The restriction
(7. 3) requires that the point ¢ lie within that ellipse in
the complex ¢{-plane with foci at £=+1 which passes
through the point t=2, The convergence is uniform for
t on and within any ellipse with foci at +1 inside that
determined by (6.9). This is, of course, the same
region of convergence as one obtains for Heine’s expan-
sion [the special case of (7.2) for a =13, see (2.4) and
(2.8)], and the more general expansion of (z — £)"! in a
series of Jacobi functions.®

The series expansion of (z - #)™* given in (7.2) does
not converge in the region needed in our earlier work.?
We will therefore obtain an alternative expansion with
a larger domain of convergence by using the Sommer-
feld—Watson transformation!® on (7,2). We first replace
tby —tin (7.2), and use (5.1) to write C2(~#) as
(- 1)*C2(¢). The sum in (7, 2) can then be replaced by a
contour integral, °

=exp(-i7a)22[I(a)]?(2? - 1)*1/2

2+t
x (=170 +a) Tt D) (1.4)
=i exp(—ira)22e I (a)]?(22 - 1)e1/2
dv Twv+1) . onna
* [ Gy @ Frgay CODH, (1.5)

C
where the contour of integration runs around the posi-
tive real axis in the negative sense (Fig. 2). It is easily
established from (6.1)—(6.3) that the integrand van-
ishes sufficiently rapidly for {vl—~«, Rev=0, that the
contour of integration can be opened up to run parallel
to the imaginary axis provided

A

@ Py o
@- @ A 4

2/

4
I
|
|
!
:
|
I

FIG. 2. The locations of the poles of the integrand in (7. 5) for
Rea >0, and the contours of integration used in (7.5) (solid
line) and (7.7) (dashed line). The poles are located at v =0,
+1, +2, o+« andat v=—20-n, n=0, 1, 2, * =+,
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|arglt + (2 - 1)1/2]| +|arglz + (2 - 1/2] | <. (7.6)

Thus for all # and z which satisfy (7. 6)

7 =iexp(-ina)2®e () (e® - 1)°t/2

><-/4m-6 dv (u+a)M—1)—)C,f‘(t)D,j"(z),

sinry T'(v+2a

=~i®-¢

0<e<1, Rea>0. (1.7
In writing the result in this form, we have used the
fact that CZ(#) and DZ(z) have no poles in the right-half

v-plane for Rea >0, If Rea <0, some of the poles of
the integrand at v=-2a -n, n=0,1,--., will lie in the
right-half plane, and the sum of the residues of these
poles must be added to (7.7). Note that the region of
validity of (7.7) given in (7.6) is much larger than the
elliptical region (7. 3).

8. GENERALIZATIONS OF STANDARD ADDITION
FORMULAS

The addition formulas for the Gegenbauer functions
relate the functions of argument

£ =27, - 2(a® = 1)H2(a2 - 1)1/2 (8.1)

or
coshfB =coshg, coshB, — cos¢ sinhf,; sinhp,

to sums of products of Gegenbauer functions with argu-
ments x,, x,, and z, or coshp,, coshB,, and cos¢. In
this section and the following two sections, we will pre-
sent some generalizations of the standard addition for-
mula for the Gegenbauer polynomials [HTF 3.15.1 (19)]
which hold for Gegenbauer functions of the first and
second kind of arbitrary noninteger degree x. The
ranges of the arguments x,, x,, and z are also non-
standard., Our method of derivation in each case is
suggestive, but not rigorous as presented. The proofs
that the results presented actually represent the func-
tions in question are based in our approach on the use
of Carlson’s theorem.!* However, the proofs are rather
lengthy, and we will illustrate the method in only one
case, the proof of Eq. (9.3) given in Appendix B. Al-
ternative proofs of some of the results for the special
case of the ordinary Legendre functions P,(t) and @,(¢)
are available in standard references.!? Henrici'® has
given completely different proofs of the more general
results in Eqs. (8.3), (8.6), and (9.5), a fact of which
we were unaware at the time we derived these results
for our own use. The “inverse” addition formulas in
Eqgs. (10.6) and (10.8) or (10.11) and (10, 12) appear

to be completely new.

The classical addition formula for the Gegenbauer
polynomials of argument

cosO =cosb, cosd, — cosd sinfb, sind,

is given by HTF 3.15.1 (19),

I'2a-1) é (< 1) I{(l-n+1)I(a+n)]?

C,a(cose): T(F 2 T(I+2a+n)
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X(2n +2a ~ 1)(sing, sin6,)"CE*" (cosb,)

I=n

X CEm(cosh,) C2 /2 (cos o),

n

l=0’17° (8.2)

This result may be derived by group-theoretical meth-
ods for @ =m/2, m an integer, by using the relation

of the Gegenbauer polynomials to the (unitary) repre-
sentation coefficients for the rotation group SO(m +2),
and can be extended to general complex values of a by
analytic continuation, It can also be proved by purely
analytic methods,'® The extension of (8.2) to complex
angles, hence, to arbitrary values of x,, x,, and z is
immediate provided » is an integer.

The standard addition theorem for the Gegenbauer
polynomials has an obvious extension to the functions
of noninteger degree A, obtained formally by extending

‘the summation in (8. 2) to infinity,

Cooy oy — 2(x? = 1)H/2(x2 - 1)1/2)

_T(2a-1) Sy 4T\ - n+1)[I(a+n)f
NG e (X +2a+n)

X(2n+20 = 1)(x2 = 1)/ 22 - 1)"/2

X CE(x, YOZ M (x,) C2 1 3(2). (8.3)

For » =[=integer, this series terminates with the term
n=1[see (2.5) and (2.10)] and hence, reduces to the
proper result for the Gegenbauer polynomials,
1=0,1,++. The validity of (8.3) for general A can be
established using this observation and Carlson’s theo-
rem. ! We note also that (8. 3) reduces for a =4 to a
known result for the Legendre functions P,(£) of
arbitrary degree.® The general result has been given
(for associated Legendre functions) by Henrici'” and
Vilenkin, *®

The region of convergence of (8. 3) may be established
through the use of (6.2) and (6.4). It is determined by the
condition

]z+(22— 1)1/2|<,(x1+1)(x2+1)/(x1—1)(x2—1)|,
(8.4)

where (zx1), (x,+1), and (x,+1) all have their princi-
pal phases. This condition requires that z be inside the
ellipse in the complex z plane with foci at +1 which
passes through the point

2= (0x, +1)/[(2 = DG - D]z,

The latter gives the location of the branch point of
CAE), E=x.x, — 2(x% = 1)*/2(x2 = 1)*/2, considered as a
function of z, that is, the location of the singularity of
C¥(£) closest to the interval [-1,1] (see Szegd, Ref. 3,
Theorem 9.1.1.). If we write x; =coshg;, where 8; may
be complex with |ImB;| <7 and z=cosh¢, |Im¢!<m,
the region of convergence corresponds to
tanh %‘— tanh % e®i<l.

We can easily derive an addition formula for the func-

tion D¢ from (8. 3). We take x,, x,, and z real, x,>x,

(8.5)
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>1, and combine the functions C(t) and CZ(e'"t) for
£ =x,%, — 2(x% = 1)*/2(xZ - 1)/2 using (5.1). The second
function is related to the first by the replacement

x, — e'"x,. After a little manipulation, we obtain the
desired result,

D(xyx, — 2(6% = 1)1/ 2(x2 = 1)1/2)

4T\ =n+ D) [(a+n)P
T(A+2a+n)

]."(2&—1) ™ n

x(2n +2a - 1)(x2 = 1)/ 2(x2 - 1)"/2

X DR, ) C&T (x,) CO-1/2(2), (8.6)
Note that C¥™(x,) vanishes when A =n=-1,-2,--- by

(2.5), so that the apparent singularities due to

I'(x -n+1) in (8.6) are not present, The addition theo-
rem may be extended tothat region of complex x,, x,,
and z which is continuously connected with the real re-
gion and in which the series converges. This region is
easily established by using (6.1), (6.4), and (6.6), and
is determined for Rex, >0 by the condition

|2+ (22 = 1)M2] < | (e, F D) + 1)/ (x, £ 1) (x, - 1) |22,
(8.7)

This condition restricts z to the interior of the smaller
of the two ellipses with foci at + 1 which pass through
the branch points of D{(&) at

2= (2,2 1)/[(6E - D)(x2-1)]/2 .

If we write x; =coshB,;, z=cosh¢, |Img;l<m,
JIme¢ | <7, the series converges for

B

5 tanh @2—2-2'“’ <1, |mg,|< I, |mmg,|<7. (8.8)

coth

9. ADDITION FORMULAS FOR |z| LARGE

The second set of addition formulas which we will
discuss are those which were necessary in our earlier
work on Lorentz expansions of scattering amplitudes to
express Lorentz amplitudes in terms of partial wave
amplitudes. > As these addition formulas do not appear
in the standard references 3—6, we will consider their
derivation in some detail. An alternative derivation of
(9.5) has been given by Henrici, !® with the results ex-
pressed in terms of associated Legendre functions.

We begin with the classical addition formula for the
Gegenbauer polynomials, (8.2), Since! is an integer,
both sides of (8.2) are polynomials, and the addition
formula is valid for arbitrary complex values of x,, x,,
and z, in particular, for values of z for which the con-
dition (8.4) is violated (e.g., z— = with x,, x, fixed).
We will use the symmetry relation (5.1) to change the
sign of the argument of C(¢), C¢)=(-1)'C¥(-%), and
rewrite (8.2) (with I replaced by 1) as

C(z(x? = 1)V /3(x2 = 1)Y/2 _ x, 1)

_TQa-1) &

= Ita) nfg (= 1n

X(2n+2a - 1)(x% - 1)"/2(x2 - 1)"/2

4" T(x —n+D[D(a +0) ]2
T(A+2a +n)
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X CE () CRom(x,) Cant 13(2), (9.1)
r=0,1,---.
We next use (3.2) to rewrite C**/%(z) as
a-1/2(,) _; 1 sinmn
C, (Z)—~9Xp[ in(a 2)] W
x[Dg1/2(z) - DZL2 ()], 9.2)

Note that for » an integer, sinznD2*/2(z) vanishes, but
the product sinmnD%1/2 (z) does not. We therefore drop
the terms which invalve D®!/?(z). In the remaining
series, we make the substitution n=2x -, and formally
allow the / sum to run from O to <. For x an integer,
only the terms 0 < [<x contribute. Note that we have
chosen the direction of the summation, !— « rather
than n— =, to assure the convergence of the series for
noninteger A. Finally, since we want to extend the re-
sult to noninteger A, where the symmetry property
(3.1) holds, we add to the remaining series an equiva-
lent series with X replaced by — (A +2a). [The added
series vanishes for X an integer, since sinmaD L[ %(2)
=0 in this case.] After some rearrangement of the
gamma functions, the resulting addition formula may be
written in the form

Cz(x? = 1)M2(x2 = 1)H/2 _ x,x,)

— 277 expl ina) sinma  T'(2a-1)
- =) St + @) D@

T'+1r@x+2a +1+1)
T +a+1+1DF

x{i\(27\+2a+2l+1)

1=0

X4-x-za-t[(x§ _ 1)(x§ _ 1)]-(h+2a+l)/2

X CP oM, ) O H(x,) DR (2)

A T+ (=22 =2a+1+1)
x£(2x+2a-21—1) Fcr—aTT+DT]

><4""[(xf - 1)(x§ _ 1)]()\-1)/2

X C’,‘*"‘"(xl)C);“""(xz)Df‘{_‘z/a2+,+1(z)} . (9.3)

The right-hand side of this equation (which we will
denote by S%) is equal to CZ by construction for A
=0,1,2,---. It is easily checked that it has the sym-
metries (3.1) and (5.1) of C¥ for A~ - - 2a and for
x; —~ exp(x im)x; for arbitrary noninteger A, and has the
asymptotic behavior (6.1) of C¥(¢) for z—w=, It is
therefore plausible that Sy is in fact equal to C? for
arbitrary complex A, that is, that (9.3) is a correct
addition theorem. We will prove in Appendix B that this
is the case. Our method consists of showing that the
function

_a)r(x+1)

Gl = TO+2a) £ +(e2- 1)1/2]'A[Cf‘— se]

is suitable for the application of Carlson’s theorem,
namely, that it is regular in the right-half X plane and
bounded by exp[Irl(7—¢€)], €>0, for |x|—~o, Rer= 0.
Since Gy vanishes by construction for x=0,1,2,...,
it vanishes identically by Carlson’s theorem. We con-
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clude that CX=S) for all A, o, x,, x,, and z for which
the series converges.

The region of convergence of (9. 3) is easily estab-
lished by using the asymptotic estimates given in (6. 2)
and (6.8). The series converges absolutely for fixed
x, and x, and z such that

|2+ (22 = 1)V2 | > | (x, £ 1)(x, £ 1)/ (x, F1)(x, ¥ 1) |2/2,
|arg(x, £1) <7, |arg(x,+1)|<m, |arg(e+1)|<m,

g:z(xf-1)‘/2(x§—1)1/2—x1x2, (9.4)

where all combinations of the signs in (x, +1) and (x,+ 1)
are to be considered. This requires that z lie outside
the larger of the ellipses with foci at +1 which pass
through the branch points of D#(£) in the z plane. The

convergence is uniform for z strictly outside the ellipse.

For z real, z>1, and the product [(x, +1)(x, +1)/

{x, = 1)(x, — 1)] real and positive, the convergence con-
dition (9. 4) becomes simply £ > 1, the form used in
Ref. 2,

The addition formula for DZ(¢) which corresponds to
(9. 3) can be obtained by using the connection between
CX(t) and CX{(e*¥"t) given in (5.1). If we take x,, x,,
and z real with £ >1, and combine the series for C&(t)
and CX(ei"t), with the second function being obtained
from the first by the replacement x, — ¢'"x, the series
which involve D%1/2, (z) in (9.3) drop out. The series
which involve D 143(z) can be combined, and give the
result that

DE(a(xf - 1)M2(3 = 12— xyx,)

. T2a-1) &

=0

XI“(Z+1)I“(2>\+201 +1+1)
[T +a+1+1)]P

><4""2°‘“[(xf - 1)(x§ _ 1)]—(A+2a+1) /2

X P (x) ) G ) O * o, ) DL (2). (9.5)
The addition formula (9.5) converges for complex
X, %5, and z such that conditions (9.4) are satisfied
and is valid for arbitrary A and «. In the limit o — 3 +,
the function D!/2(¢) =(i/7)@,(¢) appears on the left. The
product T'(2a - 1)D¥1/2(z) on the right approaches
S0+ 1+ z + (22 - 1)H/2]2 1 and (9.5) can be reduced
to the classical addition formula for @,(¢) given by
Heine. !? An addition formula equivalent to (9.5) has been
derived by Henrici'® using entirely different methods
based on the differential equation for the biaxially sym-
metric potential. Henrici’s result extends the classical
addition formula for ¢,(£) to the case of general Q¥(f),
hencie, by (2.4), to general D(¢) [see Ref. 13, Eq.
(89)].

It remains for us at this point to demonstrate the
validity of (9.5) for general complex 1. Since the iden-
tities which lead from (9. 3) to (9.5) are valid for arbi-
trary A and o, this demonstration is equivalent to the-
proof of (9.3). This is given in Appendix B,
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10. INVERSE ADDITION THEOREMS

We turn finally to an entirely different class of addi-
tion theorems. A special case was used in Ref. 2,
namely, the expansion of the Legendre function

0. <coshB + coshp, coshB2>

sinhg, sinhg,

in terms of the functions D}_,(coshB). We will derive
a corresponding addition formula here for an arbitrary
DY, Let

__coshB +coshg, coshp,
- sinhp, sinhg,

{10.1)

and
¢ =tsinhB, sinhB, — coshp, coshs,, (10.2)

and rewrite the integral representation (5.8) for D(z),
n an integer, in the form

1
(22 =1)*1/2Dp%(z) = 21—” exp(ira) sinhp, sinhBZ/ dt

-1
_ 2ye-1/2
x%5§%37Cﬂm (10.3)

We suppose for simplicity that z is real and z> 1. Then
(coshf - £) > 0. We may then use (7.2) with o — o + 5 to
expand the denominator,

(coshB - ) = exp|- ir{a + 3)1229 [T (& + 3) ? (sinhB)?®

T(m+1)
Tin+2a +1)

X727 m+a+i)

m=0

Xczd/z(g)Did/z(COShﬁ), (10.4)

and the addition theorem (8.2) to expand C%*/2(¢),
C21/2(¢ sinhB, sinhB, — coshg, cosh,)

- T2a)
:(—1) F(a+zi)2§(‘1)

% (21 + 2a) (4 sing, sinhB,)'C2 i /2(coshp,)

T =1 +D)[T(a+1+DP
Tim+2a+1+1)

X C# 11 2(cosh,) C¥(1). (10.5)

When we insert (10.4) and (10.5) into (10. 3), the inte-
gral on { can be evaluated by use of the orthogonality
relations for the Gegenbauer polynomials, (7.1). The
interchanges of the orders of summation and integration
cause no problem. We are left with a sum in which

the summation index runs from m =#n to m =-. Upon
changing the summation index to /=wm — n and formally
changing » to A, we obtain the desired addition

theorem,

(22 = 1)21/2D2(z) = — $i(4 sinhf, sinhB,)***(sinhB)*®

8

I'(A +20)T(20)[T(x +a +3)]? -
[C(@)PT(r +1) :

g

(=1)@2x+2a+21+1)

u
=]

T@+1DIrx+1+1)
TA+2a+1+1)T2x+2a+1+1)
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x C}* @1/ 2(coshB,)CY***1/2(cosh,)

x D&t %(eoshp), coshf=zsinhp, sinhB, — coshpB, coshp,.
(10.6)

The derivation of (10. 68) given above holds onty for
r=0,1,2,..., However, the validity of the expansion
for arbitrary A can be established by an argument using
Carlson’s theorem!! similar to that given in connection
with the addition formulas (9. 3) and (9.5) (see Appendix
B). The details add nothing new, and will not be given
here.

It only remains to establish the region of convergence
for (10.6). From the known asymptotic behavior of the
C and D functions, (6.1)~(6.3), one immediately finds
that the series converges for

ReB> |ReB, |+|Res,|. (10.7)

As this range of 8 is too restrictive for our previous
applications,? we again use the Sommerfeld-Watson
transformation!® to obtain a result with a broader domain
of validity. We begin in the region (10.7) in which the
series converges, and suppose that Rex>— 3, Rea >0

so that the summand in (10.6), considered as a function
of I, has no poles in the right-half /-plane. Application
of the Sommerfeld—Watson transformation to (10.6) then
gives

(22 = 1)*1/2D%(z) = 3(4sinhg, sinhB,)**}(sinhB)2*

T +20)r2a)T(x+a+5)]2
T[T Fr(a+1)

/‘"**‘“ dl

X -

eiw  SInml
@Gx+2a+21+D)TE+1)T(X+1+1)
TA+2a+1+1)C(2x+20 +1+1)

X Ce*1/2(coshB,)C)***1/2(coshp,)

x D3 /2(coshp), O<e<1. (10.8)

The restrictions on the values of A and a can be elim-
inated by deforming the integration contour to avoid

the singularities of the integrand which move into the
right-half A-plane for general values of A, a, The inte-
gral is well-defined provided

(10.9)

a result which follows from (6.1) and (6. 3). This condi-
tion places no restrictions on the relative magnitudes

of the B’s if they are all real. This is the desired result.
For the special case needed in Ref. 2, a=13, (10,8)
becomes an addition theorem for @,(z),

[ImB, | +|ImB, | +|ImB| <7,

@, (z) = - 3i(4 sinhB, sinhB,)**! sinhB[T' (A +1)[?

RAAL /) r{+1)
singl T'(2x +1+2)

—gmf

X Cy*(coshB,;)C}* (coshp,)
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xD;, (coshB), (10. 10)
where z is given by (10.1).

If we use the definitions x, =coshg,, x,=coshp,,
£ =coshpB, (10.6) and (10.8) can be rewritten as

(2% = 1)*1/2D2(2) = — 421 [ (a2 - 1)(x2 = 1)] MV /2(£2 _ 1)@

9 T +2a)T2a)[I(r+o + 1]

[T()PFT(A +1)
xi(_ DI2x+2a +21+1)

« T+ +1+1)
T +2a +I+1)T@x F2a+1+1)

Xl 2, ) Cyr ot /() D (8),
E=2(x - D205 - DVE - wyxy, (10.11)
&+ (2= 12> | + (6 = D2 [ [y + (= 17,
where all quantities have their principal phases,

larg{t tDism, larg(x, 2 1)< 7, larg{x,x 1) s7,
Similarly,

(22 = 1)%°1/2D%(2) = 22 (x? - 1)(x2 — 1)] M1 /2(£2 - 1)

T(+20)(a) [T +a + 3P
[T()PT (A +1)

S
i SinT!
T+1)I(x+1+1)
TMA+2a+1+DTEx+2a +1+1)

2x+2a+271+1)

XCXlava‘rl/z(xl)ckl+a+l/2(x2)Di¥:’Il/2(&)’
argle + (g2 - 1)V/2][+]arglx, + (xi - 1)'/2]|

+|arglx, + (62 - 1/2]| <. (10.12)

The corresponding results for C¥(z) may be obtained by
using (3. 2).

We note finally that if the integration contour in
(10.12) is pushed to « in the left-half /-plane, the sum
of the residues of the poles in that half-plane gives an
addition formula for (z° - 1)*1/2D%(z) which converges
for

[E+ (2 =102 <|x, = (= 1M/2| [, — (52 = 172,
(10.13)

11. EXPANSION FORMULAS AND ADDITION
FORMULAS FOR LEGENDRE FUNCTIONS

The expansion formulas and addition theorems for
the Gegenbauer functions given in the preceding sec-
tions can be converted through the use of (2.4) and
(2. 8) into equivalent results expressed in terms of
associated Legendre functions. We will collect the
most important of those results in this section.
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The expansion formulas for the Cauchy denominator
in terms of Gegenbauer functions given in (7.2) and
(7.7) lead to the following expressions in terms of
Legendre functions,

(z -ty =exp(~imp)

X2 (@n+2u +1) (2 = 1)#/2

n=0

X Pl (022 < 1)=2Q*  (2),

e +

t+ (2 -1)72
z+§zz—112 <1, (11.1)
a_t X L %
(z+1) _ze"p('”“) je-c SIDTV
X(2v+2u + 1) -1 4120 (1)
x (22 = 1)*72Q% (2), (11.2)

largt + (22 - 1)/2)] + |arg[z + (2% - 1)/2] | < 7.

The result in (11.2) gives a Regge-type expansion for
the Cauchy denominator for arbitrary complex u
(complex helicity).

The addition theorems given in (8, 3) and (8.6) for the
Gegenbauer functions of argument
£ =x,x, — 2(x2 = 1)H/2(x2 - 1)1/
are generalizations of the classical addition formulas
for the Legendre functions P,(¢) and @,(¢) *° to arbitrary
Vy 1y

(11.3)

Ty+up+1) n
(8 = 1)*/2 PE() = @2 Ty gy 2 (- =)

XF(V—p+n+1)F(n—2p)
Tv+pu-n+DT(n+1)

X (5 = 1)#/2( = 1) /2 B (x,) P(xy)

::i-/lz/z(z)’

(x, + Dz, +1) |2
(x, - D{x, -1

x(zz_l)u/2+1/4 (11.4)

|z +(22-1)2] <

Ty+u+1) & "
r(v_“+1) n%;(‘l) (n+“')

(2 -1 2Qp(g) = (2m)*/®

Tw-p+n+1)TH-2u)
T'lv+u-n+1)I'(n+1)

(2 = 1)* /205 = 1)*/2Q8™(x,) PA™"(x,)

X(zz—1)“/2*1/413‘”1/12/2(2), (11.5)

n=p=

(6, F VD(x +1) |12
(x, £ 1)(x, - 1)

The addition formula (9.5) for the Gegenbauer func-
tion DZ(¢) of argument

\Z+(22—1)”2\<

E=2( = 1) /2(x2 ~ 1)/2 — x x, (11.6)
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leads to the following addition formula for the
Legendre function Q¥ (),

costy T'(v+p +1)

2 _ {ye/2ge - /
(& - D0 = l(zﬂ)lzsinnv T(v-p+1)

X2 (=D +1+1)
1=0

><I“(V—p+l-|-1)I‘(—2v—l—1)
Tv+p+1+2)T(+1)

X (%% - 1)“/2()6% _ 1)“/2p'u+l+1(x1)P;+t+1(x2)

X(Zz _ 1)u./z+1/4Qu+1/z (Z),

velel /2
(0, £1)(x, 1)
(o, F1)(x, ¥1)
A result for P¥(f) analogous to (9. 3) can be obtained
by using (2.8), (3.2), and (11.7).

Finally, the addition formula for (z? - 1)**/2D%(z)
given in (10.11) leads to a new addition formula for

@, (2),
(2% = 1)*/2Qi(2) = = i(2m) 2 (w? - 1)(a2 - 1[0/ 22 /e

(11.7)

1/2

|z +(22-1)"2|>

X (g% - 1)y nieaia z‘,(_l)‘(u+l+1)
1=0
T@uv+1+2) ..
X 2 A\e¥ v T2 pev 1/2
F(l+1) u+l+1/2<xl)

X v-rl-»fll//zz (xz)Qlf‘Ih/f’/a(é), (11.8)

[+ = D205 [+ (=107 Ly (1072,

The corresponding result for P¥(z) can be obtained by
using (2.8), (3.2), and (11.8).
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APPENDIX A
1. Asymptotic behavior of DY (z) and C3 (2) for A= oo

In the present section, we will derive the expressions
(6.1)—(6.3) which give the asymptotic behavior of
C#{(z) and Dg(z) for 1Al — » by using the method of
steepest descents® to estimate the leading contributions
to the integrals (1,3) and (1.5). The case of D¥(z) is
quite simple. From (1.5),

D2(z2) =exp(2mia)(2mi)™ ch dtt™ -z, )y %t -z2)"

= Jc_explolar, (A1)
where z, =2+ (22 =1)'/2, C, is the contour shown in

Fig. 1, and ¢(¢) is defined by (Al). The saddle points
of the integrand are determined by the condition ¢’(f)
=0, and are located for |xi>|al at the points

t,=z,(1—a/2), Ixi»lal, (A2)

The motion of the saddle points ag arga increases
from - 7 to 7 with {1l fixed is shown in Fig. 3. Only
the saddle point {, near z, is relevant for the asymptotic
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FIG. 3. Motion of the saddle points in the integrand of (A1) or
(Ag) for | A} > 1 as the phase of A changes from —n to 7. The
branch cuts of Fig. 1 have been rotated to run parallel to the

lines argt =argz,. We take @ real for simplicity.

estimation of DZ(z) provided z is fixed a finite distance
from 1. The path of steepest descent passes through
t, in the direction determined by :

arg(t —t,)=n/2 —argh + zarga +argz,. (A3)
The function ¢(f) can be approximated for t~¢, as
()~ p(t,) + 20" (L)t -t) ++--. (A4)
The contour of integration C, may be distorted to
pass through ¢, in the direction of steepest descent as
shown in Fig. 4. Evaluation of the remaining Gaussian

integral then gives our asymptotic estimate (6.3) for
Dg(z2)

D(2) ~ exp(ima)r* 127 %[ (a) (22 — 1)"/2
X[z + (22 - 1)1/2]>2[1 + o(x"1)], (A5)

A |—~w, |argr|<w, |arg(zs1)|<7.

The asymptotic behavior of C¥(z) for |r|— = is some-
what trickier to determine. We begin with the integral
representation (1. 3),

o} 4
—
27T
Zz ! AN
- \
\Z:\\ .
o S
~ ~
\\

(a) (b)

FIG. 4. Contours used in obtaining the asymptotic estimate
(A5) for D% (2) for | Al =, |argh| <w. Only the regions near
the saddle points (marked by %) give significant contributions.
The locations of the saddle points are shown for ImA>>1, Rex
=0, « real. (@) The contour for Imz>0, () The contour for
Imz<0. The contour is on the second sheet of ¢ —z ), and is
obtained by following z, and the contour of part (a) through the
branch cut as Imz is decreased through zero,
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Ci(e)=@miy? [ dtt™(t -2yt~ 2.)"

= J.explo®]at, (a6)

where the contour C is shown in Fig. 1. The location of
the saddle points is again given by (A2), but both must
now be considered, and the way in which the contour C
may be distorted to pass through them is not uniquely
determined. We will consider two cases which lead to
(6.1) and (6.2). The choice of contours for the first
case is shown in Fig, 5. The contours in this case can
be deformed continuously to pass through the saddle
points as argz is increased from - 7 +¢ to m—¢, with
larg(z+1)I <7 -¢, znot on [-1,1]. However, the con-
tours are necessarily different for Imx >0 and Imx <0,
and cannot be deformed into each other by varying

Imx while continuing to pass through the saddle points.
Estimation of the integrals by the method of steepest
descents is straightforward, and one finds for this
choice of contours that the asymptotic form of C2(z) is
given by (6.1),

C(2) ~a*12-2[D(a) 122 - 1)72/2
*{lz + (22 = 1)/2P+e[1 + 0]
+exp(+ ira)[z + (22 - 1)2/2]>¢[1 + O(x"1)]},
(A7)
[A]|=, Rern>0, Imr~+w, |arg(z+1)|<m.

Corresponding results for Rex <0 can be obtained by
using (3.1) in conjunction with (A6).

The result in (A7) is apparently discontinuous across
the positive real axis in X even though C(z) has no such

Im A >0

Im A<o

FIG. 5. Contours used in obtaining the asymptotic estimates
for C{{z) for Ix]—<, Imr— 1, given in (A7), The locations
of the saddle points are shown for [ImA| >0, ReA=0, « real.
(@) The contour for ImA>0, Imz>0. (b) The contour for Imx
>0, Imz< 0, obtained by continuously deforming (a) to follow
the saddle point as Imgz is decreased through zero. The dashed
part of the contour is on the second sheet of (t— z)**. (c) The
contour for ImA <0, Imz>0. Note that this cannot be obtained
by continuously deforming (a) to follow the saddle points as
ImA is decreased through zero (see Fig. 3 for the motion of
the saddle points with argh). (d) The contour for ImA< 0,
Imz<0, obtained by deforming (c) as Imz is decreased through
zero.
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Im z >0

Imz<o

FIG. 6. Contours used in obtaining Watson’s asymptotic esti-
mates for C§ (z) for | A| —, ReA> 0, given in (A8). The loca-
tions of the saddle points are shown for | Imx| >0, ReAx=0,

o real. (a) The contour for ImA>0, Imz>0. (b) The contour
for ImA< 0, Imz> 0, obtained by continuously deforming (a) to
follow the saddle points as ImA is decreased through zero
(see Fig. 3 for the motion of the saddle points with arg)).

(c) The contour for ImA >0, Imz<0. Note that this cannot be
obtained by deforming (a) to follow the saddle points as Imz is
decreased through zero. (d) The contour for ImA<0, Imz<0,
obtained by continuous deformation of (c).

discontinuity. Note, however, that |z + (22— 1)*/2]>1
for z not on the interval [—1,1]. This interval is ex-
cluded for (A7). Thus the second term in (A7) is ex-
ponentially small compared to the first term for Rex
—, and should be neglected relative to the correc-
tions to the first term. The apparent discontinuity is not
significant, and the second term in (A7) is relevant

only for X — =+ i,

We can obtain a different asymptotic estimate of
C(z) which does not exhibit the apparent discontinuity
in A by choosing the contours shown in Fig. 6. We must
now distinguish between the cases Imz >0 and Imz <0,
but for a fixed sign of Imz can deform the contour for
Imx > 0 continuously into that for Imx <0 while contin-
uing to pass through the (moving) saddle points. Eval-
uation of the saddle point integrals is again straight-
forward, and one finds that the asymptotic form of
C(z) is given by (6.2),

Cf(z) ..)\a-lz-a[r(a)]-l(zz _ 1)—&/2

x{[z + (22 = D221 + o(x"Y)]
+exp(x ira)[z + (2% = 1)V/2]2[1 + o(x )]},
(A8)

x| ==, ReA>0, ImzZ0, |arg(zz1)|<m,
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This result corresponds to that derived by Watson
[HTF 2.3.2 (17)]. The expression in (A8) has an appar-
ent discontinuity across the real z axis for z>1 which
is not present in C{z). However, for Rex — =, the dis-
continuity is exponentially small compared to the cor-
rections to the leading term, and is not significant.

It is in fact easily checked that the leading (and only
significant) terms in (A7) and (A8) are identical for
|x|— = whatever combination of the conditions ImxZ0 is
considered. We note finally that for z real, z>1, and
ReX — « with Im) fixed, the saddle point at {. does not
contribute, and the second terms in both (6.1) and (6.2)
should be dropped.

2. Asymptotic behavior of C* ~/ (z) for IX]>co,
¥/ | fixed

The proof the addition formula (9. 3) given in Appendix
B requires an asymptotic estimate of C}"'(z) for |A|
-, Rexz0, with the ratio 1I/x|<«< 1 fixed. Thus |1|
— o with |Al, The relevant limit is easily obtained by
the method of steepest descents for |z/> 1. From (1.3),

CrHz)=exp(2mi(\ - [){2mi)™?

Xt = 2 )M = 2 )M (A9)
The important saddle point is located at
to=x/lz +[2% - x(2 = x)]*/2] = x/ 22,
x=U/n, [1>1, [x[>1, |z]>1, |x]<1. (A10)

For x>0 and z real, this saddle point lies to the right
of t=0, and the contour C should be distorted to run
through f, parallel to the imaginary axis (see Fig. 7a).
For x <0, a second saddle point appears from the
second sheet in ¢, and there are saddle points both
above and below the negative real axis. Both must be
taken into account. The situation for argz near 7 is
shown in Fig. Tb,

The results in the two cases (and intermediate cases)
are easily shown to be identical if we properly identify
some I' functions which appear only in their asymptotic
form. Thus, for x real, x>0, a saddle point estimate
of (A9) using the approximate value of ¢, £, ~x/2z,
with terms of order z™2 dropped in the exponent, gives

1 1- i/z 4

~Ne

(a) (b)

FIG. 7. The location of the saddle points and the contours used
in obtaining the asymptotic estimate of C;**(2) given in (Al4).
We take z real. (a) The situation for x=1/A real and positive,
x<1, The second saddle point is on the second sheet in ¢,

and does not contribute to the asymptotic expression. ) The
case for argx near 7. The saddle points are at {; on the first
sheet, and at eZ"{, on the second sheet. Both give important
contributions to (Al14).
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‘/——_;-,—ﬁ (2z) exp{-[(7+3)nl-1]

{

~[(A=1=n( =D =r+1]

+{( = Dinx - rl} (A11)

The various terms in the exponential can be identified
with T' functions by using Stirling’s formula,

I'(2)~V2rexpl(z - Hinz - 2], (A12)
and we conclude that
CYyi(z)~ L) @2z)! (A13)
P IG+0rix=-0n S

A similar calculation in the case of two saddle points
(1= =w, x—~co, [z|>1, x<0, |x|<1) gives an identical
result, Note that the zeros of C}"¥(z) for A - 1=0, -1,
~2,---and I=-1,-2,... are given properly by this
expression,

The result in (A13) neglects some factors which are
important for ixx?/z/2 1. A more careful calculation
using the exact form of #, gives the correct limit,

e () 224\
SRR Yy v reny) (22)1( x0>

1 '-Zto -2 (1-x)
X 1~y ’
-3X

(A14)

[x|=, Rex=0, x=1/x fixed, |x|<1,

where 7, is given in (A10).

APPENDIX B

We will show in this Appendix that the series in
(9. 3) actually represents the function C#(£). Our proof
will be based on Carlson’s theorem.!! For convenience,
we will denote the series on the right-hand side of
(9.3) by 5%,

I'2a-1)
(T{a) P

sin7a

SE(x,, X, 2) =27 eXp(~ iTQ) SO+ @)

x{E (2x+2a +27+1)

1=0

TI+1)r@2x+2a +1+1)
T +a+I+1)F

x4-A-za-t[(X§ _ 1)(x§_ - 1)]-(k+2a¢1)/2
X O 01 (1) 7 () DA (2)

= T+ (=210 -2a+1+1)
+§g(2)\+2a—2l—1) Tl <asisD7

X4A-ll(x? _ 1)()6'2— 1)](%-1)/2

XC'}m-l(xl)c’}m-’(xz)Df‘-lz'/az»,zu(Z)} ’ ®1)

For A an integer, (B1) reduces by construction to the
addition formula (8.2) for C2(¢), t=2z(x% - 1)}/3(xZ —1)}/2
~ X;%,. That formula has only a finite number of poly-
nomial terms, and is valid for arbitrary x,, x,, and z.
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Thus,
CE) = SH(xy, %5, 2)=0, x=0,1,2,+++, (B2)
Xy, X, 2 arbitrary.

Carlson’s theorem'! states that a function f(3) which
is analytic in the right-half x-plane, bounded by
exp[Irl (7 —€)] for IxI—©, Rex=0, and equal to zero
for x=0,1,2,---, is identically zero. Before we can
apply this result to (B2), we will need to establish the
asymptotic behavior of C and S for |x]—~«, However,
from (6.1) and (6.2),

Cg{coshp) ~r%"12-¢[T(a)]?
x (sinhB)~*{exp[(x +@)8]

+exp(x ira)expl- (A + a)8l}, Res=0. (B3)

Thus, Cy(coshp) grows as exp{ARep) for 1 — «, and is
not suitable for the application of Carlson’s theorem.
We will therefore consider instead of [C{ — S¢] the
function

T(a)T(x +1)

G (coshp,, coshf,, coshe) = T F2a)

exp(— ARB)

x{C&coshp) - $¥(coshp,, coshp,, coshe)], (B4)
where

x, =coshp;, x,=coshp,, z=cosh¢, and

coshjs=coshe, sinhp, sinhg, — coshj, coshg,.
(B5)

The ratio of I' functions is introduced for convenience.
We will assume that x;, x,, and z are all real and in
the range specified by (9.4). The hyperbolic angles

By, B,, and ¢ are then real, The theorem can Ilater be
extended to values of x,, x,, and z throughout the re-
gion of convergence of the expansion (9. 3) by analytic
continuation.

It can be verified using (2. 5) and (6, 1) or (6.2) that
the function

T'(a)T(x +1)

T 1a) SXP(=B)CT(coshp)

is an entire function of A (and «) with the asymptotic
form

F;‘?Z\Fyél%)_ exp(— AB)Cy(coshp) ~ A~ *(2 sinhp)"%e *8
x{1 +exp(xima)expl-2(x +a)8l}, ReB>0, (B6)

and is therefore suitable for the application of Carlson’s
theorem for IIm3|<n/2. We will assume for conven-
ience that Rea = 0, The burden of the proof of the addi-
tion theorem (9.3) for arbitrary A thus amounts simply
to a demonstration that the function Sy is regular for
Rex = 0, and is appropriately bounded for |A]— o,

Re) = 0. This will certainly be the case if $¥has (as it
should) the same asymptotic form as C2(coshp).
Carlson’s theorem will then establish that CXcoshB) is
identical to the series 5 throughout the right-half -
plane, and by analytic continuation in x and «, through-
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out the common domain of analyticity of the two
functions.

It is easy to show that the function
T'(a)T'(x +1)

T+ 2a) exp(~ Ap)S¢

has no singularities for finite A in the right-half x-
plane. The functions C;» %! and C}**! in (B1) have no
poles as functions of x {or o) for 7 an integer. More-
over, in the second series in (B1), the poles of
T'(-2x-20a+17+1) for 2x+2a an integer are cancelled
either by zeros of C}"*"!, or by the zeros of |[I'(- X - a
+1+1)]"%. The apparent poles introduced by the factor
{sinm(x + @)]"* are also absent. For A + a equal to an
integer, the terms in the second series in (B1) with

I <2)x+2a are proportional to sinm(x + a). The remain-
der of the series, = 2)x +2¢, cancels term by term
with the first series in (B1), again introducing first
order zeros at the poles of |sing(A + @)]"'. Finally, the
poles of D,‘{:,‘,/f(z) for (A +2a +1) a negative integer are
eliminated by the factor {I"(A +2a)]"!, and the poles of
D2 | (2) for (= A +1) a negative integer are eliminated
by the factor sinnma,

The calculation necessary to establish the asymptotic
form of S¢ for [xl—c, Rerx>0, is somewhat lengthy,
and we will only sketch the procedure. It is convenient
as a first step to replace the sum in (B1) by a contour
integral through the use of the Sommerfeld—Watson
transformation.!® The expression for 3% (or Cf) then
reads

5%(coshp,, coshp,, cosho)

sintx.  T'(2a-1) dl
cost(A +a) [T(a)f sinnl
(o}

= exp(~ ina)

Imdé

2A+2a

{ plone e o o o

A
® © & & o o o

Rel

~-A~2a
® O o o

—2x-2a

FIG. 8. The integration contour in the complex ! plane for the
integral representation (B7) for C§ (coshp), with coshg

= (cosh¢ sinhBy sinhB, — coshp; coshgy). The locations of the
poles of the integrand for general values of A and & are indi-
cated by dots. The poles on a given line Im! = constant are
separated by integer steps in Rel. Some of the poles disappear
for integer values of A, A +2&, or 2A+2a. The location of the
saddle point which yields the main contribution to the integral
for IAl —w, ¢, By and B, large, is indicated by a cross,
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Im{
A
N~ 22+ 2a
{ plane \\\ e & o o
2 %
s & o o o ® O,
’-4//
T
/

/
//
//
o
‘e ® @ e o o o o o
l\ -2M-2a
T - —~—

FIG, 9. The contour which yields an integral representation
for C¢ (coshp) with extended range of validity.

Fg+D|T(«r-a=D)
T(—2x—2a )

x{(2x +2a +2]+1)

x (4 sinhp, sinhB,)*"2*=1C**~!(coshp,)
xC * Heoshp,) DL/ 2(cosho)

T+ I +a-D)2

+(=22=2a+21+1) TN T 20 =)

X (4 sinh B, sinhB,)**C** !(coshp,)

Xcz*a'l(COShﬁz) ?;-lz/az*ld (COSh(b)} , BT

where we have rearranged some of the gamma func-
tions. The integration contour is shown in Fig, 8.
The region of convergence of this representation is
that given in (9,4).

1t is interesting to note that for

ZIm{(p—ln (tanh %ltanh %)}

C¢ can be written as the same integral multiplied by

1/2, with the integration contour taken as that in Fig,
9. The addition theorem which holds for the opposite

sense of the inequality in (9.4) is obtained by pushing
the contour in Fig. 9 to « in the left-half /-plane.

<7, (B8)

The asymptotic form of S for |A|— = can now be
estimated using the method of steepest descents to
evaluate the integral. For Rex —«, the term in (B7)
which involves the function D¢%/? is exponentially small
compared to the term which involves D¥L/2 = and
can be dropped |[see (6.3)]. The relevant saddle point
is that which occurs for I~exp(im)rx, x51, laxl>1
(see Fig. 8). The integrand decreases exponentially in
! as Rel increases from its value at the saddle point.
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We consequently require estimates of the remaining
C and D functions for |1l and 17| large. Equation (6.9)
gives an estimate of D¥L/2,  (cosh¢). If we assume that
5, and B, are large and that |1/x]<1, z> 1, then (6.10)
gives the estimate required for C}**"*(coshg). Upon com-
bining terms, one finds that the integral which repre-
sents S behaves for [ in the neighborhood of the saddle
point as

) 1
T V2 T(a)

92r+20-1 /2)\2)“20;-1(1 —e2%) a+l/2

% (e® sinhg, sinh@,)* |_dlexpi(e - 3)In(r - 1)
-2 +20-1=-3)InCr=-D =+ In(-1D)

+11n[e™® cothp, cothp,l}. (B9)

The integration contour is to be taken in the direction
of steepest descent through the saddle point indicated
in Fig. 8. The location of the saddle point can be ob-
tained by careful expansion of the exponent in (B9) in
powers of . It is convenient in this calculation to
assume that ¢ is large enough that

|x|* €2 ¢ ® cothp, cothB, << 1.

The saddle point then occurs at I~exp(im)2xexp(- ¢)
cothg, cothg,. The result of the calculation is as
follows:

S~ F%a_) A% exp{xIn[e® sinhB, sinhp, ~ 2coshpB, coshB,

+0(e®, eh1, e%2)]}, Rex—w, (B10)

This is equal, within the accuracy of the approxima-
tions, to the asymptotic form of CZ(coshp) for Rex
~w, B> 1,

C2(coshp) — {1/T(a) o1,

with coshp given by (B5). The consistency of the restric-
tions on B,, f,, ¢, and the ratio |l/x| is easily checked.

(B11)

The case » —+ i« is slightly more complicated, as
both terms in the asymptotic expression for D%L/2, |
(6.9) must be taken into account, The term in (B7)
which involves D,‘j‘:},{z also contributes. However, the
asymptotic behavior obtained for S is again consistent

with that given for C2 in (B3).

If we now combine C{ and S to obtain Gy, (B4), and
use the asymptotic limits for C{ and S, we find that
G2 is bounded for [Al—w, Rex>0, by exp[Ixr] (7 —¢)],
[ImB|<n/2, Since GY is also analytic in the right-half
A-plane and vanishes for x=0,1,2,--+. by (B2), it is
identically zero by Carlson’s theorem.!! Hence,
C(coshp) is the unique analytic continuation of S¥, and
the addition theorem is proved for 5,, 5,, ¢ in the
ranges implied by the foregoing restrictions. The result
follows for arbitrary A, @, and x,, x,, z throughout
the region (9. 4) by analytic continuation.
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Bifurcation of solutions with crystalline symmetry
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We consider the BBGKY equation for the single particle probability density in a hard sphere system. We
investigate whether there is bifurcation from the fluid phase to functions which have crystalline symmetry.
We find that as the density of the fluid increases from zero, there is bifurcation in one, two, and three
dimensions. The bifurcation is shown to be characteristic of metastability and in general it does not occur
at the equilibrium coexistence of two phases. The direction of branching and the stability of solutions near

bifurcation is also discussed.

1. INTRODUCTION
We consider the integral equation

_ lwl expl[- nlg) K@) hx)]
Pl =-1+ I, expl— 1 (q) K(g) hix)]dx

for xc IR", where

K@) hx) =(q/d)" [

Iyl=d/q

(1.1)

hix - y)dy,

and where w denotes the basic cell of some space lattice
in IR", We seek solutions & of the Eq. (1.1) which satisfy
the condition

fw hix)dx =0, (1.2)

and which have all of the symmetries of the lattice under
consideration. As is discussed in Refs. 1 and 2, the
Egs. (1.1) and (1.2) are equivalent to the first equation
of the BBGKY hierarchy for particles which interact
like hard spheres of diameter d/q. The real number

q is the ratio of characteristic length in the lattice to

the diameter of the spheres, The value ¢ =1 corresponds

to closest packing and increasing g corresponds to de-
creasing the density. Indeed for any given lattice, ¢ and
the density p are related by

p=c(l/dq)",

where only the constant ¢ depends upon the lattice. The
function p of g is related to the pressure P in the sys-
tem. In fact there are constants 8 and k such that

uig)=(8P/p -1k,

where P is the pressure and p is the density. We regard
4 as a known function of ¢. In Refs. 1 and 2, we take
our information about p as a function of ¢ from com-
puter experiments (see Ref. 2 for references) which
plot the pressure P as a function of p. (See Fig. 1.)

The number %(x) + 1 determines the probability that
there is a particle at x and (1.2) is just a normaliza-
tion. Clearly =0 is a solution of (1.1) and (1. 2) for
all values of ¢ and this represents the uniform fluid
phase, The computer experiments give BP/p and con~-
sequently ¢ as a function of p for this phase. We show
in two and three dimensions that as p is increased from
zero towards the freezing density (i.e., ¢ is decreased
from + =) a value p* of the density is reached at which
a branch of crystalline solutions of (1.1) and (1.2)
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bifurcates from the fluid curve. By crystalline solu-
tions we mean functions 7 which satisfy (1. 1) and (1. 2)
and have all of the symmetries of the lattice under con-
sideration, but which are not constant. We associate
the sites for particles with the maxima of & and consid-
er only functions z which have exactly the number of
maxima per unit cell corresponding to the sites in the
lattice which is considered. The value p* at which
bifurcation occurs is always below the freezing density.
The computer experiments also give results on crys-
talline structures which exist well below the actual
freezing density, These are the so-called metastable
crystals and the experimental value of the density at
which these crystals approach the fluid line is in close
agreement with the value p* of the density at which we
find bifurcation. In one dimension, there is no phase
transition and 8P/p, and consequently p is known exact-
ly as a function of p in the fluid phase. The relationship
of the branching solutions to the results of the experi-
ments is summarized in the discussion section.

Finally we relate our bifurcation analysis to the
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FIG. 1. Schematic of hard sphere isotherm, pressure, P,
versus density p, for two and three dimensions. The unbroken
curve illustrates results from computer simulations and Py,
Pm and p, denote the freezing, melting, and closest-packing
densities respectively. The dotted curve above py and below p,
denote the metastable fluid and crystal, respectively. See

Ref, 2.
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FIG. 2. Schematic of hard sphere isotherm with bifurcation
density, p*, and the Kirkwood instability density, p**. The
dotted curve indicates pressure associated with the bifurcating
solutions that have crystalline symmetries and the correct
number of maxima per unit cell. Other quantities are as de-
fined in Fig. 1.

somewhat controversial “Kirkwood instability criteri-
on.®” It is our view that this criterion gives a lower
bound for the densities at which bifurcation can occur
without reference to a specific lattice structure and
without the restriction that the function 2 should have
maxima at (and only at) the lattice sites. That is,
Kirkwood’s criterion gives a density p** below which
bifurcation cannot occur no matter what lattice is con-
sidered. We claim that for any given lattice there is a
density p* greater than p** at which bifurcation does
occur. Furthermore the crystalline solutions which
bifurcate at p* have particles at and only at the lattice
sites. We believe that in two and three dimensions these
branches of crystalline solutions coincide with the
branches of metastable crystals below the freezing
density found by the computer experiments. Thus by
continuing these branches to the freezing density, they
will meet the branch of stable crystalline solutions at
that density. (See Fig. 2.)

2. FORMULATION IN HILBERT SPACE

In this section we reduce the problem discussed in
the Introduction to an equation in an appropriate Hilbert
space of periodic functions. Then, in Sec. 3, the
bifurcation of nontrivial solutions of this equation is
considered. In one dimension, the construction of the
appropriate Hilbert space is simple and we do it direct-
ly in Sec. 3. In two and three dimensions, there are
many different space lattices. For definiteness and in
order to compare our results with the computer experi-
ments, we consider the square planar and hexagonal
arrays in two dimensions and the face centered cubic
array in three dimensions. In Refs. 1 and 2 we also
consider the hexagonal close packing array in three
dimensions.

The real line is denoted by IR and the integers by Z.
Given a set {a,e IR": 1 <j <n} of linearly indepdent
points in IR", the set {2'5=1 kja;:k;c 7} is called the lat-
tice with basic vectors {a;:1<j <n}. For a lattice L,
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we denote by I'(L) the full space group of L (i.e., the
group generated by the translations, rotations, and
reflections which leave L invariant). The basic cell
w(L) in L is the set {3} @, a;: 0<a, <1 for 1<j<n}
and its volume is denoted by | w(L)!.

We consider the following three lattices: L, is the
lattice in IR* which has basic vectors

al=d(1,0) and al=d(0,1).

This is the square planar array of closest packing for
spheres of diameter 4 in two dimensions. L, is the lat-
tice in IR? which has basic vectors

ati=d(1,0) and & =(d/2)(1,V3).
This is the hexagonal close. packing array for spheres
of diameter d in two dimensions. L4 is the lattice in
IR? which has basic vectors

d
agz\/—-z-(o,l,l), and agz%(l,O,l).

d
ll-?: ﬁ (1’ 1: 0)’
This is the face centered cubic array for the closest
packing of spheres of diameter d in three dimensions.

For these lattices Ly, L,, and L,, let H; denote the
complex Hilbert space of functions which are invariant
under the translations in I'(L;). The inner product in
H; is given by

1 —_—
<h,g>i=m »/w(L,') h(x)g(x)dx for f,gec H,.

For a lattice L with basic vectors {aj: 1<js<n}, the
reciprocal lattice L* is the lattice with basic vectors
{A;: 1 sj<n}, where the A, are such that A, *a; =275,
for 1 <4,j<n (8;; is the Kronecker delta).

For Ge IR", we use ¢ to denote the plane wave
¢c(x) = exp(iG *x) for x< IR". Clearly a plane wave ¢,
belongs to H; if and only if Ge LY. Furthermore,

B; ={¢s: Ge L¥} is an orthogonal basis for H;.

For each ¢ =1, we define a linear integral operator
K(g) by

K(q)h(x)=(§>" f.lsu 7l = y)dy.

Then we see that K(g) maps H, into H; and that K{q) is
a compact self-adjoint operator in H; (see Ref. 1,
Appendix B). In fact, K(g)z(x) is a continuous function
of x for each he H;. Also K{g) is diagonal with respect
to the basis B; and

K(q)%(x):(%)nfllw exp(iG° (x — y)) dy

=g, G) exp(iG °x),

where
Mg, G):;i% sin% if n=1,
)\(q,G):d—z%q—lJi(if—l> if n=2,
and
k(q,G):#g—] 71 (d_;G_l) if n=3,
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where we use the standard notation for Bessel functions.
Note that for fixed ¢, A(g, G) is real and depends only on
|G|, Hence for fixed ¢, the spectrum of K{g) is the set
of values of A{g, G) as G varies over the reciprocal lat-
tice LY and every eigenvalue [except A(g, 0)] has multi-
plicity greater than one. To eliminate the degeneracy

of these eigenvalues we pass to a real subspace of H;
which is invariant under K{g). Let #; denote the real
subspace of H; consisting of all functions k in H; which
are real-valued and which are invariant under the full
space group I'(H;) and such that J",,(Li) h(x)dx=0. Then
for Ge L}, if we consider the smallest value (say) §,

of |G| such that K{g)} has an eigenfunction in 4, corre-
sponding to the eigenvalue A(g, 6;), we find that A(qg, ;)
is an eigenvalue of multiplicity one of K(g) in the Hilbert
space #;. In fact, the only eigenfunction of K(g) is given
by ¥ ¢, where the summation is taken over all Ge L¥
such that |G| =90;. Note that J, ¢ is real-valued since

|Gl =1~ Gl. The actual value of 5; for the various lat-
tices is
5122‘11: 62=ill 53:@ ’
d V3d’ d

and the corresponding symmetrized eigenfunctions are
respectively
27y

27x
¥y(x, y) =cos —g tcos At

ll)z(x,y):cos? (x+%> +cos%TI (x—%s)

47
+cos — v,

V3d

and

Nor
Paloe, v, 2) = R IE_ cos % (x +1y + maz).

y 1, m=d

We have introduced a real Hilbert space //; and con-
sidered how the linear integral operator K{g) in (1.1)

acts in //,. Let us now show that the problem of finding
solutions of (1.1) and (1. 2) with all the symmetries of
L; is equivalent to solving a nonlinear equation in A4/,

Let us define an operator N; by

expl- plg) Klg) hix)]
(expl- 1lg) Klg) n()], 1);

From the properties of K(g), it follows that N; maps
Hi >R into /; and that N;: #;XIR -4, is infinitely dif-
ferentiable in the sense of Fréchet. Solving the equation

Ni(h’q)(x)::— 1+

h=N;(r,q) for (h,q)in/;XR (2.1)

is equivalent to solving (1.1) and (1.2) for functions %
which have all of the symmetries of the lattice L;. Since
K(g) maps integrable functions to continuous functions,
solutions of (2.1) are smooth,

Clearly N;(0,¢) =0 for all g. We now establish the
bifurcation of a smooth curve of nontrivial solutions
of (2.1) from this line of trivial solutions. For this we
must consider the linearization of N; about k£ =0. Now
the Fréchet derivative of N; with respect to % at (0, q)
is the linear operator

- @) Kig): My —=H,.
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Bifurcation from the line of trivial solutions can take
place only at values of ¢ such that I'+ p(g) K(g) is non-
invertible where I denotes the identity. Note, however,
that p(g) K(g) does not depend linearly on ¢ and so to
establish bifurcation we must use the full generality of
Theorem 1.7 of Ref. 4 rather than the more widely
known special case Theorem 2.1 on page 196 of Ref, 5
which applies only to operators having a linearization
of the form ¢K, where K is independent of g.

3. BIFURCATION ANALYSIS

For each lattice L; we have shown that there exists
a positive constant §; such that Mg, §,) is a simple eigen-
value of K(g): /; —#; for all g=1. Furthermore, the
eigenfunction 7; €//; of K{g) corresponding to r(g, 5;) is
independent of ¢ and has maxima at and only at the posi-
tions where particles in the crystal are situated.

Hence the operator I+ u(g) K(g) is noninvertible if and
only if p(g) xMg, G) +1=0 for some Ge L}\{0}. Also, if
@) rlg, G)+1=0 for some G< L¥\{0}, then the kernel
N{+ p(g) B(g)) of I+ 1{g) K(g) is just the eigenspace of
K(q) corresponding to A(g, G). Hence, considering K(g)
as a map from #/; into //; we have N(I+ u(g) K(g))
=span {#;} if and only if p{g) Mg, 5,) +1=0.

Now u is known as a function of p (and hence of q)
from the computer experiments and A{g, 8;) is given in
terms of Bessel functions in Sec. 2. In Ref. 2 we plot
the curves uf(g) and — 1/x(g, ;) and we find that these
curves intersect at exactly one point ¢g¥ > 1. The density
p¥ corresponding to g} lies below the density at which
freezing occurs.

Theorem (bifurcation): For each lattice L;, there
exists an ¢; > 0 and smooth maps f;: (—¢;,€) —/#,; and ¥;:
(- €,¢,) =R such that

f{(a)zNi(f;(a), 7’,-(01)),

2
fil@)=aw; + 5o f1(0) +o(a?)
and
yi{a)=g¥ +ay!(0)+o(a) forall ac (—¢,e)

Furthermore, in a neighborhood of (0,¢¥) in 4/, XR, all
of the solutions of (2.1) which do not lie on this curve
{(fi(@), v;(@)): ~ €, < @ <¢;} must be trivial solutions of
the form (0, g).

Pyoof: We shall apply Theorem 1,7 of Ref. 4. Choose
and fix 7, Let X=Y =4/, and let F: RXX — Y be defined
by Flq,h)=h- N;(h,q¥ - q) where ¢¥ is the value of ¢
such that u(q)Ag, 8;) +1=0. Clearly F has the proper-
ties (a) and (b) of Theorem 1.7 of Ref. 4. Also
N(F,(0,0)) =N(I + u(g¥)K(g})) = spanfy;} and so is one-
dimensional. Since K(g) is self-adjoint and compact,
R(F,(0, 0)) is the orthogonal complement of
NU+p(q)K(g)) in X=Y =#;. Hence Y/R(F,(0, 0)) is also
one-dimensional. Thus we see that F has property (c)
of Theorem 1.7 of Ref. 4.

The conclusion of our theorem will be established
provided that we demonstrate that F has the trans-
versality property (d) of Theorem 1.7 of Ref. 4. This
is equivalent to showing that

<Z[)i’ th(o; 0) Zpi)i # 0
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and this in turn is equivalent to showing that

<‘Pi’ a—z-#(q)K(q)w;>g¢0 at g=gqf.

But

<sz, —a% p(q)K(q)lP¢>i= <Zl)¢, 8—?1 #(51)7\((1)‘/’4>i

and so the transversality condition is that

;j;q- (L@ Mg)#0 at g=q], where A(g)=A(g, 5).

That is, our condition for branching is that when we
plot p(g) A(g) as a function of g, p{g)X(g) should have
nonzero slope at g =q¥. We find that this is the case
for the values of u{g) given by the computer experi-
ments. This completes the proof of the theorem. In-
deed, since the requirement that {d/dq)(u(g) M(g))#0

at ¢ =q¥ is a generic property of curves p(q) Ag), and
since l{g) is determined by experiment, we may al-
ways assume that F has the transversality property (d)
of Theorem 1.7 of Ref. 4.

Remarks: 1, For all sufficiently small values of «,
the function f;(a) has exactly the same number of maxi-
ma of ;. Maxima of f;(a) are associated with the sites
of particles in the crystal described by £;(a) and the
eigenfunction has the correct number of maxima occurs
correct number of particles for the structure being
considered.

2. To find the values of ¢ (equivalently p) at which
I+ p(g) K(g) is noninvertible we must solve the equation
1(g) Mg, G)+1=0. Writing ¢ in terms of the density p
and considering G as the Fourier transform variable
in Kirkwood’s discussion, this is exactly the equation
on which the Kirkwood instability analysis is based.?

3. In one dimension, {g) can be expressed explicitly
as a function of ¢ instead of being determined by experi-
ment as in two and three dimensions. In one dimension,

tig)=(g -1

But in one dimension, H is just the Hilbert space of
functions k of period d such that f:h(x) dx=0. The points
G in the reciprocal lattice are G=2wk/d, where k is an
integer. Hence the eigenvalue \g, G) of K(g) whose
eigenfunction has the correct number of maxima occurs
when =z 1, Thus,

27 . 2w
A (q, E—) :% Sll’l—q—

and the corresponding eigenfunction is cos27x/d. The
equation

27
u(q)k<q, 7) +1=0
then becomes

9 2Ty
”(q_l)smq +1=0

and it is easily seen that this equation has only the
solution ¢ =1, 432 in the region ¢ > 1. It is also easily
checked that
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d q . 217)
dq (w(q—l) sing) 0
at g =1,432. Thus there is bifurcation of metastable or

unstable crystalline solutions from the fluid curve at
qg=1,432,

4. As in Appendix C of Ref. 1, the direction of
branching of the curve of crystalline solutions can be
determined by calculating the coefficients of a in the
power series expansion for v;(¢) about o =0. Differen-
tiating £,{a) =N, (f;(a), v;(a)) with respect to @, setting
a equal to zero, and taking the inner product with ¥,
yields

2

_ ?
Egi;: ;!j:;: =2 (gF) Mgh, 8;) +2(g¥) ¥1(0) % Mgt, ;)

and so

yi(0) =\ a?, 6»(2 2 at, aa) 4 (zw(qr)x(qr, 5)

_ (Z’)%: d)j)i)
<Zpis Zpi)i )

In one dimension, the right-hand side of this expression
can be calculated exactly because p is known exactly.
In two and three dimensions, p’(g¥) must be estimated
from the computer experiments. A similar procedure
determines all of the subsequent coefficients.

5. The expression

Ar,g)=-(n(+1),k+1);

is well defined for solutions of (1.1) since % is a contin-
uous function of x and k(x) > -1 for all x. A(h,q) rep-
resents the entropy of the system. Thus the quantity
A(f;(a),v;(a)), for @ in a neighborhood of zero, corre-
sponds to the entropy on the branch of crystalline solu-
tions which bifurcates at pf. Differentiating B(a)
=A(f;(a), v;(®)) with respect to o and setting o equal

to zero we obtain

B(0)=0,

B’(0)=0, since @;,1)=0 and f{(0)=¥;,
and

B0 = (s, 9y since 71O)C A

Hence A(f;(a), 7;(a)) =~ [l §;]1?a® + O(a?®) in a neighbor-
hood of the bifurcation point p¥. By our normalization,
the entropy of the fluid phase is zero and so we see that
the crystalline solutions on the branch bifurcating at

p¥ have a lower entropy than the fluid solution. This
means that close to the branch point the crystalline
solutions are at best metastable with respect to the uni-
form fluid phase.

The expression
G, q) =n(r+1),h+1); + z1(q){Klg) b, 1),

can be associated with the free energy of the system.
Thus the quantity G(f;(a), v;(a)), for a in a neighbor-
hood of zero, represents the free energy on the branch
of crystalline solutions bifurcating at p¥. The coef-
ficients in the power series expansion of G(f;(a), ¥;{a))
about o =0 can be determined as in Appendix D of Ref.
1. We find that
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FIG. 3. Schematic of hard sphere isotherm with dotted curve
representing the metastable extension of the equilibrium crys-
talline phase. The extension appears to intersect the fluid por-
tion of the isotherm at a density very close to the bifurcation
density, p* predicted by the analyses. See Ref. 2.

G(f;(a),v; (@) =ta® + O(a?).

As for the direction of branching in Remark 4, the coef-
ficient £ can be determined from the derivative of A and
Hat g =gf.

6. Some comments about a similar analysis for inter-
particle potentials other than the hard sphere case are
given in Refs. 1 and 2.

4. DISCUSSION

In two and three dimensions, the computer experi-
ments show that for a system of hard spheres the plot
of pressure P against density p is that shown by the
unbroken curve in Fig. 1. The experiments also show
that the fluid curve can be extended above the freezing
density and that the solid curve can be extended below
the melting density. The pressure for these metastable
states is indicated by the dotted curves in Fig. 1. We
show (for various lattices) that there is a density p*
below the freezing density at which solutions with the
appropriate symmetries for crystals bifurcate from the
fluid curve. The pressure for the solutions on the
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branch bifurcating at p* is represented by the dotted line
in Fig. 2. We believe that this curve joins the pressure
curve for the metastable solids predicted by the com-
puter experiments as shown in Fig. 3. Indeed, the
pressure curves for the metastable solids given by the
computer experiments do appear to join the pres-

sure curve for the fluid at a value of the density close
to our bifurcation point p*. Consequently we believe that
by continuing the branch of crystalline solutions away
from the bifurcation point to higher density it will meet
the curve of stable crystalline solutions at the freezing
density as in Fig, 3,

Since bifurcation does not occur at the phase transi-
tion, but instead at the limit of metastability, its
occurrence in hard rods, where the fluid phase is the
only equilibrium state of the infinite system, is not
surprising. We believe that if the branch of crystalline
solutions were to be continued away from the bifurca-
tion point to higher densities, the branch would never
become stable, It is, however, of interest to further in-
vestigate this branch of solutions. If the lifetimes of
crystalline arrays away from the bifurcation point are
long compared to the time between collisions, then the
one-dimensional case could, because of its simplicity,
be useful in the study of metastability.
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We show that an exact dispersion relation can be obtained for a cubic lattice made of spherically-
symmetric attractive potentials. This result is obtained in a limit case where the potentials have zero range

and infinite intensity.

1. INTRODUCTION

The Kronig—Penney model! has been extensively used
as a first approximation which provides the main fea-
tures of the band structure of periodic systems. Al-
though this model has only been exactly solved in one
dimension, its results are exhibited in reference text-
books? as an illustration of some general property of
solids, such as energy gaps, crystal effective mass,
etc. It has also been employed as a guide to check the
accuracy of certain approximations which are, in fact,
intended for application in three-dimensional problems,
Since the solution for spatially-periodic potentials has
proved in general to be very difficult, it would be inter-
esting to have, at least, one exactly soluble periodic
problem in three dimensions provided that this potential,
even of a highly idealized type, is still flexible enough
to help in the calculation and understanding of three-
dimensional band structures.

The aim of this paper is to introduce a class of po-
tentials which leads to such exact solutions.

Let us consider first the case of a one-dimensional
(1-d) periodic chain of delta functions. This problem
has some features in common with the 3-d potential
considered in this paper, and is useful for the better
understanding of the techniques employed in the future
calculations.

We then have

V{x) = f} V) V,(x) = Vyadlx — na) (1)

with the Bloch functions
D, (x) = () exp(ikx), (2)

where u,(x) has the same period a of the potential (1).
If we substitute the Fourier expansions

(%) = Zq) Clqg, k) expligx), (3)
and
V(x) pgp(x) :; B(q, k) expligx), q=271/a)m,
m=0,+1, 2, (4)
with
Blg, k)= (1/a) ”Z () V() dx =V, y(na), (5)

into Schrédinger’s equation, we get

; {[(m2/2m)q + k)2 = E]C(q, k) + B{q, )} expli(g + k)] x =0.

or
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Clq, k) =- Blg, k) /[(n?%/2m)(q + k)® - E], (m

provided that the denominator of (7) does not vanish.

I (7%/2m)(g + k)2 =E, we must have, from (6) and (5),
Hy(na) = 0. This corresponds to a particular solution in
which the particle does not “see” the potential and must
therefore obey a free-particle dispersion relation.
Since we are interested only in wavefunctions resulting
from reflection and transmission at x=na, n=0,+1, """
we shall disregard those frequencies entirely.

Summing both members of (7) with respect to g, we
get from (3) and (5)

== 27 Vomel0)/[(72/2m)(q + k) - E], (8)
or finally
n® 5 1 (9)
ToamVydd T e ARV -E

where k' =ka/27 and E' = 2mEa/#%.

The summation indicated in (9) can be readily
performed,

- 1 2 w cot(nz)
n;)m GTFT_E _E:QRes ((—;—z—z+k) —E)) v’ (10)

where 2y ,=-k'+VE', E'>0, and z; , =~ Eai(1ETY?
E’<0. From (10) we obtain the well-known results®

cos(ka) = cosx, + Bsinx,/x,, E >0,

or

cosh(ka) = coshx, + B sinhx,/x,, E<O0,

where x, = (2mEa®)!/?/5% and B=mV d? /1%,

Notice that the usefulness of this technigue, in the
sense that ne calculation of the wavefunction is neces-
sary, is restricted to this kind of potentials, since
otherwise the coefficient B(g, k) will depend on the
values taken by u,(x) in more than one point.

In trying to extend this formalism to three dimen-
sions we must be careful, since in higher dimensions
the & function can no longer be used to represent a
limit case of a physical potential of high intensity and
short range? (e.g., it can have states with infinite bind-
ing energy). What we shall do is to consider the attrac-
tive spherical potential

IS VO: ¥ <a, 11)
V(r) = { 0. r-a (
1954
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and take the limit where a— 0 and V;—~< in such a way
as to satisfy the relevant physical requirements: (a)
There is one bound state with finite energy E; (kept
fixed during the limit process); (b) There is a finite
(nonzero) limit for the seattering cross section. As
shown in quantum mechanics text books, ® condition (a)
can be satisfied by taking

1/2
<%’—?V0a> :g+%ﬁLa+--- (12)
in which case there is only one bound state (I =0) whose
binding energy E; = - (72/2m) B2 does not depend on the
“strength” V,a? of the potential; it actually depends on
the way the limit is approached. This result must al-
ways be kept in mind when considering 3-d periodic
structures. With the choice Eq. (12) our second condi-
tion is automatically satisfied; in fact, a straightforward
calculation gives the partial cross sections

0, =28, a)*! 1#0,

s 1
" 2m E+E|’

=0, (13)

showing that for a—~ 0, Vy—=, there is a finite s-wave
scattering (potentials of this type without bound states
produce no scattering at all). Our last (and most im-
portant) remark is related to the behavior of the wave-
functions (for fixed ! and positive energy) inside the po-
tential well (11). It is easily shown that in the limit (12),
a partial wave ¥, which is finite for v > a, behaves, for
7 <a, in the following way:

A sin(av) +0(a)

2mv, \1/2
(a)d)ozﬁla a a=(—z—ﬁ°) , o (14)

for all positive values of E.

1/2

(o) 4 =0(Ba)’, B:(%%E) . L#o0. (15)

Here lies the main difference with the one dimen-
sional delta potential; we can no more consider the
wavefunction as a contant u,(0) inside the potential
range. However, as shown in the next section, the
problem can still be solved considering the spatial de-
pendence of the s wave alone.

{l. THE DISPERSION RELATION IN THE THREE-
DIMENSIONAL CASE

Let us consider the periodic potential formed by a
spatial distribution of attractive sites (11), in the limit
(12), in which each site occupies the center of a cubic
cell of side d.

V) = 25 V(E-X ),

l,mn

X mon=(Z+m) +n2)d,
(16)
with I, m,n=0, +1, £2,-°- .

In an entire analogy with the one-dimensional case
we consider the Bloch function

Pp(X) = 1y (X) exp(ik - x) a7
with
=3 C(q, k) expliq * X), q= % (1% +m$ +n?),
Q
IL,m,n=0, £1, £2,...,
(18)
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V(X) uy(x) = Zq) B(g, k) exp(iq * x), (19)

and

1 .
B(g, k) = 7 / V(x) py(x) exp(- iq « x) d°x, (20)
Ve
where V, is the volume of one cubic cell. Substituting
(17), (18), and (19) into Schrddinger’s equation, we get
(see (7]

- B(qs k)
T (i 2m){q+KP-E’ (21)

C(q, k)

and, after summing both sides of (21) with respect to
q, we obtain

(@ =23 5 ZGH g (2F) (22)
The above equation for B, as a function of k does not
look very promising at first sight, since B(q, k) contains
the unknown function p,(x). However, Eq. (22) can still
be solved, taking into account the following

considerations:

(a) In the case of the potential (11) the domain of inte-
gration in (20) is a sphere of radius a~ 0, in which
Vx) =~ V,.

(b) Consider the expansion of the wavefunction (17),
for » <a, as a linear combination of the energy eigen-
states of one potential well (located at the center of the
sphere). According to (14) and (15) this expansion can
be written as

Ay (sm(

B,a o

(c) With k restricted to the first Brillouin zone, we
can take u(X) = $,(X) in the integral (20), and still obtain
Eq. (22) correct up to the first order in a. In fact, the
contribution of the first order term due to the expan-
sion exp(ik*r)=1+ik°r~- (k*r)’/2 + --+ vanishes due to
the symmetry of the cubic lattice.

b= 0(@)). (23)

Substituting (23) into B(q, k) [given in (22)] and per-
forming the angular integrations, we get

1
(2m/ﬁ2 )V, &
(1/aa) [} sin{aax)(sin(gax)/q]dx
E : (k+q)*- 82 +0(a2)°(24)

Now we can take a— 0 in both members of Eq. (24).
This limit, however, must be calculated with some
care, since the result, of a naive computation, will be
the simple identity 4/7%=4/7 [see (12)], This is a
consequence of the fact that in the potential (11) and (12)
the physical information (the value of the binding en-
ergy) is contained in the first order term in a. What
we must do then is to compare the coefficient of the
terms of order a in both sides of (24). This is best done
by adding and subtracting to its second member the
expression

% > (1/aa) f; sin(a ax) sin(gax) dx
qQ#0 []3
which does not depend on 8 or k. We then get

(25)
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1 ar | 1 to . 1
G iVE =T { - éo) ( '/0‘ sin( @ax) sin{gax) dx) p
1

1]+LE
[(q+k)2—65‘? aa i

xf‘ sin(aa) sin(gax) dx L 32 a
o s 7E Bop

q
(26)

where the last term corresponds to the term q =0 on the
rhs of (24). In the first term of the rhs of (26) we can
take a—~ 0, directly inside the summation sign, since
the term inside the large brackets assures the con-
vergence, giving a term of the order of a. The second
term, which is independent of k and $8 gives contribu-
tions both to the order zero [cancelling the factor 4/7
in the expansion of the first member of (26)], and to

the order a. It can be calculated by adding and subtract-
ing to the second member of (26) a similar term, with
sin(m/2x) in the place of sin(aax). This last contribution
to (26) can then be written as

47 ( 1 1 ! ( . . Tx
— /ax) — —= \si d
F(aa)[q;} Z /(; sin(aax) - sin 5 )sm(qax) x
+2 lg fl sin = sin(gax) dx:\. n
qt0 G 0 2
The first term in (27) is of the order of a, since

[see (12)].

in(aax) - si Ex~zﬁx Ix 4eee
sin(aax) - sin\5x |~ B, axcos 3

After this substitution, the summation in q is readily
transformed into the following integral:

o 1 2
417%.5_’3 fo 515 ['/; cos(%x) sin(qx)xdx] 4zrgﬂ)dq

= % (1 - %) Bia. (28)

The last term in (27) can also be transformed into an
integral whose value is just the zero order term 4/,
Here, however, we must remember that we need the
right-hand side of (26) calculated up to the first order in
a; that is, the difference between the series and the
integral in the limit a -0 must be taken into account.
Numerical calculations give the following result:

4r (1 1 L S
ZF(E;) %}0 33/0- sin Exsm(qax)dx

_(2 =1 LI ST 47g®dg
_<aa) [4‘”'/0‘ -53 /(; sin —Z-x s1nqxdx}—(27)3—
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——5;5— L—l+'.. :—32{1—17.8 a/dﬂ2—4[3,a/n2+'--}_

(29)

Substituting into (26) the information contained in (27),
(28), and (29), we obtain the final result,

8.9 4n[ 1 1 1
'Bl+'ﬁ=ﬁf[kz B”Q((ﬁk)z—az'?ﬂ’ (30

which gives an exact expression for the dispersion rela-
tion of the problem. If we consider negative energies
(B—iB) and take the limit d —= it is easy to verify that
the single well solution is regained. Really, taking
d— in (30) we get

1 1 1
b=y S (o 2) a--s @

for all values of k.

In conclusion: We have obtained an exact dispersion
relation for a three-dimensional periodic structure
made out of attractive square wells, in the limit case
of infinite depth and zero range (with one bound s-state).
It is our hope that the present work will be useful in
the study of periodic potentials. Here, a thorough com-
puter calculation of (30) (beyond the possibilities of
the authors) exploring its dependence on the directional~
ity of k and in the parameters d and B, will provide the
surfaces of constant energy, the density of states, etc.

This problem can certainly be extended in more than
one direction: We can, for example, consider the same
potentials forming lattices of different symmetries, or
we can try a different limit process in order to obtain
new bound states. A good deal can also possibly be done
in the calculation of impurity states.

*Work supported by Fundag?io de Amparo a Pesquisa do
Estado de Sao Paulo (FAPESP), Contract no. 73/0705-R.
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We develop a general procedure for the location of possible zeroes of the pion form factor, which relies on
interpolation theory for analytic functions. The zeroes are corifined (in the unit disk) to regions bounded by
(real) roots of algebraic equations and by algebraic curves. These regions depend both on the interpolation

data and the class of functions, which is suitable for the physical problem.

1. INTRODUCTION

During the last few years considerable work has been
performed on the rigorous phenomenology of the elec-
tromagnetic form factor of the pion, i.e., on the clari-
fication of the exact implications and the significance of
experimental data for the pion structure. This work has
shown that the information implied by data depends on
the theoreticdl framework in which they are considered
and analyzed. This dependence follows from the fact,
that one is usually lead to extremal problems in inter-
polation theory for analytic functions and that their solu-~
tion generally depends on the class of functions used.
The choice of a certain class means assuming some
a priori restrictions on the pion form factor,

The question one has to answer is then whether certain
numerical information is able to determine uniquely a
function out of the chosen class; this function is then to
be considered as the form factor. As a rule this does
not happen, and so one has a whole subclass of functions
which agree with the information, out of which one can-
not select uniquely the form factor. Rigorous phenomeno-
logy therefore considers this whole subclass of functions,
which means the whole class of models compatible with
a certain experimental situation instead of only one mo-
del. The predictive power of experimental data is re-
flected in the structure of this subclass and increases
generally with an increasing volume of data.

The quantities of main interest in the phenomenology
of the pion form factor are, on the one side, the values
allowed for the form factor and for its derivative and,
on the other side, the values of certain integrals appear-
ing through vacuum polarization in atomic level shifts
and (anomalous) magnetic moments, in which the form
factor enters quadratically.

In the first case one faces the mathematical problem
of determining the region covered by the values assumed
by the analytic functions of a certain class or by their
derivatives at a given point of the complex plane. Some-
times it is, however, of interest to know precisely that
part of the complex plane in which the functions of this
considered class may take a preassigned value. This
problem appears, for instance, in connection with the
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location of possible zeroes of the pion form factor,
which are formally important for the use of the Omnés
type representations. In relatively simple situations

the problem of the location of zeros can be solved analy-
tically, in the more complicated cases the analytic so-
lutions are only the starting point of further numerical
work,

The second case, i.e., the range of values of integrals
as in the magnetic moment problem, can be correlated
with the first one. These correlations turn out, however,
to be increasingly difficult to study even numerically
as the experimental data becomes more numerous and
diverse.

In this paper we investigate the domains in the com-
plex plane allowed for zeroes of the pion form factor in
various experimental situations and theoretical frames.
It turns out that if spacelike experimental data are exact
and compatible with an entirely local or entirely global
bound on the modulus in the timelike region, the region
of location is bounded by algebraic curves. If spacelike
data are not exact, the zerces are confined to unions of
such regions. Further, if the timelike bound is given
locally on part of the cut and globally on the other, the
analytic location of zeroes becomes an extremely diffi-
cult task, which so far remains, apart from the sim-
plest situation, unsolved.

There have been previous considerations!™ related
to zeroes of the pion form factor, but only part of them
gave optimal rigorous results. We try to include all this
work into a general point of view, which we hope to be
both simple and effective,

2. ZEROES OF THE FORM FACTOR

The mathematical problems arising in the rigorous
phenomenology of the pion form factor may be consi-
dered as interpolations with analytic functions of a
bounded norm. The norm may be taken in the sense of
the space H” or Hz, or even in a more complicated man-
ner.® We shall be interested in that situation where the
values ¢;, ¢=1,...,n, assumed by the form factor f(z)
at some fixed points z; and the value N of the norm do
not determine uniquely the interpolating functions. All
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these functions can then be explicitly parametrized (in
H= and H?) in terms of the interpolation data and an
arbitrary bounded (in the chosen norm) analytic function

Z/)(Z), i.e.,
f(Z)=¢>(Z1, .
1Y)l <N.

In this paper we shall always assume that the complex
t plane is mapped onto the unit disk of the z plane (with
t=0—2=0), so F (t)=f(z).

. ’C’I’Z’ d)(z))7

+3Zn; Cty e
(2.1)

The requirement f(z;) =0 at a certain point z, fixes
#(z) at z =z, (in fact uniquely, see Ref. 7),

dlzg) =Rzy, .. (2.2)

+38p3 Cpynes ?Cn;ZO)'
On the other hand, the values which the bounded analytic
function ¢(z) can assume at z, are restricted to a definite
region Dy in the complex plane for §(z;). (In H™ this is
essentially due to the Schwarz lemma; see Ref. 1.) This
region depends on z; and the norm N and will be de-
scribed in Secs. 3 and 5. So, finally, we conclude that the
form factor f(z) may have a zero at z =z,, if the value of
R in (2. 2) belongs to the region Dy.

We will solve this problem first for the #* norm and
then for Hz, since the mathematical techniques are dif-
ferent although the spirit of the procedures is in both
cases the one outlined above.

3. ZEROES IN H~

It has been shown in Ref, 7 how the problem of inter-
polation for (real) analytic functions of the (Smirnov)
class D8 can be reduced due to a theorem of Szegd! to
interpolation for functions w(z) real analytic in the unit
disc |zl <1 and bounded by lw(z)| <1, In short, this is
done as follows: let m{z =exp(i8)) be an upper bound for
the modulus of the form factor f(z) along the unit circle.
Then f(z) is bounded everywhere inside the unit disk by
the outer function E(z) with

1-22 (7 Inm(exp(if))
logE(e) = T [, d91—2z cosf +z%" (3.1)
The form factor f(z) can then be represented by
flz) =w(z)E(z), (3.2)

where lw(z)| <1 for Iz1 <1, In Ref. 7 the procedure of
interpolation for the bounded functions w(z) is given. It
is based on an explicit parametrization of the interpolat-
ing functions w(z) in terms of an arbitrary bounded real
function.

It is known! that a function w(z), analytic in 1z <1
and obeying

lw(z)l <1, (3.3)
w*(z) =w(z*), (3.4)

can take at a point z only values in (a lens representing)
the intersection of the two disks bounded by the circles
going through the points (1,-1,z) and (1,~1,-2), re-
spectively, i.e., in the region described by the
inequalities

~1<sw(z)sl (z=z%) (3.5)
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and
lmz'tz:f:(’ﬂhl)—lso @ #2%),
- (3.6)
]+ L (e [P- 1) - 150 @2,

A derivation of (3.86) (simpler than that given in Ref.
1) goes as follows: One starts with interpolating functions
obeying (3. 3) fulfilling the requirement w(z,) =5,

— b+[(z—2,)/( —z28) w,{z)
wiz) “1+[(z —zoo)/(l —2352)]b*1w1(z)'

Analyticity of w(z) for lz| <1 implies lw,(z)}| 1. Con-
sistency with (3. 4) requires @w(z})=b*, which fixes
wq(z) at z¥ ,

3.7

o 0*=b 1 —2z%
i) =1 g,

(3.8)

The condition lw(z¥)[ <1 has the solutions (3.6) for
b=i(z). One observes that the functions w(z)== (z — ¢)/
1~ ¢z) with ¢ real, —-1<¢ <1, form the boundary of the
lens (3. 6).

1t is noteworthy that the region (3.6) is not only sym-
metric with respect to the origin, but also with respect
to the real axis.

As an illustration of our procedure for locating the
zeroes we rederive the domain given in Ref, 1 from the
normalization of the form factor. Normalization is equi-
valent to imposing

w(0)=a (0<a<1) (3.9)

on w(z). If a<1, then form factors normalized at z =0
have a factor [see (3.2)]

a+zw(z)

Trazin(e)’ lw(z)| <1, w*(z)=w(z*)

wiz)= (3.10)
[compare (3.7) with z,=0]. If z is a zero of the form

factor, then w(z)=0 and

wz)=-a/z, (3.11)

which can be true only if (- a/z) inserted for w(z) obeys
(3.6). One of these inequalities is trivially satisfied,
whereas the other gives

|z‘ =ql’? (z#2%). (3.12)

Real zeroes can come, according to (3.5), closer to the
origin,

lzlz2a (z=2%). (3.13)

If we now go over to several interpolation points, then
the rational function — a/z changes into a more compli-
cated one. We shall not treat the general case, but only
the simplest one which already shows the general fea-
tures, namely that with one interpolation point w(x)="5
besides the origin [w(0)=al.

In this case, the interpolation of w(z) is obtained by
iterating (3.7) with the result that™’

— 1 b-a Z2-X = l1b-a z-x= -1
"’(Z):[}l —ab+1—xzw(z)] [1+x1 ab1-xz ’(z]

(3.14)
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One must require

l1b-a

= < .
“1-ab 1 {3.15)

)] =|

in order that w(z) should not have poles for |z| <1. The
interpolation is unique, only if the equal sign in (3.15)
applies.

If z is a zero of w(z) [w(z) =0] and if

_a b-a
x1-ab’

Z2#X,

then
w(z)=— [(a +§1b—__%>/(z

The point

+g b-a 1~ xz
xl-ab/|z-x '

(3.16)

_a b-a
x1l-—ab’

Z =
of modulus smaller than a, cannot be a zero because of

(3.13) and (3.15); z =x is a zero only if 6=0. The posi-
tion of real zeroes is delimited by the inequalities

(z—x)(z +,%1b:zb) [Z"‘)<z +9%1b-_;b>

zb-a
- (l—xz)(a +;m>] =0,

(3.17)

following from (3.5). The location of complex zeroes
is obtained by inserting (3. 16) into (3. 6) applied to @(z).
This leads to the inequalities

x(1=bx) |z |4+ x(b - x)e +2%)|z|*=[(1 +ax®)b

—(@+x9]|z |2 - ax(1 - bx)(z +2*) - ax(b - x)= 0,
(3.18)
x(1+bx)|z |4 = 2(b +x)z +2*) |2 |2 +[(1 — ax®)b

- (a-xY]|z | +ax(1 +bx)(z +2*) - ax(b+x) =0,

It thus turns out that the position of real zeroces is
essentially determined by the roots of two equations of
the second degree, whereas the complex zeros lie in a
region bounded by algebraic curves of the fourth degree.
This reflects the general situation: For » interpolation
points w(z) in (3.5), (3.6) is generally the quotient of
two polynomials of the nth degree. Therefore, (3.5)
leads essentially to inequalities of degree n and (3.6)
leads to inequalities of degree 2n.1" The location of
zeroes then depends (in the real case) on the position
of real roots of two algebraic equations of degree » and
(in the complex case) on the topology of two algebraic
curves of degree 2n, Their qualitative discussion is a
problem of algebraic geometry!!~!? which we shall, how-
ever, not pursue.

As a further illustration of the method we give in the
following the solution to the problems considered by
Cronstrém® and by Bonneau and Martin, ? which are in
fact limiting cases of interpolations in one or two points.
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4. SOME LIMITING SITUATIONS
A. Example 1 {Cronstrom?)

In Ref. 3, Cronstrdom uses the p wave threshold con-
dition to write a sum rule, which tells (in principle)
whether zeroes may exist or not. In our formulation the
sum rule is obtained by writing the p wave condition for
f2)=w()E() [Eq. (3.2)], 0=f"(z =1)=w'(1)E(1)
+w(1)E’(1). Therefore,

E(1) | w'(1)
TEQ) T w(l)
Using (3.1) and (4.1) for functions with m(exp(6))

= |f(6)| = IF(t)| we obtain the condition x = 0 and the ex-
pression of « in terms of the modulus of the form factor

" (4.1)

=E4K-

1 4 dé f(@)
Kz?’J; (1 - cosb) ln\f(o) }
m = dt F()
1 Jun (;:_4,,12)3/21n Fam)|’ (4.2)

where we used ¢ =4m?/cos®(6/2). If k=0, then the form
factor has no zeros. The condition « = 0 for (4.2) to-
gether with the significance of k =0 are the sum rule of
Ref. 3.

We now inquire about the allowed domain for zeroes
if k> 0. This can be regarded as a limiting case of the
interpolation with w(x) =b in the limit that b approaches
+1 as x—=1 so that

b=w(l) +w’'(1)(x - 1)
=xltk(x~-1). (4.3)

To this end, we use the representation (3.7) applied to
w(z),

wiz)= <b + lz_—zxxﬁ(z))/<1 + 12__;; biE(z)) .

The requirement of a zero at z, w(z) =0, yields first

(4. 4)

1-xz

w(z)=->b = (4.5)
The inequality (3.5) gives then in the limit x —1
sK—l
< (4.6)

for real zeroes, whereas complex zeroes are delimited
by

(2+K) |z ]2 k@ +2*) +(k-2)20 (4.7

(see (3.6)]. Equation (4.7) represents a disk bounded by
a circle situated symmetric with respect to the real
axis and going through the points z =k - 2)/(k +2) and
z2=1. 14

B. Example (Bonneau-Martin*)

The authors of Ref. 4 also use, in addition to Cron-
strom’s assumptions, the normalization at z=0. Their
problem may be considered as the interpolation with
two points z =0, x, w(0)=a, w(x)=>~, in the limit (4. 3)
for x and b. The constraint on b is in this case stronger
than in Example 1 (i.e., <1, x=0). Namely, if we
take the upper sign in (4. 3), it follows from (3.15) that
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b<(a+x)/(1~ax), x> 0; this leads (in the limit x ~ 1)
to the additional constraint for «,

1 a
1+a'

(4.8)

In the limit, the (nontrivial) inequalities for the real
zeroes become

(z+a)(kz? +[2(1 ~a) -~ (1 +a)k]z +ak) <0 (4.9)
and those for complex zeroes become
A+ |zt + (-0 +2%) |z |- [3(1 - a)~ (1 +a)k]|z|?
—a(l+xk)(z+2%) -a(l-k)=0, |z|*-a=0. (4.10)

For the lower sign in (4. 3) we obtain new results
(because the sign of @ is fixed). The limitation on x
from (3.15) is b= (@ - x)/(1 — ax), i.e.,

21+a
l-a

(4.11)

and the (nontrivial) inequalities are formally obtained
by the substitution a~ ~a in (4.9) and (4.10).

As long as one has no information on the sign of b and
k obeys k= (1 +a)/(1 - a), one has to take the union of
the domains described by (4.9)—(4.10) and their counter-
parts with @ — — a as the region allowed for zeroes.

5. ZEROES IN H?

Due to the inclusion of the class H” into Hz, one ex-
pects that the region allowed for zeroes of (real) analy-
tic functions h(z)e H?, in lz| <1, with Izl <1,

Il = - [ n(r)|d6, T=exp(i6), (5.1)

is larger than the corresponding region for functions
obeying |h(z)}| €1, lz| <1, The quantitative determina-
tion of the new region again follows the procedure out-
lined in Sec. 2. One first determines [in analogy to
(3.5) and (3.6)] the values allowed for a real analytic
function k(z) at a fixed point z, if its norm is bounded by
1Rl? < K2 (5.2)
In order to do this, we consider the interpolation
problem (in H?) for prescribed values k(£), h(t*), where

|£1 <1, The interpolating functions can be determined
according to a technique applied in Ref. 15. They are

he) =1 gh(z) %(z) (= £%), (5.3)
B 1-1¢l?
e = A - o) = £%2)
x[(z = £%)(1 = EO(E) - (2 — E)(1 - £*¥)n(E¥)]
Ll 6ee), (5.4)

where h,(z) € H? is arbitrary. Equations (5.3) and (5.4)
are analogous to (3.7). Requiring k(£*)=h*(£), h¥(z)
=h,(2*) ensures real analyticity.
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The decompositions (5.3) and (5. 4) are orthogonal!®
in the sense that

Rl = (1~ R2(E) + IIryl12 (£=£%), (5.5)
=l 4+ E G T2 - 21— e nge)

- (1= [eHt = D2 - (1= £]HA - e*DHn¥(e)]
(£+ &%), (5.6)

Applying (5.2) to (5.5) and (5. 6) under the condition that
k122 0 gives the constraints

2
O etp (5=t7), (5.7
201- 91 - 2 @) [ - (1= [¢[HA - e9n*(e)
2
- (- e - g <5 289, 6.9

The extremal functions [Which realize equality in (5.7)
and (5. 8)] are obtained by putting k,(z)=0 in (5. 3) and
(5.4). Equations (5.7) and (5.8) are analogous to (3.5)
and (3.6).

The boundary of the region (5.8) is a curve of the
second degree, which is an ellipse symmetric with re-
spect to the origin, but not with respect to the real axis,
and with both semiaxes strictly smaller than 4(1
- 1£1%2, Consequently, region (5.8) is strictly con-
tained inside the set of admissible values at ¢ of all pos-
sible functions (not only real), holomorphic in the unit
disk, with Izl bounded by #. The latter set is obtained
from a representation similar to (5. 3) and is the disk
of radius k(1 — | £1%)-1/2,

As before, we first consider the interpolation in a
single point 2(0) =a. From (5.7) we get a® <h®. If o?
< h?, the interpolating functions are [see (5.3) with ¢
=0]

hiz)=a +zh(z). (5.9)

If z =2z, is now a zero of k(z), then X (z) is constrained
at z =z,

hilzg) == a/z,

but the parameter k;(z;) cannot take any value. It has to
obey the constraints (5.7) or (5.8) [with k(z) replaced
by hy(2), £ Dby 2z, and k% by ki =h?— o?]. Thus (5.7) gives
for real z,’ s,

(5.10)

—a<zy<a, a=l|al/k (5.11)
and (5.8) for complex z,’ s,
lz,| = al’?, (5.12)

These inequalities represent a region of the same form
as (3.13) and (3.12). '

The general interpolation problem in » +1 real points
x, is solved by an expansion of the form!®

hiz) = Z‘/ak"’k )+ Bl g, (2), (5.13)
with suitably chosen functions 7,(z) and B,,;(z) [see Ref.

15 or for n =1 the discussions after (5.14)]. The ex-
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pansion is orthogonal in the sense that
n
WAl =20 a3 + 1 puyll® < B2 (5.14)
k=0

As long as $1,al <h®, h,,(z) is an arbitrary function
with the norm,

n
Wpoqll? < B, = H?~2a}. (5.15)
k=0
A zero z =z, of k(z) requires that
n
By (20) =~ Bili(zo) 20 awralzy). (5.16)
k=0

The regions allowed for zeroes are obtained by again
using (5.7) and (5.8) [with h(z) replaced by h,,(z,), &
by z,, and %° by k2,.]. Again we get the boundary of the
region allowed for zeroes from algebraic equations and
curves of degrees which increase with the number of
interpolation points .

Finally we discuss in this section the interpolation
problem with two points 4(0} =, A(x)=8. Equations
(5.13) and (5. 14) read, in this case,

z1-x? Z-x
hiz)=a +;1_xz(ﬁ—a)+2m;hz(z), (5.17)
22, 1-4* 2 2 g2
Hall* =« +——x—r‘(ﬁ—0!) + Hhgll* < k2, (5.18)
At a zero z =z, h,{z,) assumes the value
11 .
hz(zo)—zo(zo—x) x[a(zo— x) = B(1 = x)z,]. (5.19)

This value must be consistent with functions k,(2) with

1-—x?
th?llzgk%:hz—az——;r—(ﬁ—cz)z. (5.20)
The general inequalities (5.7) and (5. 8) yield
(¥R - ab) - (1~ 5B~ a) )z -x)?
~(1=-z2)ak-x)-Bl~-xMz]F=0 (5.21)

for real zeroes, and

(1= ]2 {irl2|®- axte +2%) +x)lv [z [* - e +2%) |2 |
+(y+ax?) |z |t - ax(z +2*%) +ax?]+ Bx(1 - %) |z |?
X[Bx(1-x)) [z |* + 9z +2%) |z |2 = (v = a)x |z |?
- ax(z +2%) - ax¥z +20)]}- |z |4z - x|*
X[x2h? - a®) - (1~ 29 (B- )] <0,

y=a-B(1-x%

for complex zeroes,

(5.22)

6. ZEROES FOR AN INTERMEDIATE CLASS
(H?> =) OF FUNCTIONS

By H*™ we denote the class of functions h(z), real and

analytic in the unit disk |z} <1, belonging to the class
D and obeying the conditions

Ih(r)| <s(6), 6<T.
1 2 2 _1
5 /c‘r [n(1)|*d6 < hiw, w_zﬂﬁrdﬂ
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(6.1)

(6.2)

on the arc T of the unit circle and on its complement
CT, with Ins(8)e L. For this class, the solutions to
the interpolation problem are not known analytically.
Therefore, we cannot apply the same scheme of reason-
ing as before. In fact, we are only able to solve the
problem in the simplest case of interpolation in a single
point, 2(0) =a by a rather special procedure.

First we again use the decomposition (3. 2) for i(z),
i.e,, h(z)=w(z)E(z). From k(0)=a follows

w(0) = ¢ E™1(0) (6.3)

for the function w(z) to which we shall apply the results
developed in Sec, 3. Interpolation is possible if condi-
tions (6.1) and (6. 2) are compatible with w?(0) 1, On
the other hand, E(0) is also bounded from above. > In-
deed, according to (3.1), (6.1), and (6.2),

InE(0) =5~ f " In|n(exp(i0)) | 48

sil;r/rln_s(e)da +§1}/cr In|h(exp(if)) | do

szif Ins(8) d6 + w Ink = InE(0). (6.4)
TJp

In the last step we used Jensen’s inequality

. o ,db .
7 ). ln]h(exp(l9))l2;$1nlr ]h(exp(zG))lz‘z%-

(6.5)

Equality in (6. 4) is attained for an outer function E(6)
with [Ey(6) [ =s(8) on I" and [E(6)! =h,=const on CI.

From (6. 3) follows that zeroes may be present if
E0) > lai; these lie in regions given by (3.12) and
(3.13), with

a=|a|E0). (6.6)

It is, of course, not essential that the interpolating
point is x =0, but as in the case of H% 16 the forbidden
region for zeroes is not simply the conformal transfor-
mation of the disk 1z{ <a'/?, Rather, one has to take
the disk |z| <al’?, where

a,=|a|F (), 6.7)
and F(z) is the outer function with boundary values
s(d), 6e T,
|F(exp(i0))| = 0\, (6.8)
hc(w—(x*)> p'’i(9), 6eCT,
1-x*
1+x°~2xcosé (6.9)
1

w{x) =5 crp(e)d@.

7. COMPARISON OF THE REGIONS OF ZEROES
FOR THE THREE CLASSES OF FUNCTIONS

In this section we shortly compare the allowed regions
for zeroes for the three classes of functions considered.
To this end we have to relate the bounds m(6) (Sec. 3,
H= problem), s(8), k% (Sec. 6, H*" problem), and #?

Raszillier, Schmidt, and Stefanescu 1961



FIG. 1, Allowed domains for zeroes in the H® and H? case,

{Sec. 4, H? problem) by

m(f)=s(8), 4T, (7.1)
) =5, f m?(8)d (7.2)
0= f’mZ(e)do. (1.3)
21 J .o
Then the classes of functions are ordered as
H*c H**C H* (7.4)

and the allowed regions for zeroes obey the same order-
ing, For interpolation in one point k(x) = ¢ this is equi-
valent to

2 =2 2 a2 2 1-x*
Q‘E“(x)za‘F“(x)= a 7 (7.5)
[where E(x) and F(x) are given by (3. 1) and (6. 8), re-
spectively]. Equality on the left-hand side of (7,5) is
reached only if m*(8) =hip(0)w/w(x), 6< CT; the right-
hand side becomes an equality only if m?%(6) =h?(8),

9 T with ki’ =hiw/wlx).

It may be worth mentioning that in the H* and H? case
the zeroes on the complex boundary of the region al-
lowed (for zeroes by interpolations in #» points), come
from functions having n +1 zeroes; the zeroes at the
endpoints of the real intervals come from functions with
n zeroes. [In the H™ case this follows directly from the
remark made after Eq. (3.8).]

8. COMMENTS

The procedure developed in this paper permits one
in principle to determine the region of zeroes allowed
for interpolating functions (in H”), compatible with
a certain highest value x% of x?, in the sense of Ref. 7.
The practical difficulty, which can, however, be ulti-
mately overcome on a numerical level if there is a
strong enough motivation for performing the computa-
tion, lies in the determination of all interpolation prob-
lems compatible with xM (i.e., of the pomts of the set
D, of Ref. ™ lying in the ellipsoid x> <Xu) The situation
in H? is similar, maybe to a certain extent simpler.

The results of this paper do not imply statements on
the actual existence of zeroes, only on the fact that the
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existence cannot be excluded by a certain amount of (ex-
perimental) information. One can, of course, ask if one
can manage to interpolate with functions having no zeroes
and thereby answer the question if zeroes are necessary.
In the case of H” one has then to allow [for an arbitrary
m(6)] for the appearance of so called singular inner
functions!? in order to have enough flexibility. In H? or
H** one can even interpolate reasonably well with
outer functions, ?

The procedures presented in this paper also remain
true in the situation where information is available on
the phase of the form factor, if one applies the trick of
the Omnés function, 1819

Figure 1 shows the allowed domain for zeroes in the
cases H™ and H?, if the value of the form factor is known
at one experimental point z =— 0.4991, apart from nor-
malization [Eqgs. (3.17), (3.18), (5.21), (5.22)]. The
bound #2(8), needed in the H® problem, and also for the
computation of % [Eq. (7.3)] was taken from Ref. 20,
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In this paper we give a more compact representation of the intelligent spin states defined by Aragone,
Guerri, Salamd, and Tani. Using this new representation, we discuss the differences between minimum
uncertainty states, coherent Bloch spin states and intelligent states. The evolution of these states under a
particular time dependent Hamiltonian is studied, showing the relevance of the noncompact subgroup K of
the Lorentz group. Finally we analyze the radiative properties connected with the intelligent states for a
pointlike medium. The main results are: (I) they have a nonvanishing dipole moment (as the Bloch states)
and (II) the proper intelligent states give a spontaneous emission intensity which is different from the one

provided by the Bloch states.

1. INTRODUCTION

In a recent paper, Aragone, Guerri, Salamd and Tani, !
constructed the intelligent spin states as those which sat-
isfy the Heisenberg equality for the angular momentum
operators. Many questions of physical interest were
not discussed there,

The purpose of this work is threefold: (a) to give a
clear distinction between intelligent states, minimum
uncertainty states, and Bloch states; (b) to show a more
compact representation of intelligent states; and {(c) to
determine the time evolution and some radiative proper-
ties of two different systems initially set in an intelli-
gent state,

This article is organized as follows: In the next sec-
tion we give a more compact expression for the intelli-
gent states than the original, and we discuss the con-
nection between intelligent states and coherent spin
states.?~! We will show the difference between the 2j +1
intelligent states and the 2j + 1 states obtained by apply-
ing the two-parameter rotation R(7), defined by Arecchi,
Courtens, Gilmore, and Thomas (ACGT),? to the stan-
dard Wigner states [j, m).

Section 3 is devoted to analyzing the difference between
minimum uncertainty states, atomic coherent spin states,
and intelligent states. We calculate the expectation val-
ues of J,, J,, J, and their quadratic deviations for in-
telligent states, using the technique of generating func-
tionals, whose details are presented in Appendix A.

In Sec. 4 we present the explicit evolution of a non-
relativistic high spin system, initially set in an intelli-
gent state, immersed in a magnetic atmosphere,

We also estimate the macroscopic dipole and emis-
sion rates of a pointlike laser.

In the last section we make some comments and
remarks.

2. COHERENT SPIN STATES AND INTELLIGENT
STATES

The SU(2) algebra is defined by the usual commutation
relations,

[Ji’Jj]zieiijk: i,j,£=1,2,3,

or, in terms of the ladder operators J,=J, +ied,
(e =+1,-1) and J;, by

(1a)
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[J, I ]=2eT5, [Jy,d.]=eJ,. (1b)

The (2j + 1)-dimensional Hilbert space spanned by the
eigenvectors of J and J; (labeled by |7, m) or by Im))
i, m)=3G +Dj,md, J5lj,m)=mlj, m), 2)
is denoted by H;.

A useful formula for computation is
2] -1/2

G +em)! |m)= Jivem| — ). (3)

jtem

The ladder operators are useful in order to construct!
the atomic coherent spin states or Bloch states |7),

D=+ |7 [ exp(ra,) |- j)
= exp(rJ,) exp[In(1 + |7 [})J5] exp(- T*J_|- 7)
=R(7)|- 5, “

where T=tan36 exp(- ¢ @), 6<[0,21). R(7) represents a
rotation through an angle 6 about the axis a=sing &,
— cos@eé,.

Two different Bloch states are not necessarily ortho-
gonal. In fact their inner product is

(Tl =+ |7 [H7 @ + [73 |71 +TFT,)%, (5)

The expression of the atomic coherent spin given in
Eq. (4) is analogous to that for Glauber states, [z)
=N(z) exp(za +)10), where the operator exp(za*) is ap-
plied to the ground state of the harmonic oscillator. 58

The Glauber states satisfy the Heisenberg equality
Ax Ap =13, Therefore, one could also enquire whether
the states |7) satisfy the Heisenberg equality for the
SU(2) algebra,

AJE AJE = 5(J5)? 6)

or, what are all the states |w) which verify Eq. (6)?

For a careful analysis of Eq. (6), let us define two
homogeneous functionals of zeroth order, the uncertain-
ty functional I(3),

1) = W] adt [0 | add [ 9)p |9)2, (7a)
and the half-commutator squared functional C(y),

C@) =47 <[y, L] [0 12 [d2, (7b)
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In terms of these functionals the Heisenberg equality
looks like

I@)=C@). (6")

We shall refer to |x) as a minimum (maximum, sta-
tionary) uncertainty state if I{) has a local minimum
(maximum, stationary point) at |9)= lu). Moreover,
lw) shall be called an intelligent state if I{w) =C{w).

Therefore, in principle we have three different kind
of states related to the angular momentum algebra: the
Bloch states |7), the intelligent states |w), and the
minimum uncertainty states [u).

It is worthwhile to stress that, in the case of the
Heisenberg algebra {x,p, [x,p]:i}, the corresponding
functional C(¥) =41 |[x,p]|¥)** @19)"? has a constant
value: 4. Therefore, any intelligent state of this algebra
must be 2 minimum uncertainty state too.

However, this property does not necessarily hold for
other algebras where C(¥) is not a constant number, as
in the case of SU(2).

it is a well established property of quantum mecha-
nics’ that all the intelligent spin states are given by the
set of all the states that satisfy the linear equation,

Jo W)= () —iady) |w) = (1), ~ ia ) [w)=w jw), (8a)

where « is a real number, Defining ¥.=3(1 —ea), e==1,
J, can also be written as a linear combination of the
ladder operators,

Ja = 7+J+ +yd.= YeJe’ (8b)

leading to the explicit expression of the intelligent spin
states shown in Ref. 1. With the present notation they
can be written as

N
ustr=a, 5 ()@ - i 2 ), 0<N =y,
1=0

9)
=y, wy=2y,7IG-N),

where dy is a normalizing factor which shall be deter-
mined later on.

We note that for a given 7, we have 2j +1 different
eigenvalues wy, as we see from the explicit form of wy.
Therefore, the set {lwy(T,))} is for a given a, lal#1,
a basis of H,,®

It is also worthwhile to point out that, due to the fact
that @ must be real (therefore v,y:! is real too), T,
== (y,/v.)'/? can only be real or pure imaginary.®

However, we could think of enlarging the definition
(9) for lwy(T)) to any complex number without giving
raise to any mathematical inconsistency. In this case one
has to stress that for complex T not on the real or im-
aginary axis, lwy(T)) does not represent a solution of
the Heisenberg equation anymore. We shall call these
states the generalized intelligent states.

There are two special cases of N, the extremes 0
and 27. In fact lwy(7))= [T) and (it shall be shown in this
section) lw,, (7)) = |~ 7). Actually these are the simpler
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cases of the general law relating intelligent states cor-
responding to opposite complex numbers,

[wa (7)) = [wy,(T9)), Ny+Ny=2j, T, +7,=0. (10)
This relation is easily seen after having established
the value of the inner product {plwy (7)) =(wy(p)lwy (7))

given in Appendix A, *° '

In order to perform calculations of physical interest,
it is convenient to have a simpler expression than Eq.
(9) to describe the intelligent states. Fortunately this
can be done just by ordinary straightforward algebra.
It turns out that [wy(7)) can be written as

]w,,('r)) :a,,Ylagy” exp(Tyd,) | -,

n=0,...,2%, (11)
where

a,=ayN1(1 +|7{8)~, n, Y, T, given by

n=2j-N, Yfv)=f(1),

@)= 07%/25, T,=T(1- 2, (12)

and the corresponding eigenvalue w, is given by w,
=2y,71(j —n). Taking into account definition (4) and in-
troducing the auxiliary polynomials p,;{y,z, iT1),

Pi,z,T)= vz + 7Ty - 2)(z - 2)), (13)
one can write down the intelligent states as
|wn(T)) =a,¥ 3] exp(r,J,) exp(- 2lnyJ3) | - 5
=a,¥133p,00,9,7)|7,), (14a)

where the normalizing factor a, is shown to be (see Ap-
pendix A)

an=1Z Y0002 pos(v,2, 7))}/ 2= (p3n)1/2

and 1'ry) means the Bloch state corresponding to the com-
plex number 7(1 -2y =1,

(14b)

We note that in the expression given in Eq. (14a) for
the intelligent spin states the operator Y,3] occurs.
Therefore, one has to know the behavior of p,;{y,y, 7)1,
in a neighborhood of y =1, in order to obtain the cor-
responding derivatives.

States having the structure p,(,v, 7)|7,) =exp(1,J,)
xexp(— 2lnyJ,) | —j) are not atomic coherent, since the
group parameters 7,, ¥ do not verify the condition for
a Bloch-type rotation R(1) (v #1 + |7, 14,

However, the structure (14a) proves to be very useful
in order to deduce many properties of intelligent states
from the corresponding properties of the associated
Bloch states |7,).

One can also ask if an infelligent state lw (7)) coin-
cides with some Bloch state (). In order to answer this
question, one can prove that!!

Jwa) = |p)Zn=0, T=-p or n=2, T=p,  (15)
which shows that proper intelligent states (1w, (7)),

n+0,2j) are not Bloch states, but a refinement of them.

Moreover, since for each 7 we have 2j + 1 different
intelligent states, it is natural to enquire whether they
could be obtained through some operation applied to the
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Wigner basis |m). In other words: Are the 2j +1 states
IT,m)=R(T)\m) m=—-j+1,...,5-1,7) intelligent?

Straightforward calculation yields (notice that 7
=tan6 exp(~ iln/2), 1 integer)

Ja ‘T) m>=—msin0\7,m>+0059(7' +m)1/2

X@G-m+1)2 |7, m-1). (18)

The second term in the right-hand side shows that |7, m)
is not an eigenvector of J,, unless cosé({j +m)=0.

As in general |[7|#1, the only possibility we are left
with is m = - j, which means that in the set {|Tm)}, only
T, -4)=17) is intelligent. In the particular case where
cosf=0 (B:w/z + k7, k integer), it is immediate to see
that such a situation corresponds to a =0, =, i.e., J4
=J; or J,, respectively. In that case it is easy to under-
stand why |T=exp(- il7/2), m) is an eigenstate of J; (or
Jy): R(T =exp(- ilm/2) corresponds to 7/2 rotations about
Jy (or Jy), therefore the states |7)=exp(- iln/2), m) are
nothing else but the Wigner basis with respect to the
x (or y) axis,

3. EXPECTATION VALUES FOR INTELLIGENT
STATES AND MINIMUM UNCERTAINTY STATES

In order to define calculations of physical quantities
for systems prepared in an intelligent state, one has to
develop a suitable technique to handle the corresponding
matrix elements. As ACGT have shown for the Bloch
states, the technique of the generating functions has
been proved to be very useful. In Appendix A we present
with some details how the technique due to ACGT is ex-
tended to deal with intelligent spin states.

If we define the operators (:)"™ as

3™ gm

=Y\ Z 30, 2)= | o om0, 2) ; an
ayl aez y=z=1

one finds (see Appendix A) for the expectation values of
J; for a system in an intelligent state,
() [ I [, (7))

= e =2 ReT[y(z = 2)py;4 00, 2, T3]
@0,(1) |y |, (7))

= Jodnr == 2 Im7{y (2 = 2)pyy1 (v, 2, I OF)™
(7} |Jy [0n(T))

= e =L (TT* @ = 2)(z = 2) = 23)py;4 ™ OT) !
Further on, by taking second-order derivatives of
the generating function X,, defined in Eq. (A8), we
evaluate the quadratic deviations {AJ?),,,

AT, =52 - DT+ Ty (2 - 2)%py, "3
+il 02 + 2§12z (y - 2)(z - 2))pys., " (BFD!
+ 5T - 2)(z - 2) = 23)pg I
- 4% (Rem){ly (& = 2)py;u " PO 2,

(BTDr == 3j(25 = 1)(7 + T [p2(z = 2%y, 1" 5]
+5l@%% +2§TT¥2(y - 2)(z = 2))py,, DY
+5l(y - 2)(z = 2)7T* ~ 29) Py, I (7))

- 4 Im7)Hly (z - 2)Py,; " P pIN2,

(18)

(19)
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BID =~ 45H[29P0; 4 "R 05D + 2i{2yp 5. I™
X ()™ +2§(2) ~ 1)y %y, 05 ™.

In a similar way, the mean values of monomials of
the type J}'}J‘,‘%J‘,‘g can also be calculated by an appropriate
number of derivatives of the generating functions, one
of which is X ,(apBy), defined in Eq. (A8).

Once we have obtained the values of {(AJ? ,),, and
(J5)us We are in a position to discuss more precisely
what are the differences between minimum uncertainty
states 1), and intelligent states |w) of the SU(2) alge-
bra. As we know this algebra has commutators which
are not numbers, it is a good candidate to find out ex-
plicit examples of intelligent states which are not mini-
mum uncertainty states.

Actually, in order to determine all the minimum un-
certainty states, one should have to parametrize H; and
thereafter calculate I(y) and C(¥) for this H; parametri-
zation. Proceeding in that way, one obtains two functions
depending upon 45 + 1 independent real parameters and
it is a standard task to find both the local minimums of
I(¥) and the subvariety where I(y)=C(3).

If we restrict ourselves to a subset B of H;, we can
explore what happens on B, Evidently, any intelligent
state that belongs to B is an intelligent state in H,. On
the contrary, that lug) is a minimum uncertainty state
on B does not necessarily imply that lug) shall be a mi-
nimum uncertainty state on the large variety H,.

For B={I7), T=tan36 exp(- i)}, the uncertainty func-
tional I(y) has, on B, the vaiue!®

I(7) =1j*(1 - sin*6 sin®@)(1 — sin’f cos®y), (20)

while for C(y), we have

C(1) =472 cos?6. (21)

Due to the simplicity of both I(1) and C(7), it is im-
mediate to solve the Heisenberg equation I(7) = C(7).
That gives

§2sin’9 sin’ 20 =0, (22)

or equivalently
6=0, ¢ arbitrary, 6 arbitrary, ¢ =n7/2 (n integer).

Because of the degeneracy at the origin in the polar
representation (8, ¢) of the complex plane, the solution
given in Eq. (22) is exactly the set of the two axes of the
complex plane. That corresponds to the fact already
mentioned: The only intelligent Bloch states are those
contained in the two axes. Of course, as we have shown
before, there are intelligent states which are not Bloch
states.

In connection with the possible minimum uncertainty
states located on B, one has to find the local minimums
of I(7). I(7) has nine stationary points T,

T, =tan(mn/4) exp(— in1/4), m=0,1,
n=0,1,...,6,1. (23)

It is straightforward to verify that 7,=0 gives a maxi-
mum of I(7), and that 7 = exp(~ inn/2) give the four mini-
mums while the remaining four points Tszexp[— i(n/4
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+nm/2)] give saddle points of I(T) in the subset B. That
means that only the four points of B(T, = exp(- in7/2))
can be minimum uncertainty states on H;.

Nevertheless we have a lot of intelligent states de-
fined on B (T any real or pure imaginary number) which
shall proceed to be intelligent states when we enlarge
the calculations to the whole H,.

4. DYNAMICAL PROPERTIES OF THE INTELLIGENT
STATES

The first situation that we want to consider is the time
evolution of a nonrelativistic spin j system (of magnetic
moment ¥), in a magnetic environment B(t) of the type

considered by Gilmore!?:

J

cos?y exp(iw_t) + sin®y exp(- iw, )
Uft) :{

i5in2y sinw,t exp(iw,t)

where w,, w_., and ¥ are given by

WS wpEw;, wy=[YBI+(¥B, +w)*]t,

sin2y=yB,w;!, cos2y=(¥B, +w Jw;l. 26)

Let us assume that our system has been initially pre-
pared in an intelligent state [w,(7)). Therefore, in any
other subsequent instant {, the system shall be in a cer-
tain state |w,(t, 7)) determined by the evaluation opera-
tor U(t); namely, lw,(t,7))=U{) w,(T)). We want to in-
vestigate whether |w,(f, T)) is an intelligent state or, at
least, how close to an intelligent state it is while it
evolves. We know, after ACGT, that a Bloch state re-
mains a Bloch state along its evolutions under the
Hamiltonian (25).

Moreover, as both lwy(7)) and lw,,(7)) are Bloch
states, it might happen that any proper intelligent state
could evolve remaining in the subset of the intelligent
states too.

In order to give an answer to this question, let us
briefly mention some useful facts concerning SU(2) and
lw,(T)), as has been given in Eq. (14a).

The first property we want to point out concerns the
structure of lw,(7)) itself; lw,(7)) can be written

lu7n(7)> :anyla:k(yv T) {_j>,

k(y, T) = exp(TyJ,) exp(- J31ny2), (27

where k(y, 7) belongs to SL(2,C),* the analytic continua-
tion of SU(2). * In the two-dimensional representation of
SL(2,C), k(y,7) has the form

k@, T) =exp(T4],) exp(- (Iny?)Jy)

{1 Ty} {y" } {y‘i T(v—Z)}
= -1 LY = . y ’
showing that it belongs to the well-known four param-
eter subgroup K of SL(2,C), ® as reviewed in Appendix
B. We prove in this appendix that for y #1, k(y, T) con-

tains a Lorentz boost and, therefore, k(y,7) does not
represent a proper rotation.

(28)
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B(t)=2B,(cos2w,tx + sin2wty) + 2B,z (24)
where 2B,z is a constant magnetic field along a fixed
direction and B is the strength of a perpendicular field
of proper frequency 2w,.

The corresponding time-dependent Hamiltonian is

H({t)=-1yJ - B(t) = - Iy(B, exp(~ 2iw ),

+ By exp(2iwl)J. + 2B,J;), (25)
with J represented in the (2j +1)-dimensional space H;.
By going to the two-dimensional representation of SU(2),
Gilmore has evaluated the time evolution operator U(t)
which satisfies the Schrodinger equation #U = HU,

i sin2y sinwyt exp (- twqf)

cos®P exp(— iw_t) + sin®y exp(iw+t)}, (26a)

The operator U(t)k(v, 7)=1(¢, v, T) has also been ex-
plicitly evaluated in Appendix B, Eq. (B8). This allows
us to write the state lw,(t, 7)) as follows:

lwa(t, 7)) = an (1Y 2212 explyi'd,) | - i), (29a)

where
Zzz [Ty = 2) cos®y +v siny cosy] expliw_t)
+[7(y — 2) sin®y — v siny cosy] exp(— iw,t),
[,=[r(y — 2) sing cosy +v sin®*p] exp(iw,t)

+[v cos®p— T(y — 2) siny cosy] exp(— iw_f).

Although the structure of the state lw,(t, 7)) seems
complicated, it is proved in Appendix B that this state
becomes, up to a phase factor, an intelligent state if the
transverse magnetic field vanishes, i.e., B, =0. Only
in this case the evolution of an intelligent state of order
n determined by the complex number 7 is a generalized
intelligent state, of the same order n, corresponding to
the complex {-dependent number 7' =7 exp(2iyB,¢). If
n =0 we recover the result of ACGT: lwy(t, 7)) = exp(2i
xargl,)11,I;1). That is, the evolution of a Bloch state
keeps being a Bloch state, up to a phase factor.

The second situation we want to treat here is the rel-
evance of the intelligent states in connection with the
pointlike laser, '® either with a semiclassical or a fully
quantized representation of the laser field.

By a semiclassical pointlike laser we mean a collec-
tion of identical atoms, each with two etffective energy
levels (with Zw the energy gap) interacting with a classi-
cal field E(t) = 2Re{E, exp(iwt)}, which has the resonant
mode of frequency w.

The Hamiltonian corresponding to this system is,
following ACGT,

H=H,+H,;=hwd;- (p*E}¥)J, exp(- i wt)

— (p* - Eg)J_expliwt), (30)
where the vector p is the complex dipole moment as-
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sociated to each atom giving rise to the total dipole
moment

D=pJ, +p*J.. (31)

For a system of N; atoms, the cooperation number j
must satisfy the inequality

j <EN,. (32)

We are assuming either that p verifies p-E;=0
=p*.E¥ or, if this selection rule does not apply, that
we are working in the rotating wave approximation.

If one neglects the interaction term H,r between mat-
ter and the electromagnetic field, namely H =0 in Eq.
(30), it is possible to give an estimate of the expectation
value of D, For the system initially in an intelligent
state |w,(T)), the state lw,(¢, 7)) becomes fw,(t, T))
= exp(- fjwt) lw,(T exp(— Fwt))). Therefore,

@alt, 7) [D]w,(t, 7))
=P Ine(t) + P*T Dt
= 2j(pT* exp(iwt) + P*T exp(- iwt))
X[y = 2)pg;u ™5™ (33)
This result is a refinement of the corresponding one
for the Bloch state, which is reobtained here by taking
n =0, (It is worthwhile to remind the reader that for the

Wigner—Dicke states the expectation value of D
vanishes. )

As the macroscopic dipole of the system does not
vanish, there exists a nonvanishing classical radiation
intensity I, generated by this oscillating dipole, which
in the wave zone is

Io=I;- 4217y (z = 2)py; ™ F 0T (34)
Introducing the fully quantized Hamiltonian
H=H,+Hp+H,p=hwd;+hwa*a +yal, +ya*J., (35)

we can calculate the emission rate for the pointlike
laser, 7

The spontaneous emission intensity can be calculated
for an initial intelligent state |w,(7)), in a way similar
to what ACGT did for this model, N

T/2<6<m,
Tsdar < Ud1r < Uador (72 3),

- .-1 . 2
Tydon=— 2§ 0S8, {Jy)s=— 2j cOSO [1 L {2-77) sin’f

i enelg L ainls
2j cos“f +sin‘@

[(j=1(j-2)(2j - 3) cos@+ 2(j - 1)(4j - 5) cos?8 + (5§ - 4)]

o1, i__jkm FATRGNE
=T, (1) [T J. [w0a(T))
=1 T Vs + 20T ) e (36a)

The matrix elements occurring in this relation are
easily evaluated by means of the generating function
XA(ay B; Y), given by Eq' (Ag),

BP=I12577%(2j - 1)[yz(y — 2)(z — 2)pyss]™
X (P + [y = 2)(z = 2)pg; " OI, (36b)

an expression which reduces for =0 to the results founc
by ACGT for Bloch states.

In the case of a Dicke—Wigner initial state |m), the
spontaneous emission intensity is Iy =I,(j +m)(F - m +1).
In order to compare the spontaneous emission intensi-
ties between intelligent states and Dicke—Wigner states
we have to evaluate I} for a Dicke—Wigner state having
the same energy expectation value that l,(7)).!® There-
fore, introducing m ={Jy),, in ¥, we get

] et gy =10 %L1 = (202,.0)" B3]

(37)
X[1+2j(yzpy ;)™ 53 # I32.

A similar calculation for the stimulated intensity 7t
leads to:

Bi=1,22{|m I w, () [2 = [on|d, [w,(1)) [}

=2(J s}, * 1y (38)

Consequently, using the value given in Eq. (18) of
J3)ns We have

Ii=1Iy- 2[1 - 2(yzpy. (05 =T, (39)

which is identical to the stimulated intensity emitted for
an initial Dicke state with quantum number m = ¢J3),,,.

Just for completeness, one can explicitly calculate
Uadors J3)1es and Js)s,. It happens that, for j= 3, the
three values decrease for 0 €< 77/2, and increase for

(40a)

(40p)

309, =— 2 oSO

However, as we have not been able to proceed a step
further we are not allowed to claim a general property
from Egs. (40). The only statement we are making is
that the stimulated emission intensity (and also the en-
ergy expectation value) of the proper intelligent states
(n=1,2) is greater than the stimulated emission inten-
sity arising from the Bloch state corresponding to the
same value of the parameter 7,

1967 J. Math. Phys., Vol. 17, No. 11, November 1976

[(7-1D(2j-3) cos?@+4(j = 1) cos®0+1]

(40c)

l The last point we want to mention concerning the dif-
ferent behavior of intelligent states in comparison with
Bloch states is the following: Suppose we have initially
prepared a system of spin j in an intelligent state lw, (7))
and we want to know what is the probability that, under
the magnetic Hamiltonian (25), the system could be found
in t > 0 in a Wigner state Im). Making use of the results
of Appendices A and B, we obtain the transition
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probabilities

et = 1 a7 [P = 1 Va2 (7 )

{5

(115 29)=(0,0)

11 kio n=1 nel
a21a2 204 102( 2

X Cgom-lic:zkj#m-ndzci-m-m-llcrj-m-m-lz

jAm\ fi+m\fj-m\/i-m
W L Nn-t\n-1,) ° (412)
where a; and ¢;, 1=2,4 are
a,= exp(— iw )| T cosw,yt +1 sinw,(T cos2y + sin2y)],
a, = expliwf)[coswyt + i sinw,t (T sin2y — cos2y)],
(41b)

o= expl(~iw ) (T ~ 2) coswyt + i sinwyt ((T — 2)cos2y
+ sin2y)],
¢, = expliw f)[cosw,t — i sinwyt (T sin2¢ + cos2y)].,

In order to see how a pure intelligent state behaves,
one can take a particular case of Eqs. (41). For in-
stance, let us choose |m)=[-7j). Making use of the
above result, it turns out that (7 =tanz8 exp(+inm/2))

r=Lin=1=d _ (9 cos% + sin’e)!

Poym-i-5

1 + sinw,f « [sin®2¢(% - 1) — 7 sindy]
1 + sinfw,t « [sin?29(1? = 1) + 7 sindy]’

(42)

This ratio I' is finite for any ¢, 7, and { unless 7
takes the value T, =- cotan2y, In that case, Eq. (42)
becomes

FE—'*'—-——pm 212 1+ (2§ - 1) cos4y]!
Do, epy=1->

X (1 +sin2¢™! sinbyP sinlw,t) cosw,t, (43)

showing that, for ¢, =(n +3)7/w, the value of T is in-
finite. Consequently we see that the behavior of the
proper intelligent state lw,(f, 7))} is qualitatively differ-
ent from the behavior of the Bloch state |w(¢, 7).

Further, as for 7;, the function c,(¢) appearing in Eq.
(41) has the value
c,(T}) = expliwt) cosw,t. (44)

It is clear that for instants ¢, = (2 +1)7/2w, and for
numbers #, m (which have to verify n+m<j~ 1) the
transition probability p(,, ). |,y vanishes with period
T2 = TT/(.OZ.

Looking at the structure of the probability p(,, 1y« im)»
one gets two other special values of 7,

‘Tuy”=2- tanZzp, 'Té”:z. (45>

These values cause the periodic vanishing of p(,, 7y 1m)
too, now because ¢,(t) vanishes with the same period as
above, for each instant t,’,:nﬂ/wz and for quantum num-
bers n, m such that n+1<j+m.

5. DISCUSSION AND COMMENTS

We have been able to establish a clear distinction be-
tween intelligent spin states, minimum uncertainty
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states, and Bloch states. We have shown that the gen-
eralized intelligen states constitute a refinement of the
Bloch states containing them as extreme cases.

We also pointed out in Eq, (10) the symmetry in the
definition of intelligent states which allow us to restrict
the analysis of 1w,(T)) to any half-plane containing the
origin of the whole complex plane.

Thereafter we evaluated, through the technique of the
generating functions, the expectation values of both the
components of the angular momentum vector and of their
mean square deviations. They turned out to be rational
functions of T7* = tan®36.

Moreover, by making use of some algebraic proper-
ties of the noncompact subgroup K of SL(2, C) we studied
some dynamical properties of the intelligent states valid
both for a reasonable time dependent model of a spin-j
particle in a magnetic atmosphere and for a pointlike
laser.

One important result found is that for a permanent
magnetic field B=2B,&;, proper intelligent states evolve
continuously in the set of generalized intelligent states.
Of course, the two extreme states (» =0, 2§) which are
Bloch and intelligent evolve in the assembly of the com-
plex Bloch states.

The transition probabilities, for a system prepared in
an intelligent state, of becoming in time { a Wigner—
Dicke state, have been computed. It turned out that there
exist three values of the real parameter 7 defining an
intelligent state for which p(, ., vanishes periodically.

In the case of the pointlike laser, the spontaneous and
stimulated emission intensities and the macroscopic
dipole of the system have also been evaluated showing
again a refinement of the results obtained using Bloch
states.

We have also proved that, in general, an intelligent
state is not 2 minimum uncertainty state and we pointed
out where the noncoincidence of both kind of states
stems.

It is also worthwhile to note that, contrary to what
has recently been asserted by Kolodziejczyk,?’ the co-
herent states defined by Mikhailov?! cannot be used to
explain the relationship between coherent and intelli-
gent states, essentially because the only Mikhailov co-
herent state which is intelligent is, trivially, the ground
state.

Finally, let us remark that Vetri’s comment®® that
Radcliffe states which do not point in the z direction and
are labeled “intelligent” in Ref. 1 are actually those
oriented in such a way that the # axis is along x or ¥ is
precisely -what Aragone, Guerri, Salamo, and Tani
meant when they said that “only those Radcliffe states
located on the real line or the imaginary axis are intel-
ligent states.”

APPENDIX A

In this Appendix we are going to show the details con-
cerning some of the calculations whose results have
been used in the text.
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Let us recall that the states we are dealing with have
been written in the form [Egs. (13)].

| =a,0514 0,3, |7 |7 0}e1 (A1)
where
bz, [T=bz+ 7% - 2 -2)). (A2)

Suppose we are interested in computing the value of
(w,12 |t0n,), where lw, ) remains as in (A1), !wnz) may be
written

|wn2> =an2522{151(2, Z, | T ‘ ) ) Tz>}z=1> (A3)

where instead of ¥ we use a different variable g, in or-
der to avoid confusion. Making the scalar product we
have (p; is real for y, z real numbers)

<u'yn2 ‘u"n1> = arfzanlagzagl{pj@ 3Ys T)

Xp e, 8, 7T, T">}z=1 (A4)
but, by virtue of Eq. (5),
(ol =@+ 7,107 + |7, |97 + TET )Y
Eyupj(y’y’ ]Tl)-lzsz:‘(z’z’ JTI)-I
(A5)

x[1+ |7|%1 -2/ -2/2)]
=pj@7ya |T')'11)j(z,z, ITl)qu(y’z’ |TI)'

Introducing this value of (1",2 {t,) into Eq. (A4) we get
the final value of G, lw,,),

<wn2 ‘wn1>:a:2an1 a;’aa;’lpzj(y,z, j’rl)}y:l:z

~aza, b, (46)

If we take here n, =n; and impose that the result found
must be 1, we get the modulus of the normalizing factor
a,, as was mentioned in Eq., (14). Once we get the value
of the a,, the scalar product (A8) is completely defined,

niny
P

Wy [200,) =G G (A7)

In order to calculate expected values of observables
contained in the SO(3) algebra, it is of crucial impor-
tance to evaluate the generator function X ,(«, 8,v), de-

fined in the ACGT paper as
X la, B,v)=(w, | exp(yJ.) exp(BJ;) exp(ad,) [w,). (A8)

Introducing the form (A3) of lw,) and applying the
Baker— Campbell—-Haussdorff formula we have that

Xala, B, 7) = |a, [*98{zy exp(- /2)
+{7r - 2) + ayllT*(z - 2) +vz] exp(p/2
(A9)
which, if we define the auxiliary function ¢ iny, z, a,
B, v, by
025(a, B, v,9,2,7)= &y exp(- 8/2) + exp(8/2)
X160 -2) +ay]llT*( - 2) +y2 [}¥,
(A10)

can be rewritten in the shorter form

X (aBy)=la, |*a3ia, B, ). (A11)
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Once we have evaluated X ,, it is very simple to es-
timate the expected values of, for instance, Jy, J,, J3,
and (Ad)?, (Ad,)? for the intelligent states |w,).

In fact,

o |y w0,y =56, | d, |w,) + 30, | T_|20,)

=5(3aX ) azper=o + 23X 4) amporeos (A12)
Wn| T3 [10) = (96X ) ntr=0; (A13)
and
4(AJ})? = (I + (D + 2(LJ,) + 2¢5) — 4%
Consequently,
(AT = (240X ) aepayes + (02X 4)oasared
+ 225X a) acpores + 2(36X 4) acsreo
— [(@eX Dampar=o + (3:X W)acper=o s (Al4)

and in the same way the value of 4(AJ2)2 can be given,

(AT == (32, X 4)g — (32,X 4)y +2(8%,X 1),

+2(85X 0 )o +[(0,X a)o = (3,X 1) .

It is interesting to observe that ¢,;(0,0,0)=p, (v, 2z, | T1).

{Al15)

APPENDIX B

In this Appendix we shall give some group results con-
cerning SL(2, C) and its subgroup K.

The four-parameter subgroup K has been extensively
used in connection with the irreducible representations
of the Lorentz group (see for instance Ref, 15), K is de-
fined as the set of all the elements & of SL(2, C) of the
form

A1
K :k(py q) = b a ’
0p
The importance of K lies in the fact that any element

{ of SL(2,C) can uniquely be decomposed in the form

-1 ’
l:k&, k:p q, 2 = 1
0p z 1

p,q complex numbers. (B1)

(B2)

Moreover, as any k(pg) can uniquely be factorized in the
form

po (Yo" (o -\ _ (P74
1 ) P
= exp(gp™J,) exp(= 2lnpd,), (B3)
I can be uniquely decomposed as a product of three
exponentials,
1 =explgp~'J,) exp(~ 21np - Js) explad.).
Let an arbitrary I € SL(2, C) be given,
1=(l k). (B4)
Iy 1,
It is easy to check that
I =exp(lyl7'J,) exp(~ 2Inl,J,) exp(lliid.). (B5)
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The elements k(y, 7) defined in Eq. (28) have the struc-
ture (B1), therefore the convenience of dealing with K
(even if the restriction one could make of keeping p real
could suggest that the three-dimensional subgroup X’
={keK:p real} should play some specific role, more
centrally than K itself).

Just for the sake of completeness it is possible to
write down the four-dimensional Lorentz transformation
A(R) represented by £(y, T). Following Gel’ fand, Graev,
and Vilenkin® it is straightforward to prove that A(k)
=A;A,, where A, is the standard Lorentz boost (ly1#1)
and A, is a distortion of the {x?, 1~} two-dimensional
plane (or of the {x1,x'} two-plane accordingly to whether
7 is a real or an imaginary number, respectively). The
distortion A, turns out to be

(Agx)* =x*,

(Agx)" ="+ T,7¥x* + 2! ?ReTyx? — 2!/ ImT 4!, (B6)

(M)t =2 = 21 2Im7 ", (Apx)? =x® + 2!/ 'ReTx*,
while the boost A, applied to x= Ayx gives

(M) =y, (MR) =957,

(Mx) =%y, (AR)y=3,, (B7)

where we denoted by x*=2"1/2(x* £ x%) the usual two null
coordinates.

We are interested in the decomposition (B5) for the
operator U(t)k(y, 7) in order to have |lw,(f, 7)) written in
a way resembling an intelligent state. Calculating the
matrix product, we get

vy~ cosp expliw.t) +y~! sin®p exp(— iw,t), [T(y~ 2)cosy +y siny cosy] expliw_t)

f=U@®rWy, )= Z} L\
I I,

With this result, one obtains for lw,(¢, 7)) =U(t) lw, (1)),
|wa(t, ) =an (MY 35, £,7) |- 3

=a,Y, 350} expu53', | - 1, (B9)
or what is the same,
|, (¢, 7)) = a (7)Y, 2" {exp(24j argl,)
X (|5 [2+ 1,197 15EH (B10)

in terms of the Bloch state |7)= [5,[;!). In the case
where n =0 (and consequently the term has been pre~

pared in a Bloch state), we have for lw,(t, 7)),
lwo(t, T)) = exp(245Y , argly) - ¥ | 1,5, (B11)

a state which differs by a phase factor 2jY,argl, from
the standard Bloch state corresponding to the complex
number 7¢) =Y (,05;}).

The explicit expression shown in Eq. (B10) for
lw,(t, 7)) allows an easy calculation of the transition
number {u lw,(¢, 7)) for an arbitrary coherent spin state

fuy,

o [0t Ty =an(hag ()Y 135 1y + p*0)}
=a,(T)ay(n)(1n) (i]) [sing(siny + 7 cosy)

X exp(iw,t) + cosy{cosy ~ T siny) exp(- tw.t)
+ p* siny(sinyT ~ cosy) exp(- iw,t)

+ u* cosy(T cosy + siny) exp(iw.t)]"

X [sing(sind — T cosp) expliw,t)

+ cosy{cosyd + T sinyd) exp(- iw.t)

— w* siny(T siny + cosy) exp(- iw,t)
]Zj-m .
(B12)

— W* cosy(T cosyp — siny) expliw_t)
This expression is very useful in order to investigate

1970 J. Math. Phys., Vol. 17, No. 11, November 1976

+[1Tly - 2) cosP - y sing cosy] expliw,t),
(B8)

y “!siny cosylexpliw,t) — exp(~ iw.t)], [y sin®p +7(y - 2) siny cosy] expliw,t)

+[y costy— Ty — 2) sing cosy] exp(- iw_t).

|

under what conditions [w,(¢, 7)) could be an intelligent
state. It is sufficient to calculate (i lw}(7’)) and to com-
pare its value with (B12), If we prove that there exists
(n’, T’) such that for any complex g, (i lw,(T’)
={ulw,({, T)), then the state lw,(t, 7)) keeps being intel-
ligent along its evolution under the influence of the
Hamiltonian given in Eq. (26). Since

oo (7)) _
=, (Tay () (In") (2],,) (1 + X7y (1= p*rn2d=
(B13)

and both polynomials in the variable u* (B12) and (B13)
must be identical, they have to contain the same roots
with the same multiplicity. Therefore, #’ has to be equal
to n. Moreover, if we proceed with the analysis, one
can immediately recognize that they are going to co-
incide iff sin2¢ = 0. That implies cos2y=(-1)* or,
equivalently, ¥=n7n/2. The condition y=n7/2 [see

Eq. (26b)] is equivalent to saying that B.=0. Thus,

after Eq. (B8), we have

lw,(t, 7)) = exp(= 2ijyB,t) |w, (T exp(2ivB,t))). (B14)
Of course, if T=|7| exp@Enn/2), v =T exp(2ivB,t)

= || exp(i(n7/2 + 2yB,t)) we get a generalized intelligent
state, which is strictly intelligent for ¢ such that 2yB,¢
=mu/2, i.e., it is periodically intelligent.
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Higher indices of group representations*
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The nth order index of an irreducible representation of a semisimple compact Lie group, n a nonnegative

even integer, is defined as the sum of nth powers of the magnitudes of the weights of the representation. It
is shown, in many situations, to have additivity properties similar to those of the dimension under
reduction with respect to a subgroup and under reduction of a direct product. The second order index is
shown to be Dynkin’s index, multiplied by the rank of the group. Explicit formulas are derived for the
fourth order index. A few reduction problems are solved with the help of higher indices as an illustration

of their utility.

1. INTRODUCTION

Many years ago Dynkin'? defined the index of the
irveducible vepresentation (IR) x of a simple Lie group
(all groups in this article are compact) by the formula

Hh=N(KF~ R/ r. 1)

N, is the dimension of the IR, and » is the order of the
group; R is half the sum of the positive weights of the
adjoint representation and

K, =M, +R, (2)

where M, is the highest weight of the IR. The scale in
weight space is fixed by giving the highest weight of the
adjoint representation the magnitude v2. Dynkin’s
index is closely related to the second order Casimir
operator whose eigenvalue® is K,? —~ R?,

Dynkin showed that his index has additivity properties
similar to those of the dimension under reduction of an
IR with respect to a simple subgroup or under reduction
of the direct product of two IR’s. If the IR » decomposes
into the subgroup IR’s p, then

j)\:pzju) (3)
[’

where p depends on the group and subgroup but not on the
IR 1. Similarly, if the direct product of IR’s 1 and 2
decomposes into the IR’s r, then

N271+N1jz:ij- 4)
A

We generalize Dynkin’s index by defining the nth
order index, » a nonnegative even integer, as the sum
of nth powers of the magnitudes of the weights of the
IR:

' I{"’:(?x")h. (5)

The sum is over all weights X belonging to the IR A, each
occurring a number of times equal to its multiplicity.
The zeroth order index is just the dimension and in

Sec. 3 we show that the second order index is just
Dynkin’s index (1), multiplied by the rank of the group.

In Sec. 2 relations analogous to (3) and (4) are shown
to hold for certain higher indices, provided that the
weight diagrams satisfy appropriate symmetry condi-
tions, The definition (5) extends readily to semisimple
groups so that (3) and its analogs for higher indices
hold also when the subgroup is not simple.

In Sec. 4 formulas for the fourth order index are de-
rived for all the simple groups.
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Section 5 contains the solution of some reduction
problems with the help of higher indices as an illustra-
tion of their utility.

2. PROPERTIES OF THE INDICES

The useful properties of the indices derive from the
symmetry of the weight diagrams of the simple groups.
We say that a weight system is rotationally symmetric
{in /-dimensional weight space) to second order if

24%;=0 (6)
X
and
XX = 6—512962 1)
X l X
and that it is rotationally symmetric in third order if
2 XX %, =0 (8)
X
and in fourth order if
— 5.8, +8,6, +5. 85,
oy — Zii"km ikYjm im jk 4,
{Jktxjxkxm l(l+2) ?xa (9)

x; are the Cartesian coordinates of the weight x. The
conditions (6~9) would hold for a rotationally symmetric
distribution.

The weight diagrams of all simple groups are rota-
tionally symmetric to second order, and those of the
exceptional groups G,, F,, E,, E., and E, are rotationally
symmetric to fourth order. SU(3) weights satisfy (9)
but not (8). Trivially, SU(2) diagrams are symmetric
to all orders. We indicate in Sec. 4 how to determine
which of these conditions hold for a particular group.

When an IR of a group is reduced according to a
subgroup, the effect on the weight diagram is a change
of scale which may be different in different directions
in weight space. Since the weight diagrams of all simple
groups are rotationally symmetric in second order,
the additivity property

I)EZ):pzZIsz) (10)
“w

follows immediately. The factor p, can be computed

from the known scale changes. Equation {10) is just

Dynkin’s relation (3) |the relation between L, and j,

is derived in Sec. 3]. When the group whose IR is to

be reduced is rotationally symmetric in fourth order

li.e. is SU(3) or an exceptional group), I\*’ has an

additivity property like I,®:
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I,‘(‘”zp‘,ZI““). (11)
I

The subgroup is unrestricted.

Formulas (10), (11) hold equally when the subgroup
is a direct product of simple groups. The second and
fourth order indices for a direct product of n simple
groups are naturally defined as

I{?“"n: HNM ZG?/N”, (12)
i j

£ 0. = (U NM> (Z,IAj“”/ij
3 N7

(
+2 ZI‘W 2/ N, ijk> . (13)

In case there is no change in scale in any direction
under the subgroup reduction a simple additivity proper-
ty holds for indices of all orders

I(n) Zl(n) (14)

Equation (14) holds, for example, for G,>SU(3), F,
>0(9), E,DSU(3)xSU(3)xSU(3), E,>SU(8), E,D0(16),
0(2n+1)2>0(2n). In some cases where the subgroup is
a direct product of simple groups the sum of whose
ranks equals the rank of the original group, Eq. (14)
holds if the scale of weight space is suitably adjusted
for the different groups comprising the direct product.
An example is G, SU(2)xSU(2).

We now turn to the additivity properties of the indices
under reduction of direct products. When IR’s 1 and 2
of a simple group are multiplied, the weights in the
direct product are X=y +2, where y and z are the
weights of the respective IR’s 1 and 2.

Hence, if x are the IR’s in the direct product, we

have

IR = (32 + 2?)
X

yz

21(2)+NI(2) (15)

in agreement with Dynkin’s result (4). The fourth order

index has a similar property:
Zli") =Z (y4 444 Zyzzz + 4(y . z)z)
A

yz

=N, + N LW +[2(1 +2)/ 11212, (16)
Equations (15), (16) hold for all simple groups.
The analogous result for the sixth order index is
2 = NI + NI +[3(1+4)/ 1)1 + [2I).
* an

In deriving (17) the condition (8) was assumed; accord-
ingly, it holds for all simple groups except O(6) and
SU(n) with n= 3.

Provided that (8) and (9) hold, we can deduce a simi-
lar relation for 1{%:

4(1+6)
I

AZ[)(AM:NZIL(B) +N11§8) + (155)11(2) +122)1§6))

6(1+4)(1+6)

R TrIne

e, (18)
(18) is valid for SU(2) and the exceptional groups.
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3. THE SECOND ORDER INDEX

We now relate the second order index I{* to Dynkin’s
index (1}. The character y, of the IR x of a simple
group may be defined as

- (?e’")x. (19)

The / components ¢; of ¢ are Cartesian coordinates
in weight space. The indices may be expressed in
terms of the character

I = (Ea%gp?)'fxx (20)
i =0

The character may be written* in terms of the
characteristic ,,

XA =E/ 8 (21)
£, is defined by

£,=2(~1)Sexp(¢ - SK,). (22)

S

K, is given by (2); the sum is over Weyl reflections §;
(~1)% is 1 according to whether S is even or odd.
A in (21) is the characteristic of the scalar IR:

A=2,(~1)5exp(¢ - SR). (23)
s
Using (20), (21), we can write for the second order
index
1 tual 82 X 82
2=25,%8 . SN il
* AT 00T, AT 00% 4.,
ox, dA
- ~Z 2A = .
8093 8¢ ;1620

From (22), (23) we see T, 9%,/00%=KZt, and
T; @24/9@3 = R?A; hence, using

Nx:XxI«::o ) (24)
we get
E=NE-R)- 20X 20 25)
A i (p‘l a(pi ¢=0 (

Expanding x,, Eq. (19), to second degree in ¢ and

using (6), (7), we find
O L
dp; 1
Weyl has shown® [see Eq. (33)] that the leading term in

A is of degree 3(»—1) in @; hence, by Euler’s theorem
on homogeneous functions,

IP@, +higher terms, (26)

l X, 04 _ r-l[(z).
aﬁ"i a(pl ¥=0 2l >
It follows that
I® =N, (K} - R?)/ . (27)

The second order index is just Dynkin’s index (1),
multiplied by the rank 7.
4. FOURTH ORDER INDEX

According to (20) we need the fourth degree term
x{¥ in the character in order to determine the fourth
order index. To this end we expand the characteristic

Ex=(E o1 +EP +ED 4.0 ); (28a)
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{t,), is the leading term, of degree 3(v-1I) in ¢, and
£ i of degree p. We may ignore a possible term
£1® because it cannot contribute to x{*’. Similarly

A=Al +AD AW 4.0, (28b)

Then, according to (21), the second and fourth degree
terms in the character are

(2) :Nx(g)(‘ﬂ - A(Z))’

XX (29)

X)‘f“ —NA[E)(.4) — Al _ A(Z)(E{Z) _ A(ZJ)]. (30)

We can use (29) to help evaluate &{2). From (19) and the
rotational symmetry (7) in second order of the weights
X. we know that

X3P =12 9%/ 21 = N, (K2 — R?)@?/27. (31)
Now Weyl has shown? that under the substitution

¢ —~R6 (32)
the characteristic becomes

glwlz*sinhg—Kl-a. (33)

The product is over the positive roots @. Incidentally,
(33) illustrates that the degree of the leading term in
£, (and in A) is 3(r — I), the number of positive roots.

Expanding £, and invoking the rotational symmetry
of £{?’, we find
(2) _ + 2 _(p_ﬁ .

2 24R2L’ K, -af = opped" @ (34a)
The last step in (34a) follows from the rotational sym-
metry in second order of the roots &. Putting K, =R,
we deduce

A2 — ipi 2
5 4z2 o (34b)
Comparing (29), (31), and (34) shows that

27 a*=121R" 7 (35)
and hence that

XD =Kp®/ 27, A® =R*@*/ 27, (36)

Weyl? has given formulas for the characteristics of
the classical groups. We use them later in this section
to determine their £{* and hence their fourth order
indices. Because of the rotational symmetry of their
weight diagrams in fourth order, the exceptional groups
are actually easier to treat. Hence we deal with them
first.

A. Exceptional groups

Using Egs. (19) and (9), we find for the fourth degree
term in the character of an exceptional group

D=V p1/81(] +2) (87)
or, under the substitution (32),
X —~ I R94/81(1 +2). (38)

It is straightforward to expand (33) and thus determine
£ A ig then obtained by putting K, =R. Substituting
for ¢, A® £ A® in (30) and comparing with
(38), we find
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z+2 N”+2)Z*|.K

(4)
4 3601

{1(2)}2 d (R N a)4]‘
(39)
Because of the rotational symmetry in fourth order of
the roots @, we can use (9) to derive

S . 4,_._3144_ + 44
Z; (A-a) = z<z+2)§ @,

(40)

where A in an arbitrary vector in weight space. Equa-
tion (40) can be used to simplify the second term in
(39). The final result is

l +2 {1(2)}2

Equation (41) is valid for all five exceptional groups
G,, Fy, Eg, E,, E; and for SU(2) and SU(3). The values of
T4 ot for these seven groups are SU(2): 4, SU(3): 12
G,:40/3, F,:60, E: 144, E: 252, E,: 480.

(4) _
Ih

12034{1@ RY 2 ot (41)
o

B. Symplectic groups

According to Weyl* the characteristic of the symplec-
tic group Sp2n)=C, is

£, =|sinh(l;0;/v2))

Here la;;| means the #Xn determinant whose ij element
is @;;. The l; are representation labels. They are
related to the Cartan labels x; by

(42)

n
Li=2in,+n—-j+1 (43)
k=i
The Cartan labels are certain components of the
highest weight, »,=2M, - o,/ a?, where o, are the
simple roots, ordered as in Table I of Ref, 5.
To expand £, in powers of ¢, we first expand
sinh(7;¢,/VZ)
2o
ey UL
fr=2 <?l""t) L ES UL “4)

Now repeat the following operation n -1 times, giving
j in succession the values 1,...,n -~ 1. Subtract the jth
column from each column % for which %> j and remove
a factor (I - 12)/2(2j +1)! from the column k. Omitting
a factor (H"=1(pi)(_2" 2117 2a +1)1]" from £, (and A)
we get finally

»:h:(n zi) 0@ =), )
i B>
where
R R=DIp B, L. By
([ij_ilo 20‘(2].4'201—1)‘ (46)

Here ple,, ..
a defined by

€,) is the symmetric function* of degree

IJI(I-ze Zp ey, .vo 65025 (47)‘
i=1
We will need p,(e,,...,¢,) only for @ <4, Explicitly,
these functions are
PoE)=1, pile)=2;
1
Pol€)=22€3+ 2oe e,
i >4
Patera, Sharp, and Winternitz 1974



Z;e +Zee + )_/ eejek, 47)
itj
pae)= Ze + €%, + ek
it i>j
+ 20 LiEegt L1 €€,
itf, k Dk DR
In deriving (46) we used the identity
Pal€rysee €58 = Poley, o ve €567)
=(e—€)porley, .o €566 (48)
Retaining only the o =0 terms in (45), we get
(o= (m ) o (& - 1) ¢35 (49)
Y

From (21) we get the well-known dimension formula
for Sp(2n),*

Aa s (1, = 1), +1,)
w= (0) L Wi 0

To get the fourth order term ¢{* we must in
[ @352
1. replace the last column 3" by
[16n(n + 1)2n + 1)2n+3)p, (8, ..., B)pi2,
2. replace the second last column ¢ by
[167(n - 1)@r-1)@n+ )] 'p,(8, ..., B )],
3. replace the last column @%™? by

[4n@n+1)]2p (3, ..., 2)9?" and the second last
column @3¢ by

4 -1D)@n-1D'p (2, ..., B )e2m2
and then add the three contributions.
The result is
£ ={16nn + 1)2n + 2r +3)p, (12, ..., 1)

Xpol@?, ..., @2) +[16n(n - 1)(2n - 1)2n+ 1))
x (Zl%l?)(}:cp?qo?). (51)
i i
To get (51), we used Weyl’s formula
leb =1l | [Brmasers -+ €0 | (52)

as well as the identity

Drleg, oo € 0P e, oo ye) = poler, e e,) = Ze,-ej. (53)

>
In a similar manner we find

£ =[4n(@n + D) (%)zi) (Z:_/qo? ) (54)

A™ and A® are obtained from £{* and £{* by the re-
placement [, — I5. Finally we get I by substituting for
£, AW £ and A® in (30) and applying 3, 8%/ 2¢2.
The result is

4) __ (ﬂ + 5)[{72 (12) - pz((lo)z)]
B =N, <4(n T1)@2n+1)(2n +3)

4 a1 - (1]
T4 - 1)(2n+1)

(n +2)5, (D%, [lz
2n(2n + 1)2

(199] ) .

(55)
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For I}? we get similarly

2= 5Cn +1)Z;[zz (1)) (56)

C. Orthogonal groups

We turn next to the orthogonal group in an odd number
of dimensions O(2x +1)=B,. The formula® for ¢, is
the same as for Sp(2n), except that the scale is changed
in weight space ¢; ~ V2 ¢; [¢ ~ 2¢ for O(3)] and the
interpretation of the representation labels is different;
instead of (43) we now have
n=1
L=, +5n, +n-j+3. (57)
k=j
Because of the scale change the right-hand side of (55)
should be multiplied by 4 [16 for O(3)] and the right-
hand side of (56) should be multiplied by 2 [4 for O(3)].
The dimension N, is still given by (50) but with the I’s
defined by (57).

For the rotation group in an even number of dimen-
sions, O(2n)=D,, the characteristic is given by the
sum of two nXn determinants*

£, =1%]|coshl;@,|+4|sinhi,@;] (58)
with

n=2
l;= Z A+
k=g

0 ) Fn-j, l<sjsn-1,

=301 = ). (59)

The second determinant in (58) can be ignored for the
purpose of calculating second and fourth order indices.
For O(6) it contributes to £ ® but not to £ or £,
For O(8) it contributes a term proportional to ¢,¢,¢,¢,
to £ and nothing to £, For higher even orthogonal
groups O(2n) its lowest contribution is to ¢ ™, with
nz5. We do not consider O(4), since it is not simple
anyway.

The determinant |coshl,¢,;l can be expanded just
as Isinhl;¢;| was for Sp(2xn) and O(2rn +1). For the
dimension we get Weyl’s result?

Ny=T1 (I, - 1), +1,)

i BT (60)
and for the second and fourth order indices we find
I? = (2n - 1)"'N, Z 1;+ 1)1, - 19 (61)
and
oy BB = p (O] | 3, [0 - )]
» Y e +1)2r-1)(2+1) (2n - 1)(2n 3)
(ﬂ + 2 21. lo)zzj [l2 lO)Z] . (62)

@Cn-1)(2n~ 37

Formulas (60), (61) are valid for all O{2»n), (62), for
0(2n), n= 3.

D. Special unitary groups

For the special unitary group SU(n)=A4,_, the char-
acteristic is the nX#n determinant?
5,‘=[expl,-11,~'- (63)
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The representation labels /; are given in terms of Cartan
labels a; by

l,=2xk+n—j (64)
k=i
with [, =0. The weight space coordinates 5, are not
independent but satisfy
(65)

Z’flizo-
i

They may be expressed in terms of orthogonal coordi-
nates ¢;:
n=1
ni==1G- 1/}, + LLi(i+ DI ?g,, (66)
j=i
where ¢,=0. The gradient operator may be expressed
in terms of 7:

2 i \Y?* 8
8¢, - ("‘1) aniu

i + D] ?'a-é—

and similarly
3¢ n~1 2 a2
ZJ Z o
B A 3_71? n 5 omon,
The determinant (63) can be expanded in powers of
7, as before by expanding the exponential, subtracting

columns, and removing factors. After cancelling an
irrelevant factor from &, (and from A) we get i

(67)

(n-1)Yn?+Tn-6)
n2n+1)n+2)n+3)

o =Nx[[p4<z> 5]

+{8lp, (01 = 3p, (D P (1) + [p, (D]

+ DT + p, (D3 ~ p (D) = p (DI, (1) - [, ()] -

+p ()P, ()} T(;r;l—)

E. Symmetry of weight diagrams

{(l -1 - (- 10)2}] .

gy=1T1 (lk— lm)laijl’ (68)
Km

where
(]"'1 pa(lly"'s ) il
Z) 3 T e, (69)
Weyl’s dimension formula* for SU(r) may be written
down
N=T(, - LY/ @3- 0). {70)
i<i

The quadratic term £{%’ is a sum of three parts which
may be denoted by (0,2), (1,1), (2,0). Here (a,.,, a,)
means {a;;| with only the ¢ =0 term of the expansion
(69) retained in every column except the last two, where
only the «,_, and a, terms respectively are retained.
We find for the second order index

Nlnte+ 1)1 2200, - 1,7 - (10 - 2)2).

K

L® = (71)

The quartic term £{* is more complicated. It is the
sum of seventeen terms which we denote by (0004),
(0013), (0040), (0022), (0031), (0112), (0202), (0400),
(0130), (1111), (1120), (2011), (2020), (1201), (1300),
(3001), (4000). Here (w0, ,0,.,a,) implies the deter-
minant fa;;! but with only the o =0 term of the expan-
sion retained, except for the last four columns, where
only the o, _,, a,.,, a,.,, @, terms respectively are re-
tained. The result for ¥ is

+1p4(@) = P (DD = p(°) + p () D ()] “f(mvﬂ 33
= pa(D) = Lo (Y + 3Lp, () Pp, (1) = [p ()] + p, (1°)} - 71—2

PP)p (1) + p, (17

In this and the preceding section, we have assumed that Egs. (6), (7) are satisfied by the weight diagrams of all

simple groups, and that, in addition, Egs. (8),

(9) hold for weight diagrams of the exceptional groups and SU(2).

Equation (9) also holds for SU{3) diagrams. It remains to indicate how these properties may be verified.

In subsections B, C,D of this section, expansions of the characteristic ¢, for the classical groups are obtained
to terms of degree 4 in ¢. The absence of a term £{* and the fact that £{» is proportional to ¢? proves the
validity of Egs. (6), (7) (rotational symmetry to second order) for these groups. The absence of a term £{*' for the

symplectic groups Sp(2n)=C,
for n= 4 verifies the validity of (8) for those groups.

The additional symmetries claimed, Egs. (8),

, the odd orthogonal groups O(2n+1)=B,, and the even orthogonal groups O(2n)=

(9) (rotational symmetry to fourth order) for the exceptional

groups and Eq. (9) for SU(3) may be checked by explicit use of Weyl reflections. We illustrate the procedure for
F,. The point {(x,, x,, x,, x,) in weight space is associated under Weyl reflections with the points 3{(x, — x, — 1, — %, %,
=Xy = Xy = Xy Xy = Ky = Xy = Xy Xy = %y = Xy = %3) AN 5(%, F %, + 50, + %, X, F Xy = Xg = Xy, Xy F Xy = Xy = Xy, Xy F X, — X, — X5); €2ch

of these three points is associated with 4124 -

1 =383, others being obtained by permuting and reversing signs of

components (1152 points in all, the member of F, Weyl reflections). It is easy to verify that Egs. (6)—(9) hold for
these points. For E;, which has over two thirds of a billion Weyl reflections only five essentially different points
are associated with an arbitrary point; the rest are obtained from them by permutations of components and by

reversing signs of components in pairs.

5. EXAMPLES

The purpose of this section is to illustrate the validity and use of our results. The 2- and 4-indices serve for
decomposing rather complicated direct products of representations and for finding branching rules. In each case
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we present two examples. The first one involving A, is elementary and results of our computation are well known;
our second example concerning E, is highly nontrivial, As a third example one can take the content of a separate
paper (Ref. 5) where some branching rules and Clebsch—Gordan series for E; are calculated.

In subsequent examples a reducible representation is determined entirely from equalities of dimensions, 2- and
4.indices. Practically one needs the values of N, I‘?’, and I'¥? for any representation which could be relevant to
the problem. Each of these quantities is given by an explicit algebraic expression; hence it is easily programmed
and computed.

A. Clebsch-Gordan series

First we decompose the direct product of two representations (11) of A,. In order to make our point about equality
of dimensions and indices I'® and I'¥, we arrange the corresponding quantities as follows.

(11) X (11) = (22) + (30) + (03) + (11) + (11) + (00)

N: 64 = 27+ 10+ 10+ 8+ 8+ 1
1. 192 =108+ 30+ 30+ 12+ 12+ 0 (73)
I, 960 = 648+ 132+ 132+ 24+ 24+ O

As our second example we decompose a product of three lowest representations of E,. First consider the product
of two only. One has

(0000010) % (0000010) = (0000020) + (0000100) + (1000000) + (0000000)

N 3136 = 1463 + 1539  +133 + 1
I, 9408 = 4620 + 4536 + 252 + 0 (74)
I, 32256 —=16632 +15120 + 504 + 0

In order to complete our example, we have to multiply each term in the direct sum in (74) by (0000010). One gets

(0000010) x (0000020} = (0000030) + (0000110) + (1000010) + (0000010)

N 81928 — 24320 + 51072 + 6480 + 56
I, 381612 —120960 +237888 +22680 + 84 (75)
I, 2113650 =713664 +1308384 +91476 + 126

(0000010) % (0000100) = (0000110) -+ (0001000} + (1000010) + (0000001) + (0000010)

N: 86184 = 51072 + 27664 + 6480 + 912 + 56
Jean 383292 =237888 +120120 +22680 +2520 + 84 o
I, 2020410 =1308384 +612612 +91476 +17812 +126
(0000010) x (1000000) = (1000010) + (0000001) + (0000010)
N: 7448 = 6480 + 912 + 56
I, 25284 = 22680 + 2520 + 84 ()
I 99414 = 91476 + 7812 + 126
B. Branching rules We choose SU(3)D> 0O(3) as our first example. The
fact that (10) of A, contains the representation (2) of

In order to find branching rules (BR), one needs first

to determine the factors p, and p, of (11) and (12) for A, gives
every algebra—subalgebra pair. The most convenient

is to use the BR for the lowest nontrivial representa- (10)>(2)
tion which usually is the way that an embedding is

specified. N 3=3
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TABLE L Representations of subalgebras A;, Eg, AxFy, G, subgroup point. The matrix of the transformation p
X 03, and AZXAE) contained in the representation (0000010) of may be singular (1ts rank is the rank of the Subgroup)

7 The character y,(¢) contains all information about
subalgebra representation N e the branching rule:
Ay (0100000) 28 42 63 X(9) = x 09 =xa(¢") =2ix u(9"); @)
(0000010) 28 42 63 »
E, (100000) 27 36 48 a similar property holds for direct products:
{000010) 27 36 48 N
2(000000) 2 0 0 X1(¢’)X2(¢) =%JX1(¢)- (b)
A/ xF, 000
1254 2:13; 5000(1); 52 zg 1251) The characters are notoriously difficult to work
. with. Explicit expressions for them do not exist, to
Gyx Gy ((8(1))) gg(l)i ﬁ' ‘11:;’ f;? our knowledge, for the exceptional groups, except® for
: 2 G,. The moments of the weights of an IR
Ay xAg (00) (00100) 20 30 45 »
(10) (10000) 18 27 40} » _ 9
(01) (00001) 18 27 402 (It'p»--.ip)*‘ ,{Il 90;. Xa(®) =0 ()
- 7

together carry the same information as the character.

This suggests that it may be advantageous to compute
225 .4 (78)  the low moments of IR’ s of the simple groups. To dis-

tinguish contragredient IR’ s, it is necessary to consider

19:4=p, .8 at least one odd-dimensional moment. In Sec. 4 all mo-
. ) . ments up to dimension four are given, in essence, for
Hence p,=3 and p,=¢ Then for (11) of A, it holds that all simple groups. For many reduction problems of
(11)> (4) +(2) practical interest, they are all that are required.

N 8 =5 +3

(2).

I:12 =p,(20 +4) (719)  TABLE II. Representations of subalgebras A;, Eg, A{xF,, G,
% C3, and A, x A; contained in (0000020) of E;.

I'9:24 =p,(136 +8)

subalgebra representation N o W
where p, and p, are the same as before.

2
The lowest representation (0000010) of E, has A Eg?ggggg; ?‘23 ;;ig 3523
N=56, I' =84, and I’ =126. Let us consider the (0000020) 336 1120 4256
subalgebras A,, E,, A, XF,, G,XC,, and A,XA,. The (0001000) 70 140 280
embedding into E, is specified by their representations (6000000) 1 0 0
contained in (0000010) of E,. Arranging vertically irre- Eg (200000) 351 1008 3360
ducible components of representations of subalgebras, (100010) 650 1800 5760
one has Table I. From there we find p, and p,. Thus (000020) 351 1008 3360
for A, p,=1, p,=1: for E, . p,=1, p,c2: for A, XF 2(100000) 54 72 96
7 P2= 0 Pa= 4 60 P2=5 Pa=T5 1% 2(000010) 54 72 96

p.=1, p,=%; for G,xC,, p, =%, p,=% for A, X Aq, 3(000000) 3 0 0
p,=1, p,=1. For the present example we choose the

representation (0000020) of E,. It has N=1463, I Ay 2(2); 588(1)(2); SZZ; 3;32 1‘?;%
=4620, and I =16632, Inspecting representations of () (0001) 130 640 4616
the subalgebras together with their N,I® and IV, (2) (0001) 78 176 472
one concludes that only the representations shown in (6) (0000) 7 36 784
Table II satisfy the constraints imposed by equality of (2) (0000) 3 4 8
dimensions and indices. More precisely, for each Gyx Cy (02) (200) 567 1404 4212
subalgebra the column N must add to the dimension (01) (101) 490 1120 3078’§
1463 of (0000020) of E,, columns I*> and I must give %g; Eg(l]g; 122 3?2 ?égﬁ
4620 -p, and 16632 -p,, respectively, where p, and p, (01) (010) as 140 2171
were determined above. (00) (200) 21 24 36
{01) (000) 7 4 2%

6. REMARKS AND CONCLUSIONS AZXAs (00) (00200) 175 600 2400
It should be remarked that the additivity properties 2(2)3; ggggé; 132 4§8 1;32
of the indices, which are the subject of this paper, (1) (01000 45 90 180
arise from the similar properties of the character, (02) (00002) 126 450 1836
of which the indices are the rotationally symmetric (10) (00010) 45 90 180
moments. (10} (10100) 315 990 3420
(01) (00101) 315 990 3420

Under reduction of an IR x of a group with respect to (11) (10001) 280 900 3240

a subgroup, each point ¢ undergoes a linear trans- (00) (00000) 1 0 0

formation ¢ — ¢’ =pd, where ¢’ is the corresponding
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Qur interest in the present paper was devoted to the
indices of representations and their potential use in
computations, However, the factors p,,p,,--. are of
fundamential interest too. Being independent of a partic-
ular representation, they characterize the subalgebra
embedding. In fact, a quantity equivalent to p,, called
index of subalgebra, has been extensively used in
classification of subalgebras of the exceptional Lie
algebras. The p, alone does not allow to distinguish
all nonconjugate but isomorphic subalgebras inside
of the same algebra. It would be of interest to find
whether or not thus ambiguity is completely eliminated
by using, for instance, p,,p,,ps, -+ - for characterizing
the subalgebras.
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Conservation of charge and the Einstein-Maxwell field

equations
Gregory Walter Horndeski

Department of Applied Mathematics, University of Waterloo, Waterloo, Ontario, Canada
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In a space of four dimensions I determine all possible second-order vector-tensor field equations which
are derivable from a variational principle, compatible with the notion of charge conservation and in
agreement with Maxwell’s equations in a flat space. The general solution to this problem contains the
Einstein-Maxwell field equations (with cosmological term) as a special case.

1. SECOND-ORDER VECTOR-TENSOR FIELD
THEORIES

in Einstein’s theory of gravitation, the field equations
governing the symmetric Lorentzian metric tensor, g,,,
and the antisymmetric electromagnetic field tensor,
F 4, in regions devoid of sources are

GH — 2(FieF! ~ L gl FPF ) =0 1.1)
and

FY);=0, (1.2)
where F,, is defined by

Fab:wa,b_zpb,a (1-3)

and ¥, denotes the vector potential of the electromag-
netic field.! The above equations are referred to as the
source~free Einstein—Maxwell field equations. It is
well known® that these second-ovder field equations can
be derived from a variational principle, in the sense
that there exists a Lagrange scalar density L of the
form

L=L(8w)8a,ig3 + > 8abyigeeri  Wailla,igie + + i¥ayigoonigh

(1.4)

which is §uch that its agsociated Euler—Lagrange equa-
tions,® E*(L)=0 and E*(L)=0, are equivalent to Egs.
(1.1) and (1.2), respectively.

Within the context of Einstein’s theory when sources
of the gravitational and electromagnetic field are
present, Egs. (1.1) and (1.2) are modified through the
addition of 877% and — 4nJ* to the right-hand side of
these equations respectively, where T* and J* denote
the energy-—momentum tensor and charge—current
vector of the sources. Now in general the law of con-
servation of charge is equivalent to the demand that
J*! be divergence-free; i.e., Ji|; =0. Due to the fact
that F“m =0 we see that in the presence of sources
the Einstein—Maxwell field equations are compatible
with charge conservation.

In view of the accuracy to which the law of conserva-
tion of charge has been tested in physics to date it
seems reasonable to require that any attempted gen-
eralization of the Einstein—Maxwell field equations
should be consonant with this principle. The problem
is, do such generalizations exist? More exactly, is
the Einstein—Maxwell field theory (with cosmological
term included?) unique among all possible vector—tensor
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field theories of gravitation and electromagnetism which
satisty the following three conditions:

(a) there exists a Lagrange scalar density of the
form (1.4) which is such that in the absence of sources
the field equations are given by E*/(L)=0 and E*(L) =0;

(b) the source-free field equations are at most of
second-order in the derivatives of both g;; and ¢; and
actually do contain terms involving either g;; n O ¥;, 1

(c) in the presence of sources the field equations as-
sume the form E¥(L)=8rVg T/ and E*(L)=161Vg J°,
where Ei(L) is such that E¥(L),; =0.

It is easily seen that the Einstein—Maxwell field
theory is not uniquely determined by (a), (b), and (c).
For if L is any Lagrange scalar density of the form
L =L(gy;Fy), then its associated Euler—Lagrange
tensors are given by E*/(L)=03L/3g;; and E*(L)
=~ 2d/dx'(9L/9F;). Since E*(L) is a contravariant
vector density and 9L/2F;; is antisymmetric in ¢ and
j, it is clear that E*(L),; =0, Due to this observation
we see that it is quite easy to construct vector—tensor
field theories which satisfy the above three conditions
and are distinct from the Einstein—Maxwell field theory.

Now we are all well aware of the success of Maxwell’s
equation, F/|;=0, in describing the behavior of the
electromagnetic field in regions which are devoid of
sources and such that gravitational effects are negligi-
ble. Thus it seems necessary to require that any at-
tempted modification of the Einstein—Maxwell field
theory must satisfy conditions (a)—(c) above, along with

() EX(L)=yVg F"|; when evaluated for a flat metric
tensor, where y is some nonzero real constant.

As a result of this last restriction we see that any
vector—tensor field theory which satisfies conditions
(a)— (d) will always be consistent with the principle of
conservation of charge and will be compatible with
Maxwell’s equations in a flat space.

The purpose of this paper is to prove that in a space
of four dimensions the Einstein—Maxwell field theory
(with cosmological term included) is not the only
vector—tensor field theory of gravitation and electro-
magnetism which satisfies conditions (a)—(d). This re-
sult will be an immediate consequence of the following
theorem which we shall establish in the next section.

Theovem: In a space of four dimensions the most
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general pair of tensorial concomitants
A“ :Aij(gab;gub,c;gab,cd;zpa;wa,b;z/)a,bc) (1' 58.)
and
B' =B (8w 8w,c3 &av, ot5 Ya3¥Vay3¥ayb0) (1.5b)
(both of which are tensor densities) which satisfy the
following assumptions:
(i) there exists a Lagrange scalar density

L=L(8u; 8av, g5+ -+ i8abyigeoeiyiPailayigie « » i¥ayioeniy)

(where « and B are nonnegative integers) of class C* for
which

AY=EY(L) and B'=E'(L); (1.6)
(ii) B} is divergence-free; i.e.,
Bi, =0; (m
and
(iii) when evaluated for a flat metric
Bi=yVgF',,, (1.8)
where ¥ is a real constant, is given by
AV AT G+ T B g FUR,
+7Vg 0 gV F 'Y,
+(y/2)WVg (FieF!, - { gUF®F ) +uigg¥  (1.9)
and
B'=271Vg 8}%SF R, +yVg FY|;, (1.10)

where A, 7, and ¢ are arbitrary real constants.
Furthermore, a Lagrangian which yields A*! and B®
as its Euler—Lagrange expressions is

L=-AVg R~ (1/2)Vg 622 F,, F¥R "
- (/4 Vg FPF, +2pVg. (1.11)

Now it is customary to assume that the tensorial con-
comitants (and »o! the field variables) appearing in the
field equations governing physical field theories are of
class C”. Consequently, the above theorem provides
us with the form of the field equations of all vector—
tensor field theories of gravitation and electromag-
netism which satisfy assumptions (a)—(d). In fact the
source-free field equations of any such field theory are
given by A" =0 and B® =0 for a suitable choice of
A, 7, i, and ¥. Thus, we see that due to the terms with
coefficient 7 in Eqs. (1.9) and (1.10) there do exist
vector—tensor field theories which satisfy conditions
(a)—(d) and yet are quite distinct from the Einstein—
Maxwell field theory (with cosmological term). More-
over, it should be noted that the field equations of those
vector—tensor field theories for which 7#0, involve
a highly nonlinear interaction between the metric tensor
and the electromagnetic field.

In Egs. (1.9) and (1.10), A, 7, g, and ¥ are real
constants, however, they do not all have the same units,
If we assume the field variables g;; and 9, are unitless
(as is customary®), then the local coordinates must have
units of length, since the line element ds? =gi; dx dx?,
has units of length squared. Now when using A%/ and B
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to determine vector—tensor field theories of gravita-
tion and electromagnetism we plan to set A* =87Vg T
and B* =167V g J*! when sources are present. As a
result A*f and B! must have units of (length)™, since
T* and J* have these units.® Due to this observation
and the above remarks it is apparent that A and ¥ must
be unitless, whereas 7 and y must have units of
(length)? and (length)? respectively.®

We shall now proceed with a proof of the theorem.

2. THE PROOF THE THEOREM

In this section we shall give a proof of the theorem
stated in the Introduction. However, many of the more
odious details of the proof will be omitted because of
their length.?

Throughout this section A* and B* will serve to
denote a pair of tensorial concomitants satisfying the
hypotheses of the theorem.

In order to simplify the form of the ensuing expres-
sions we shall adopt the following notation: If

Clli=Clli 8w &abc s avy ot5 Va3 Va,03¥a, 5c)

is any concomitant, then we define

oo _ 90 eoiane_ 3CHL esmr,e . OCh
vee agab ’ agab,c ’ ° ag—~ab. o 3
o BCI rap_ 0Ci , ac:::
Cirie= seo C:::.a,b: —eee C:::,a,bc: see
W gy g, pe

If C.:; were a tensorial concomitant, then the quantities
Coi3%ve® and C122i% % would also be tensorial
concomitants.

Remark: It should be noted that some of the above
derivatives of C... possess various symmetries. For
example, C.i1i%:¢0 = o188 - C1223004¢ Thage obvious
symmetries will be used in the sequel without further
mention. In addition it should also be noted that due to
assumption (1.6), A"/ =A¥, o

Lemma 1: The pair of tensorial concomitants A% and
B' must satisfy the following equations:

Aij“_,_%FijB!___o’ (2.1)
EM(AH) - AR =, (2.2)
EMAY) - B¥H =, (2.3
EMB') - B"i =0, (2.4)
E™(B) - AMRi =0, (2.5)

Proof: If L is a Lagrange scalar density of the form
L=L(ggp;--. ;gab,ii...ia;zpa;- e ;wa.ﬁ...iﬁ)’ then the Euler—
Lagrange expressions associated with L must satisfy

the following identity®:
EY(L);+3F} ENL) + 39 E/ (L), =0. (2.6)

Equation (2. 1) follows immediately from Eq. (2.6),
since we desire A¥ =E!/(L) and B* = E*(L) for a suitably
chosen L, and B}|;=0.

If D;.. is any quantity of the form

Dil=Dl (Zabse « -5 8w, igeneiy s Vaie + - 5 Yoy igenei,)
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which is an ordinary divergence [i. e. , there exists a
quantity
F::Zk=F:::k(g,,b;. . ;ga;,,ii....-

u,;wa;‘ co Zpa'ii".ivl),

which is such that D.; = (d/dx*) F..:%], then® E¥(D::2)
and E*(D::]) vanish identically. 1?

Now it is apparent that the Euler—Lagrange tensor
E*J(L) can be expressed in the form E*/(L)=0L/dg;,
+ (d/dx®) F*%, As a result of this fact and the above
remarks, EM™(E¥(L))=E™(3L/dg,;,). It is easily shown
that E* and 8/9g;, commute, consequently

a2

EM(EY(L) - 5 2

ER(L)=0.

2.7)
i

Since we desire A¥/ =E%(L) for a suitably chosen L

we see that Eq. (2.7) implies Eq. (2.2).

Equations (2.3)—(2.5) are established in a similar
manner, 1 ]

Now the tensorial concomitants A*/ and B* must
satisfy Egs. (2.2)—(2.5) in all coordinate systems.
By examining how the quantities appearing on the left-
hand side of these equations transform under a coordi-
nate transformation it can be shown’ that the partial
derivatives of A% and B® must satisfy the following
equations:

Adbictyef _ podiad,ef (2.8)
9 E%Aab;cd'ej — A%ictie _ pctiabe (2.9)
Aicde _ geiab,de (2.10)
2 E%Aub;c,dj __Aab;c,d_BC;ab,d:__O’ (2. 11)
Blasdl,a) _ ghitacd (2.12)
2 %Ba;b,cj+2 % BCibiai _ gaibec _ goibe

— BY¥mc_pgrae_q (2.13)

where round brackets about a collection of indices
denotes symmetrization over all of the -enclosed indices
except for those with vertical bars about them,

Remark: It should be noted that Eq. (2.10) implies
that A% is devoid of terms involving second order
derivatives of ¥, if and only if B® is independent of
terms involving second order derivatives of g,,. 0

We shall now proceed to examine some of the impli-
cations of the equation B*,=0, which, due to the fact
that B" is a contravariant vector density, is equivalent
to B" ,=0. Upon writing out the latter equation we
obtain

hiab hsab hiab, of
BN n T B g ot BY M g can

+BYY, ,+ BB, o+ BRY, =0, (2.14)

If this equation is now differentiated with respect to
&rs, tw aNd zl),,stu, we find that

B(t;lrsl,uv) =0 (2° 15)
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and
B(s;lrl't")zo, (2.16)

Due to Egs. (2.10), (2.12), (2.15), and (2. 16) we see
that

A®itede) g 2.17)
and

Britstw _g, (2.18)

Using Egs. (2.13), (2.16), and (2., 18) it is not difficult
to show that

B(a;b'C):O (2a 19)
and hence
-2 d_;i7 Biibsac 4. geia b 4 paic,d (2.20)

To proceed further with our investigation of A and
B! it will be necessary to make use of the invariance
identities satisfied by these quantities. The invariance
identities which we shall require are given below?!?

2 Ars;b(t,uv)glb +Ars;(t,uv) wlzo’ (221)
Br;(s, tu)wl +9 Br;b(s,tu) glb =0, (2. 22)
Upon combining Egs. (2.17), (2.18), (2.21), and
(2.22) we find that

Ars;w(t,uv) =0 (2023)

and

griwts,tw — g (2.24)

Due to Egs. (2.8) and (2. 10) the above equations imply
that

Aw(t;lrsl,uv):o (2.,25)

and

Aw(s;lrl,tu):(). (226)

In order to clearly enunciate the implications of the
above work we require the following:

Definition!®: A “quantity” Q172" za-t f2rizp-1iap (p > 1)
is said to have property S if:

(i) it is symmetric in the indices £, 75, for
h=1,...,p;

(ii) it is symmetric under interchange of the pair of
indices (iyé;) with the pair of indices (i,_44,,) for
b= 2’ co2 :p;

(iii) it vanishes upon symmetrizing over any three
of the four indices iy, iy, gy, izp, for B=2,...,p. 1

Lovelock!® has shown that if a quantity has property
S then any component of that quantity vanishes whenever
three or more of its indices assume the same numerical
values. Consequently, in a space of four dimensions,
any quantity which has property S in ten or more of its
indices is identically zero,

Using Egs. (2.10), (2.15)—(2.18), and (2.23)—(2.26)
it is not difficult to prove’

Lemma 2: The partial derivatives of A% and B®
satisfy the following conditions: A%/ % hag property
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S, A®i%%einst hag property S in the indices
a,b,d,e,s,t,c,v, BS®™5 hag property S in the
indices a, b,d, e, s,t,c, 7,

Asbichefirsitu Q. (2.27)
Asctsefin,st (2.28)
Aab;c,de;r,st;u,vw:()’ (2.29)

Ba;bc.de;rs, tu._ 0 Ba;bc,de;r,st; "W _ ()
— ¥

-

We shall now employ the above lemma to get a rough
jidea of the functional form of the tensorial concomitants
A% and B°,

Due to Egs. (2.27) and (2. 28) we see that

3 — (> hkrst . . .
Ahk o tu““G i “(gab;gub,cy (pa 7¢a,b)’

where G*75t% ig a tensorial concomitant of the indicated
functions which enjoys property S. Integrating Eq.
(2. 30) with respect to g,,, ¢, shows us that

Ahk = thmtugrs, tu+ '5hk(gab;gab,c;d)a;wa,b;(tba,bc)' (2 31)

Using the symmetries of G it can be shown that
Eq. (2.31) may be rewritten as follows:

Ahk = %thrstuthus + th(gab; gab,c;d)a;Zpa,b;Zpa,bc)'

Since A™ and G™s*“R ., . are symmetric tensorial con-
comitants, D™ must also be a symmetric tensorial con-
comitant of the specified functional form.

Equations (2. 29) and (2. 32) tell us that

hkir, stiu,vw __ p hRrstuvw . ol .
DTt =E (gabygab,c;d)a;wa,b)’

{2.30)

{2.32)

(2.33)

where E*7s8% {5 3 tensorial concomitant of the indi-
cated functions and enjoys property S in the indices
n,k,s,t,v,w,v,u. Upon integrating Eq. (2. 33) with re-

spect to ¥, 5, and ¥, ,,, it can easily be shown that
D= %E herstuvw wnst wu' o +5 mzrstzpr’st + éhk’ (2.34)

where p "7t and @™ are nontensorial quantities con-
structed from gu,; gap, c; ¥o and ¥, p.

Now it is possible to prove that’

Ehkrstuuw — (K/\/E) {Ehsvr ghtwu  chsvu cktwr

+ ehswrektvu+ Ehswuektvr + 6ksvrelltwu

+ Eksuuehtwr + Ekswrehtvu + Gkswuehtvr}, (2. 35)

where €™'" denotes the four-dimensional Levi-Civita
symbol, and K is a scalar tensorial concomitant of
gab;gab, c;¢a and zPa,b‘

When Eqgs. (2.34) and (2. 35) are combined we dis-
cover that [see Eq. (1.3)]

Dt = (K/‘/Z’) ehsvrektqurs' ¢Funo, v +5hkrstwr' ot é‘hk
and hence
th — (K/\/E) Ghserktqu,,s” Fuwlv +P hlzr.‘st‘z'[)r'sc + tha,
(2. 36)

where P*7S* and Q™ are concomitants of g,,;&u, 03¥a
and ¥,,,. In addition it should be noted that P*7st can
be chosen to be symmetric in s and £,

Upon differentiating Eq. (2. 36) with respect to ¥, ,,
we find that P ""** must be a tensorial concomitant.
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Due to Eqs. (2.32} and (2. 36) we have shown that!®

Ak =%thr3tuthus + K‘/E ngz-)ut g 'kFrsl 'F uw]v

+Pprrsty o+ @M, (2.37)

where GM™rst K and P™* are tensorial concomitants
Of &up; 8av, ;¥ and ¥, ,, while (for the present) @* is
simply a symmetric concomitant of these same
arguments.

In a similar manner it can be demonstrated that’
B"=2KY g S5 F " Ry * + 3HM'R e + MP, (2. 38)

where H%*t gnd M* are tensorial concomitants of the
form

HMRSE = HNRS (g g oibasla )

and

MP= MM gu; 8a, ¥V, 55¥a,5e)s

and K is the same scalar concomitant as the one appear-
ing in Eq. (2.37). In addition, H***f has property S in
the indices j, &, s, L.

Remayrk: 1t must be noted that if A* and B* satisfy
the assumptions of our theorem then they are necessari-
ly expressible in the form (2. 37) and (2. 38) for some
choice of G***, K, P°", @, H*°, and M"*. However,
that does not imply that any pair of tensorial con-
comitants of the form (2.37) and (2. 38) saiisfies the
assumptions of our theorem. a

We shall now derive a few lemmas which will help us
to construct the various concomitants appearing in
Eags. (2.37) and (2. 38).

Lemma 3: The tensorial concomitants A™ and B* are
such that

Ahk;r.s+4hh7:,r:0 (2.39)
and

Bhimes L Bhisit - . (2.40)

Pyoof: Due to our previous work, equation B* ,=
can be written as follows:

Bh;abgab,h+Bh;ab'cgub,ch + Bh;all).,,;. + Bh:mbd)a,bh: 0‘
(2.41)

Upon differentiating this equation with respect to §
we obtain

r, 8¢9

Bh;r,st;abgab'h + Bh;r. st;ab,cgab'ch +Bh;r, St;ad)a,h
+ Bh;r,st;a,bd)n'bh_(_ %(Bs"'t 4 Bt;r,s) — 0,
or equivalently

d Rir, st 37, ¢ tir,s
3Ty Hg R S - (),
2d—"_x B +B B 0

Combining this equation with Eq. (2.20) shows us that
B2oc L guab | peidsa . poieh — 0,

and hence we may employ Eq. (2.19) to conclude that
Bb;a,c+ Bb;c,a: 0

as desired.
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In an analogous manner’ we can use Egs. (2.10),

(2.11), (2.15), and (2. 41) to establish Eq. (2.39). a

Lemma 4: The tensorial concomitants A" and B* are

independent of ¥, i.e.,

Ahrie = (2. 42a)
and

Bh¥a=0, (2. 42b)

Proof: Equation (2. 4) tells us that

__ & A Liini o piih_ phii
T dxtdx™ 73 +BY- BT

Bi;h,lm_
We may use Eq. (2.16) to rewrite the above equation
as follows:

— dz 13h, mi
0=- dx dx™ B -
Using Eq. (2.20) to replace — 2(d%/dx* dx™ BY™™ in
Eq. (2.43), we {ind that

d

0=~ d?n Bm;i,h__Bh;i+

d

7Bi;h'l+Bi;h—-Bh;i. (2043)

Btk (2. 44)

where we have employed Eq. (2.40) to conclude that

.__d_ iimh d
0= B +dx

Bt shym
dx™

If we now differentiate Eq. (2.41) with respect to
¥;,, we see that
d Rii, 7 r;i
= rhe T [
0=—"% B B
Upon combining Eqs. (2.44) and (2. 45) we discover
that B*i* vanishes as desired.

(2. 45)

We shall now prove Eq. (2.42a).
equation (2.5) implies that

To begin with,

2
d Bi;hk,lm_ dl Bi;hk,l+Bi;hk_

DA hR;i
dx’ dx™ dx AT

0=

Due to Eq.
as follows:

(2.15) we may rewrite the above equation

d? Bmikali _ _d__

OZ—ZW o Biitkl y piihk _ Akt

(2. 46)

Upon differentiating Eq. (2.41) with respect to g, ¢y
and g, ; we find that

d

2 E;’l— Bh;rs, tu+ Bt;rs,u+ Bu;rs,t =0 (2. 47&)
and
ﬁ—h Brrst L gtirs—Q, (2. 47b)

Using Eq. (2.47a) we see that Eq. (2.46) can be re-
written as follows:

:EZ— Blitki 4 giikk

Equations (2. 47b) and (2. 48) imply that A™f =0, 0

~ ARRiE (2. 48)

We shall presently employ Lemmas 3 and 4 to prove
that the tensorial concomitants P #"$f and H™*** oc-
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curring in equations (2. 37) and (2. 38) must vanish.
However, in order to do so we shall require the follow-
ing technical result.’

Lemma 5: In a space of dimension n, any tensorial
concomitant $*1""*¢ (5 > 0) of the form &'t fe= gt e
(85 8ap, c,zl)a. ) is mdependent of g, and such that

irerigint _ _ it tiah,

In particular, if » is even and g is odd then &'1"""%¢
vanishes. 1

We are now in a position to prove

Lemma 6: If the pair of tensorial concomitants A*
and B" satisfy the assumptions of the theorem, then they
must necessarily be expressible as follows:

At _’thntuRr us+K‘/§ G%i)vt glkFrsltFuwlv+QM’
(2.49)
Bh=2KV g 8%is Fvv, R, P+ M, (2.50)

where

(a) G#¥rst K and @* are tensorial concomitants of
Sav and wa,b;

(b) M" is a tensorial concomitant of Zab; 8ab, ci¥a,» aNnd

d)a, ber

(c) G™* hag property S and @** is symmetric.

Proof: Due to Lemma 4 it is an elementary matter
to prove that the tensorial concomitants Gt K,
pherst  prrikst - and M appearing in Eqs. (2.37) and
(2.38) are independent of ¥,. Thus we may now use
Lemma 5 to deduce that

(i) G*7s™ and K are tensorial concomitants of g, and
Zpa,b;

(ii) P *rst and H™** vanish.

As a result of (ii), Egs. (2.37) and (2. 38) now assume
the form (2. 49) and (2.50), respectively.

Since Pt yanishes in Eq. (2.37), @™ must be a
tensorial concomitant. Thus we may once again apply
Lemma 4 to Eq. (2.37) to deduce that @* is independent
of ¥,. Consequently Lemma 5 may be invoked to conclude
that Q" is a concomitant of g,, and ¥, ,. |

Using many of our previous results it can be shown’
that the scalar concomitant K appearing in Eqs. (2.49)
and (2. 50) must be a real constant and that

G Merstu 1

K
‘/E {E Fachc+mgab}

X [ehrtaeksub + ehruaekstb + €hstaelwub + Ehsuaeknb]’

(2.51)

where m is a real constant.

Upon combining Lemma 6 with Eq. (2.51) and the
fact that K is a real constant we easily obtain

Lewmma T: Any pair of tensorial concomitants A™ and
B" satisfying the assumptions of the theorem must be
expressible in the following fashion:

= g GM+ Vg 0}S g*F , F'R, !
+ T‘/— 6ziefj gdkFab'erf|c+Qhk’ (2- 52)
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and

B'= ZTW/ZT 5hachdelaRbcfi + Mh,

defi (2.53)

where X and 7 are real constants. Furthermore, @™
(=@*) and M" are tensorial concomitants of the follow-
ing form:

Qhk:Qhk(gabilpa,b)

and

M= Mh(gab;gub,c;lﬂba.b;d)a,bc)'

It is well known that the term with coefficient A in
Eq. (2.52) is an Euler—Lagrange tensor; in fact

Vg G*=E"™(~VgR), (2.54)

The purpose of our next lemma is to show that the terms
with coefficient 7 in Eqs. (2.52) and (2.53) are also
Euler—Lagrange tensors,

Lemma 8: The Euler—Lagrange tensors of the
Lagrange scalar density

L==(1/2)Vg 8,40 Fyy F ¥Ry’ (2. 55)
are given by
EM(L)= Vg 052 g% Foy F 'Ry
+7Vg 858 g F "R, (2.56)
and
EYL)=27Vg 8i%¢ Fe, R, 7. (2.57)

Proof: We begin by computing E*(L).

Under the present circumstances EYL) is given by
EY(L)=~(d/dx’) L***?. Since L is a scalar density and

Li#i=—[i»t our expression for E*(L) can be rewritten
as follows:

ENL)=-Li7 ;. (2.58)
Using Eq. (2.55) we easily find that

Liti = — 21V g 8 FwR im, (2.59)

Due to Egs. (2.58), (2.59), and the fact that
64iam Ryp'™; vanishes identically (in view of the

Bianchi identity), we see that
EYL)=271Vg 83, F*" ;R ™
as claimed.

We shall now proceed to compute E*(L).

Rund!? has shown that under the present assumptions
on the form of L, E™(L) can be expressed as follows:

E"i(L) :L;hi'jkljk - L;rs,heriks
+SLTSR I+ s g ML - LiTAF, L (2.60)
Using Eq. (2.55), it is not difficult to show that

Littit = (1/2)V g {0000 Fyy F ¥ g Mg
+ Otvhk Ftquugljgmi}~

wulm

(2.61)

Upon combining Egs. (2.59)—(2. 61) we find, after a
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lengthy calculation, that’
EM(L)=7Vg Ojg) g Foy F 'Ry
+7Vg Ses g F ) "F .

~$7VE Stk gV R (2.62)

Since we are working in a space of four dimensions,
phabet yanishes identically and consequently Eq. (2.62)
reduces to Eq. (2.56). 0

Our next lemma provides us with a partial converse
to Lemma- 7.

Lemma 9: Any pair of tensorial concomitants " and
b! of the form

ahi ___x\/E Ghi + T‘/:E’ 52:;; gdi Fa'Felecfi

+1Vg 0§ g ¥ F, ' F ., (2.63)

bi=27Vg SR R, I (2.64)

where X and 7 are arbitrary real constants, satisfy the
assumptions of the theorem,

Proof: Owing to Eq. (2.54) and Lemma 8 it is appar-
ent that a® and b* satisfy all of the assumptions of our
theorem except perhaps the second [viz,, Eq. (1.7)]. We
shall now show that this condition is also met.

Due to Egs. (2.57) and (2. 64) we have

bi:" _d__ L;i,j’

A (2. 65)

where L is given by Eq. (2.55). Since b’ is a contra-

variant vector density b;; =db*/dx’, and hence we may

use Eq. (2.65) to conclude that

; d .

b”:—ml’". (2.66)

Upon combining Eq. (2.66) with the fact that L/

=~ Lt [see Eq. (2.59)] we find that b, vanishes as

required. 0

Remark: Due to the above lemma it is clear that the
tensorial concomitant M" appearing in Lemma 7 must
be divergence-free. |

Our proof of the theorem will follow immediately
from Lemmas T and 9 once the following result is
established.

Lemma 10: If A® =A% (g,4;9,,5) and AB°

=B (8} &, ci¥a,:04,bc) ATE tensor densities which
satisfy assumptions (i), (ii), and (iii) of the theorem,
then

A =(v/2)Vg (FPF', - g"FF,) +ulg g,
and

8“ = YJE F ijlj >
where u is some real constant. Moreover, a

Lagrangian which yields 4% and A} as its Euler—
Lagrange expressions is

L=-(v/4)Vg F®F,+2u Vg.

Proof: Due to Eq. (2.11) we know that 44
=~ %4 and hence 479 ¢=(, As a result of
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this fact the tensorial concomitant A%"*5¢* must be in-
dependent of g, ..

Since we desire 8i=yVg F*;, when evaluated for
a flat metric, we must have R4 stsmvw gpg giirestiny
equal to zero when evaluated for a flat metric. Upon
combining this observation with the fact that "¢ is
always independent of g, . we may now conclude that
A4St is a concomitant of only £.5- Consequently, there
exists a tensorial concomitant &7t = $!"*(g,,) which
is such that

Bi;r,stzi,irst . (2.67)

Due to Eq. (2.67) and (2.22) we see that "% has the
following symmetries:

@irst:[birts and !I)“”t):(),

Using the results of McKiernan!® it is now easy to prove
that

é‘rst:a\/_g_f(g"g‘St—é(gisg"t+g“g75)), (2068)

where o is some real constant.

Upon integrating Eq. (2.67) with the aid of Eq. (2.68)
we find (through the use of Lemma 5) that
i=avgFY
and hence o =7y.
Now it is easily seen that if
=-(y/4)Vg F®F,, (2.69)
then E*(/)=/A*. However, this does nof imply that the
A™ corresponding to A% need be E®(/). What we can
say though is that if L=L{(gu;- . ;8m,iqe.iqi¥ar -5
Voyigenni ) is a Lagrange scalar density which is such
that E¥(L) =A" and E*(L)=/£*, then E}(L -~ /)=0. Con-
sequently, we may employ Eq. (2.6) to deduce that
E™(L-/);=0. Since E™(L - /) is a concomitant of
only g, and §,,, we can now use a result of Lovelock’s??
to deduce that E*(L — /)=pVg g™, where p is some

real constant. Upon combining this fact with Eq. (2. 69)
and the fact that E* (L) =A4", we find that

A =y Vg/2)(F F ,~ L g"FPF,)+ Vg g".
Since EM@2uvg)=pVg g™, and E*(2uvg) =0, our proof
of Lemma 10 is now complete. 0

Due to Lemmas 7, 9, and 10 our proof of the theorem
is finally finished. 0

At this time I would like to point out that owing to
Lemmas 7 and 9 we can conclude that any pair of
tensorial concomitants A and B® of the form (1.5a)
and (1.5b), which satisfy assumptions (i) and (ii) of
the theorem must be expressible in the form

AM=xVg GM 4 7/ g sl gthp  F IR, T
+ T‘[E Gliiu;j};‘gdk FabIerflc_'_ Qhk
and
BY=27 Vg O F Ry M,
for some choice of real constants x and 7. Furthermore,
Q™ and M* must be tensorial concomitants of the
form Q™ = Q"™ (gy,; ¥,p) and M"=M"(go; &as, 0 Yo, b3 Ya,00)
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which are such that Q**=E™(L) and M"=E*(L) for
some Lagrange scalar density L of the form (1.4).
Now I presently believe that the Lagrangian L which
yields Q™ and M" as its Euler—Lagrange expressions
must be equivalent to a Lagrange scalar density / of
the form [/ =/ (gg; Fgp), in the sense that E™(L)
=E"™({) and E*L)=E*/). However, so far I have not
been able to either prove or disprove this conjecture.

ACKNOWLEDGMENTS

I would like to express my gratitude to Professors
R. Geroch, D. Lovelock, M.A. McKiernan, and J.
Wainwright along with Mr. S. Aldersley for many inter-
esting discussions on the topics dealt with in this paper.
I also wish to thank the National Research Council of
Canada for support.

IThroughout this paper small Latin indices may assume the
values 1 to 4 and obey the summation convention. Indices

will be lowered and raised by means of g;; and its (matrix)
inverse g/ respectively, and g will denote | detg;; 1. A partial
derivative with respect to the local coordinate x! (say) will

be indicated by a subscript ¢ preceded by a comma; whereas
a covariant derivative with respect to the Christoffel connec-
tion built from g, in the direction 8/0x! will be denoted by a
subscript { preceded by a vertical bar. The curvature tensor
R%bcd is defined in accordance with V2, ;~ V? o, = V2R D ,, where
V? is an arbitrary contravariant vector field. The Ricci
tensor, curvature scalar, and Einstein tensor are defined

by R;;=R %, R =tg“R“, and G;;=R;;~}g;;R, respectively.
The symbol 6“1',‘,‘,_{ will be used to denote the pxp generalized
Kronecker delta. Lastly, geometrized units will be used, in
terms of which c=G=1, and the line element ds®=g;, dx? dx,
has units of length squared.
’See, for example, H. Rund, Abh. Math, Sem, Univ. Ham-
burg 29, 243 (1966); or S. W, Hawking and G. F.R. Ellis,

The Large Scale Structure of Space—Time (Cambridge U. P.,
London, 1973).
3If L is a Lagrange scalar density of the form (1.4), then its
Euler—Lagrange tensors are given by

. 2 d" 3L
Ei(L)= )5 (= 1) : ,
( 5:0 ) dx¥. .. dxin agij,if"iu

and

B
(1 y= 5" (= 14 av oL
EUL)= 2 (- V¥ Gt (awi,i1...,~u> '

EiJ(L) is obtained from L through a variation of &;; holding
¥; (and its derivatives) fixed; while E¥(L) is obtained from
L through a variation of §; holding g;; (and its derivatives)
fixed.

4The field equations of the Einstein—Maxwell field theory with
cosmological term included are obtained from the Einstein—
Maxwell field equations by adding Ag# to the left-hand side
of the first set of the Einstein—Maxwell field equations, and
leaving the second set unaltered, where A is the so-called
“cosmological constant.”

5See, for example, Chapter 17 of C.W. Misner, K.S. Thorne,
and J. A. Wheeler, Gravitation (Freeman, San Francisco,
1973).

8For more information concerning the use of units in deter-
mining the field equations of physical field theories see
S. Aldersley, ‘“Dimensional Analysis in Relativistic Gravita-
tional Theories, » submitted for publication.

"The details omitted from this section may be found in G. W.
Horndeski, “A Theorem on Second-Order Vector-Tensor
Field Theories, » (unpublished), preprint available from the
Department of Applied Mathematics of the University of
Waterloo, Waterloo, Ontario.

8A proof of this identity may be found in G.W. Horndeski,
“Tensorial Concomitants of Relative Tensors, Affine
Connections and their Derivatives of Arbitrary Order,”
(unpublished), preprint available from the Department of
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Applied Mathematics of the University of Waterloo, Waterloo,
Ontario.

SIf D} is any concomitant of g, ¥, and their derivatives

{of some finite order), then we define E¥{D}.) and E¥{(D})
as follows:

- .
EYDID = 5 (- 2D ) ,
ag”,“...;“

“ dx"l“'dxl"‘
and

D= 5 et e (D
EHDI ;%:0( iy m(”t,u---m ’

Since DI is of finite order in the derivatives of g,, and ¥,,
the above infinite series have only a finite number of non-
zero terms,

108pe Theorem 3 in D, Lovelock, J, Aust, Math., Soc. 14,
482 (1972).

H¥or more information on the operators introduced in Eqgs.
{2.2)—(2.5) see G.W. Horndeski, Tensor N.S. 28, 303
(1974).
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2These results are derived in Ref. 8 above and are also given
in G. W, Horndeski, Utilitas Mathematica 9, 3 (1976).

13D, Lovelock, Aequationes Math, 4, 127 (1970).

“In what follows, I shall often say things like “the quantity
Cab22f hag property § in the indices a,b,¢,f,d,e.” By that
I mean that the quantity $3%7% defined by $9¢/8¢ = Cabedes hag
property S.

5Since we are dealing with a metric whose signature is
Lorentzian e®%g, 2, &8, = ~ £€p0ys, Where {recall that)
g=ldetgy; 1, and hence —g=detgy,.

%The first sentence in the statement of Lemma 5 is due to
D, Lovelock, See, Appendix 9 of D, Lovelock, “Mathematical
Aspects of Variational Principles in the General Theory of
Relativity” (unpublished D, B¢, thesis, University of Natal,
South Africa, 1973).

"4, Rupd, Abh. Math, Sem. Univ. Hamburg 28, 243 (1966),

18\, A, McKiernan, Demonstratio Math, 6, 253 (1973),

*p, Lovelock, Lett. Nuovo Cimento 10, 581 {(1974).

Gregory Walter Horndeski 1987



Continuum calculus and Feynman’s path integrals
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An operational calculus is set up with the specific aim of resolving the problem of the integral of
functionals in a general complex Banach algebra. The functionals that occur frequently in physics are
Feynman’s path integrals for quantum mechanics which usually appear in the form of an exponential of an
integral. Through the establishment of two operations, the r differentiation and p integration, we succeed
in constructing a formula, in closed form, for the integrals of Feynman type functionals. Applications to
known problems (quantum harmonic oscillator, the electron~phonon system) corroborate conventional
results. This formula is found to be at once consistent and more general than the method of projection into
cylinder functionals of Frederichs type. It does not require an additive Gaussian measure, and it admits
integration with finite limit functions. The methodology developed is general and applicable to other
branches of mathematics. It is particularly suited to the study of infinitely divisible distributions in
probability theory. We rederive, with facility, Lévy’s formulas for continuous sums, and Lévy—Khintchine
and Kolmogorov formulas. We also find it applicable to continuum’ matrix algebra, where the formula for
the determinant of matrices of continuous indices is given as a p integral. As to algebraic identities, we
give a continuum version of the binary expansion, and retrieve Stirling’s formula of factorials by p
integration. The idée-clef lies in the concept of infinitesimal ratio of a function in the same way that
differential calculus deals with infinitesimal differences. Then the functional integral appears to be a natural
product of the interaction between the conventional integration and the proposed p integration. It also
heralds the possibility of a generalized measure theory for integrals where the basic operation between the

measure and the integrand is not bilinear.

1. INTRODUCTION

The Feynman formulation of quantum mechanics
mathematically involves an integral of a functional, !
Specifically, the action of the system is defined in
terms of its Lagrangian, L(x,x,1),

S[b,a)=f,. LG,x,1), (1.1)

where x{f) is the trajectory, X(f) the velocity, ¢ the
time, for a point in the phase space. The propagator is
then given® as the “sum over all paths,” x(f), of con-
tributions from S[b, a],

K(b,a)= [ " Dx(t)- exp(i/m)S[b, a].

This is a functional integral, the evaluation of which
was usually carried out by expanding (1. 2) into an n-
fold integral, then taking the limit of the result as

n— «, Several versions of the expansion have been
proposed: the  projection method, ® the Fourier series
expansion, ! the central moment expansion, 5 ete., with
varying degree of effectiveness. However, most meth-
ods will break down upon deleting the Gaussian mea-
sure which is subsumed in all cases. The theoretical
study of the functional integrals so far also suffers from
the fundamental difficulty of establishing a satisfactory
measure from conventional theory for the integration in
a general Hilbert space. ®

1.2)

Therefore, the present investigation purports to put
forward an operational calculus, called the continuum
calculus, through which the integrals of a definite
class of functionals frequently encountered in guantum
mechanics as Feynman path integrals can be uniquely
characterized and evaluated in closed form; thereby
the expansion into cylinder functionals, a useful but
cumbersome approach, is entirely circumvented. This
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characterization is found to be independent of the as-
sumption of Gaussian measures and admissible of

finite limits of integration., Thus it is more general than
the expansion methods proposed so far.

The continuum calculus consists essentially of two
operations, the » differentiation and the p integration.
It studies the rules of operation and properties of the
operators, R/Rt(-) and Pdf> (.), to be specified later.
The theory is an independent subject of study in itself,
and can be shown to have applications in other branches
of mathematics as well.

A step-by-step construction for the » differentiation
and p integration is carried out in Secs. II and III. They
are shown to be closely related to the ordinary differ-
entiation and integration through two important corre-
spondence theorems. Heuristically, the » differentia-
tion studies the behavior of the instantaneous ratio of a
function f(f) in the immediate neighborhood of point ¢ in
the same way that the ordinary differentiation is con-
cerned with the instantaneous difference of a function.
The p integration is then recognized as the “inverse”
operation, in a loose sense of the term, of the »
differentiation,

In Sec. IV, we apply the p integration method to alge-
bra. A version of the Stirling formula for factorials is
recovered, Section V witnesses the application of the
b integrals to the probability theory of distributions of
sums of random variables, ” We rederive the formulas
of Lévy® for “continuous” sums with much ease, and
examine from a new perspective the characteristic
functions of infinitely divisible distributions.

Through the operator approach we are able to set up
in Sec, VI the definition of the integral of a class of
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functionals that admit an exponential integral represen-
tation. The p integral plays a large role in this defini-
tion. The proof of the consistency of the new definition
with conventional resuilts is then taken on as the major
task in the subsequent sections (VII, IX). We are able
to demonstrate this for functional integrals studied
variously by Frederichs,? Feynman and Hibbs,? Abé,?
Montroll, 10 Brush, 11 Cameron and Martin, 12 and
Morette, '3 etc., in physics as well as in mathematics.
Furthermore, the present method sheds light on other
aspects of the functional integral, e.g., the evaluation
of the normalization constant for a Feynman path in-
tegral, an interesting and intriguing question. Sections
VII and IX take up the cases of quantum harmonic
oscillators and the electron—phonon system after a
brief survey of the continuum matrix algebra in Sec.
V1.

We indicate possible developments in Sec. X, Fur-
thermore, a heuristic discussion is entertained on the
generalization of the integral formula to cover a wider
class of integral representations of functionals,

{l. THE METHGQD OF r DIFFERENTIATION

In this section we establish a noval type of differen-
tial operator, denoted by R/R¢, on a certain class of
functions. Let f be a function (or a form) mapping a
complex Banach space B into its base field, C, of com-
plex numbers, f: B~ C, Let NCB be the kernel of the
mapping f, and |{J|| the norm of b < B, We propose the
following definition.

2.1. Definition: the v derivative: Let C? be the set
of functions from B to C. The operator R/Rt takes a
function f& C® and yields a function f* e C® which
satisfies the following condition: For any ¢ >0, and ¢
not in the closure of kernel IV, there exists a 6 such
that

|t +0) = FOLF*OT] <e 2.1)
whenever ||bl} <&. If such an f* exists at the point
t€ B—- N, we denote it by

Bny=rt 2.2)

Rt

and call it the » derivative of fat ¢, f is called » differ-
entiable at #; the operation is called ¥ differentiation.
(Or for brevity, rationative, rationable, and rationa-
tion, respectively, for reasons to be specified later),

We note that since ¢ is not in ITI, f(£)#0. There exists
a neighborhood V of ¢, such that the image f(V) does not
contain the origin 0. When f is » differentiable on a set
EC B- N, fis differentiable at each point € E. Higher
¥ derivatives can be obtained recursively by repeated
applications of definition (2. 1).

The » derivative, Rf/Rt, bears a close relationship
to the ordinary derivative, df/dt, of a function f({). In
fact a one—to—one correspondence can be established,
as will be seen later. We examine now the algebraic
properties of the operation R/R¢, First, the function
set, C®, can be made into a Banach algebra!® 4, by the
usual construction. Addition and scalar multiplication
are given by (af + Bg)(t) = of(t) + Bg(t), V f,g < C3,

1989 J. Math. Phys., Vol, 17, No. 11, November 1976

teB, and a,B<c C. Multiplication is defined as (fg)(t)
=f(t)g(?), and (afg)(t) = (f(ag))(t)= af(t)g(f). The function
fo£)=0, is the zero function, and f;(¢{)=1 the unit of
multiplication. The space C% can then be completed by
incorporating all the ideal elements with a given norm,
which is left undefined at this moment. Then we show
that R/Rt is distributive with respect to the product of
elements of Az, and homogeneous with respect to ex-
ponentiation by a scalar.

2.2 Lemma: distributivity of R/Rt: The operator
R/Rt is distributive with respect to the product of ele-
ments of Ap.

Proof: The definition 2,1 can be written in a more
transparent form,

‘f(t—%b)

1/0pll

R%f(t): lim 210 ) @.3)

wsieo | S
since f(t}# 0. For 7 differentiable f, and g€ Ap, and ¢
not in the union of the closures of the kernels, N;URN,,
of fand g,

R L+ DYg( + by [Hon?
Rt V&)= Illbllf-r'lﬂ Fegl)
o (t + b) Hbll'1 . } {(t + b) ||b||-1
isi=o | F(E) isiieo | £(2)
=2 % 5. 2.9

2.3 Lemma: the homogeneity of R/Rt with respect to
scalar exponentiation: The exponentiation by a scalar
for fe Ag can be defined conventionally. Then

& uem=(5 1)

We omit the proof, which is straightforward. The dis-
tributivity can be extended to products of more than
two factors by mathematical induction. We examine
some examples, K f is a constant function, f(t)=a,

we have

(2.5)

e =t
=1, (2.6)

7% fB) = lim

a
oo | @

F*t)=£1(t), the unit of multiplication, If f()= exp(t),
for ¢ real,

-1
R lexp(E+d) |
Rt 0= 00 | = ot = @.7)
If f(t)=1", f real,
_13. o (t+b)" 151=1
R /0= e

= lim |1+ (/1) + 0% | 1™ = expln/1).
bl=0

(2.8)

In the following we prove the important theorem linking
the 7 derivative with the ordinary derivative, which
establishes the existence of Rf/Rf, whenever df/dt
exists,

2.4 Theovem: the covrespondence theovem of v
diffeventiation: A function, fc Ap, is » differentiable on
EC B~ N if and only if f is differentiable on E in the
ordinary sense. And the derivative Rf/R¢ is given by
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R
— f(t)=exp(— lnf(t)> (2. 9)
Rt

Proof: We prove the second part of the theorem first,
Since f is differentiable, we can expand f(¢) into Taylor’s
series, at least to the first order,

flt+DY=£(t) + ()b + O(7), {2.10)
where f(t) =df/dt. Substitution of (2.10) into the alterna-
tive definition (2. 3) for Rf/Rt, gives

f(f + b) Hbl['l
f(t) IIbIl-O

exp(f:((t))) —exp( tlnf(z‘)>u

Therefore, Rf/Rt exists and is given by (2.11). This
proves the sufficiency. The necessity part is proved
easily from ordinary analysis!® by noting that In(-) is
differentiable, and the differentiability of the composi-
tion of differentiable functions. QED

£ , en=1
L+ G b+ 0

R
= f(t) = lim
Rtf() 1B 1i=0

(2.11)

This interesting theorem translates equally between
the ordinary derivative, dt/di, and » derivative, Rf/Rt,
of a function. The examples considered previously can
be easily demonstrated by this new relationship. If
f(&)=a, dln(a)/dt=0; therefore, Rf/Rt=exp(0)=1. If
now f{(t) =exp(t), dlnlexp(t))/dt=1, thus Rf/Rt=e.
Similarly, for f(t)=1¢", dIn(f")/dt=n/t, so Rf/Rt
=exp(n/t). Theorem 2.4 introduces into the » differen-
tiation the panoply of methods that are available in the
differential calculus,

The differential calculus, as we recognize, is con-
cerned with the study of the infinitesimal difference of a
function, therefore the name “differential.” The »
differentiation, as proposed above, can be viewed as the
study of the infinitesimal “ratio” of a function [see Eq.
(2.3)]. Thus the calculus developed for this purpose can
correspondingly be called the “rational” calculus. For
example, the infinitesimal difference of a constant func-
tion is zero, the unit of addition (df/df = 0), while the
infinitesimal ratio of the constant function is unity, the
unit of multiplication (Rf/Rt=1). And in general, the
rational calculus bears toward the multiplication in an
analogous fashion as the differential calculus to addi-
tion. From Theorem 2.4, the two branches of calculus
are closely related. In fact a parallel development of
the rational calculus along the lines of differential cal-
culus is entirely possible. We give, for instance, the
rational version of Taylor’s expansion without proof
in the following theorem,

2.5 Theovem: Rational Tayloy’s expansion: Let R be
the set of real numbers, and f: R~ C be n times » dif-
ferentiable on EC R~ N, then for < E

2 b2 /21 n 57 /nl
seror=r0 [ so| Tare] - [pare] T

(2.12)
where R, is the residual term given by
—expf-L ar
R"_exP(n‘. t dx git (x) (¢ ~ x)) (2.13)

In differential calculus, we were also interested in the
inverse operation, i.e., to find the primitive of a func-
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tion f(f) or the function whose derivative is f(f). The
search led us to the integral calculus, Similarly, the
search for the primitive of a function f{{) in the rational
sense, or the function whose v derivative coincides with
f(), will lead us to the study of the p integrals in the
next ‘section. And the calculus so developed will be
called the “potential” calculus,

i1l. THE METHOD OF p INTEGRATION

In this section we shall investigate the method of ob-
taining the rational primitives of a given function, f(¢).
We shall find ourselves dealing with an integral theory
where the integral is not bilinear with respect to its in-
tegrand and the underlying measure. ¢ Actually, an ex~
ponential relationship is found, We define the exponen-
tial operation in the Banach algebra as:

3.1 Defjnition: Exponential mapping {exp(!®: Let Ay be
the complex Banach algebra of the function space C? as
before. For f,g€ Ay and u,v € B, the binary operation
(exp( is defined as: {exp{:CxB—C,

FieXexp(u +v) = (fE)explu) (f(t)exp(v), ¥V teB,  (3.1)
(f)g (t)Kexpu = (f(t)exp(u)(g(tXexp(u), ¥ tcB.  (3.2)
For convenience, we write interchangeably,

Ft)exp(u =u)exp)f(t) =u > f(t) = f(t) <u=f{£)". (3.3)

We now turn to an examination of the infinite products,
as a necessary step to the definition of a p integral. In
the integral calculus, we are first concerned with an
infinite series:

L=2 fi=fitfitetfato, (3.4)
and the (Riemann) integral!” is construed to be the result
of the limiting process of (3. 4) as each term is weighted
by a differential aAf;,

I,= lim E Al f;

supat;~0 i=1

= lim
supAt;~0
as<i<b, fo=fit,). (3.5)
In the spirit of the analogy between sums and products,
the infinite product,

(At1f1+At2f2+ '+Atnfn+.“)’

Po= T fi=fife e far 5.6)

would pass into the continuum case, as the index i be-
comes the continuous variable 7:

P,= lim Il fAt

supat;~0 i=1

= lim ffAfpie..
supat;~0

-antn..- , a$t$b, fn:f(tn)

(8.7)

now with the weighting factors Af; to be in the exponents.
The recognition of this fact is of crucial importance in
the development of the theory of p integration. Other-
wise, the infinite product (3. 6) is not necessarily con-
vergent; just as in (3. 4), the infinite series is not
necessarily convergent. When the individual terms in

L.L. Lee 1990



(3. 5) are weighted we are able to study a much wider
class of sums of the function f(f) than in (3. 4). There-
fore, the weighted product (3. 7) will allow us to study
a wider class of functions f(#) in the product form. We
write (3.7) symbolically as

Lim [ ff%=pldt> ()= PO A

supat;-p #=1

P, =

c

(3.8)

when such product exists, Equation (3. 8) will be the
Riemann—Stieltjes version of the p integral, We for-
malize our definition by the following definition.

3. 2 Definition: the Riemann—Stielljes p integral: Let
f be a function from R (real numbers) to C (complex
numbers). Then the p integral of f on an interval (a, b)
in R is defined as

BUN=RHAOI= Lim T AN,
supa ;=0

d:f0<l'1<"'<f":b, Ati:ti—ti-b

3.9)
whenever the limit exists,

If J, exists, we call f to be p integrable on (a, b), the
result a p integral, the operation, p integration (or for
brevity, potentiable, potential, and potentiation,
respectively), We shall extend the definition to a
Lebesque type in the future. Some of the algebraic
properties of the p integration are summarized below.

3.3 Lemma: distvibutivity and homogeneity of p
integration: The p integration, P2d¢> ., is distribu-
tive with respect to products of functions f,g:R—~C.

It is also homogeneous with respect to exponentiation by
a constant a, i.e,,

P2 dt > (fg)(t) = (P2 at > f(t))(PLdt > g(t)),
P2 at> (f(t)*) = (PLdi > f())°.

(3.10)
3.11)

Definition 3. 2 is not a constructive definition, However,
this is remedied by the correspondence theorem given
below, which correlates the p integral with the ordinary
integral of a function f{f).

3.4 Theorem: the covvespondence theovem of p
integration: Let f be a function from R to C. Then f is
p integrable on a set EC R if and only if f is Riemann~
Stieltjes integrable in the ordinary sense on E. The p
integral is given in terms of the ordinary integral by

Pg [fO]* = exp( [, dt Inf(2)). (3.12)
Proof: We shall be brief on the proof. If we take the
logarithm of (3.9), we have

I/, (f) = Inlim nI ) = lim > af, Inf(t,)

n-~e n-~o =21
supA g0 supd {;~0
= [ atnfie). (3.13)

We are now in a position to find the primitive of a
function f(£).

3.5 Theovem: the v primitive of a function f(t): Let f
be a function from R to C. I f is p integrable on the in-
terval (a,x), then ,(f) on (a,x) is a function of the
limits @ and x and the » derivative of /,(f) with respect
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to x is f(x). The » primitive of f(x), I,(f), is unique up
to a multiplicative constant.

That 1,(f) is a function of the limits of integration is
easy to see. The » derivative is found by using the two
correspondence Theorem (2.9) and (3. 12),

R (e =exp 2 1oL, (1)) = exp L Inexp " arlns(t)

= exp Inflx) =flx).

We look at some examples, If fis a constant func-
tion, f(#)=a, then

(3.14)

Ip(f):expfabdtlna =exp(blna-alna)=a’/a?, (3.15)
while the reverse operation
ﬁ_ [N __,@ t_@_ - _ g. iy,
RI®OT TR RO =& glne') 1
=explna=o. (3.16)
Now f(¢) =1¢",
5(f)=exp [ dt Int"= exp(u[t Int - {]2)
= (b%e~?)"(a%e*)", (3.17)
The inverse operation gives
E_ t,=t\n a-a-n,_( ._C!_ t-tn),
Rt[(te Y(ate™) ") = expdtln(te 1
=expr lnf =£", (3.18)

The generalization of the p integral (3. 9) to general
measures can be made through the correspondence
Theorem 3. 4. The step-by-step construction will not
be given here, We give the result directly. Let B be a
complex separable (Hausdorff) Banach space,

(B, Sg, 1) be 2 measure space with Sz a ¢ algebra on
B, and u the positive measure (more precisely, real
and nonnegative). Then we propose the following
definition.

3. 6 Definition: the geneval measuve theovetical p in-
tegral: Let f be a measurable form on the complex
separable Banach space B, f:B—C, with the given
measure space (B, Sg, ). Then the p integral of f,
I7(f), ona set EC B is given by

E(f)=Pguldt)> f(t)=exp( [, p(df) Inf(0)) (3.19)
whenever the given integral exists, Note that [, u(df)
is the Lebesque integral,

The definition can also be generalized to complex
measures,

The method of p integration is found to be vitally
important in the characterization of the integrals of
functionals, In fact, the functional integral represents
the natural results of the interaction between the con-
ventional integral and the newly defined p integration.
Other fruitful interactions of this new methodology with
conventional mathematics can also be brought forth,
We shall consider a few in the following sections, such
as applications to algebra, probability theory, and to
the theory of matrices of continuous indices. The
major result will be the characterization of the func-
tional integral in Sec, VI, We can also envisage the
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TABLE 1. The Binary expansion of (a+b)",

n a b logjpla+b)"  logyyla~+ b)*
exact calc*

1000 0.6 0.5 41,39 42,98

10000 0.6 0.5 413.9 415.9

100 000 0,6 0.5 4139, 4141,2

*From Eq. {4.5).

application of p integration to continuous functional
differentiation. This will be a subject for future study,

1V. APPLICATIONS TO ALGEBRA

The ordinary algebraic formulas have their counter-
parts in the continuum approach here, We examine two
cases here, the factorial of an integer » and the binary
expansion of (a+ b)",

Factorial: The factorial n! of an integer » is defined
as n(n~1)-..(3)(2)(1) or, in product form,

e I

nl =111, (4.1)

1

i

As i becomes a continuous parameter £, (4.1) becomes
the p integral of the function f{f)=¢,

P [t]* = exp [, df Int =x%e™*. “4.2)

This is the Stirling formula of factorials for large x
that is extensively used in statistical mechanics. 18 The
interpretation for this approximation is that for large

n the difference between successive indices, Ai=1,
becomes insignificant in comparison with the magnitude
7 and formula (4. 1) passes into the p integral,

n
nl = 1148 — lim T1 0% = p2[]2", . 3)
i=1 at=0 #4=0
Binavy Expansion: The expansion of the discrete
formula (a + b)" is given by
z n!
(@+b)'= 2 ———————a™"p", (4. 4)

meg w1 (n—m)!

When n becomes large the sum becomes an integral and
the factorials become those given by (4. 2) (with m — ¢,

n—x),
x x=t t
S a6=) ")
0 x—t t
Table I gives the calculation for some cases when n
approaches the order of 10°. Formula (4. 5) follows

(4. 4) closely, as a step size Af =75 in the numerical
integration is used.

4. 5)

V. APPLICATIONS TO PROBABILITY THEORY

The study of the probability distribution of the sum
of independent identically distributed random variables
is important to the limit theorems in probability theory.
Let x4,x%,,...,x, be a sequence of independent random
variables. We are interested in the probability dis-
tribution of the sum Z,,

Zp=Xytxyteeotx, K, (5.1)
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for any natural number n. We are also interested in the
continuum case when the index j takes on continuous
values f. By analogy we study the random variable Z,,
for which the differences

2, - Z

Zoy=Zyyeo s Zo=Zy ..

22, (5.2)

are independently distributed for f; <¢, <--- <tf,. Such
investigation is important in the study of stationary
Markov processes!®*? and Brownian motions. ?! The
probability distribution of such random variables is
called the infinitely divisible distribution. We first
examine the case when the differences in (5. 2) are
identically distributed according to a same distribution
law and derive the formulas of Lévy by our p integral
approach,

This distribution of the sum of two independent
random variables is known to be the convolution of the
individual distribution functions. Therefore, it is more
convenient to study the case in the Fourier space, i.e.,
with respect to their characteristic functions. For the

sum (5. 1), the characteristic function of Z, is
n

J’z,,(lk):jg1 fi@)=fiR)y k) - - fy(R) - - - falk), (5.3)

where f;(k) = [ dx exp(ikx) dP,(x) is the characteristic
function of x,, P,(x) being the probability distribution
of x;. As the index j becomes continuous, the number
of factors in the product (5. 3) becomes infinite, we
find that the p integral notion readily applies. Thus for
the random variable Z,. of (5.2}, we have

fz k) =Pf [ f,(R)].

When the factors in (5. 2) are identically distributed
according to the normal law, with characteristic
function

f. (k)= explink - (02/2)k*],

where 1 and o7 are the mean and variance, respective-
1y, of the normal distribution, (5.4) becomes

F2 ) =exp [t 1nf, () = exple'link - (0*/2)), (5.6)

which is a formula given by Lévy. ® For Poisson
distribution

Plx=nh]=0"nDe™", f,(k)=expr(exp(ihk)~1), (5.7)
where 72 is the span. We have
Fa ) =exp J," dtinf, (k) = exprt’ (exp(ihk) - 1)

which is again verified by Lévy’s resuit. ®

(5.4)

(5.5)

(5.8)

We can also apply the present approach to study the
infinitely divisible distributions of random variables
whose summands (5. 2) are not identically distributed.
For example, if =0, f,(k) is distributed according to
the normal law, and at t=, f.(k) is distributed ac-
cording to the Poisson law, and suppose that a
homotopy H[f; s] exists® such that H[f;1]=f,(k) and
H[f;0)=f., s=c"" and H[f; s] is continuous with
respect to s, the parameter, then the distribution of
the sum, Z,, for {’=1, is given by

fz, (k) = P{[HLf; s]1. (5.9)

If the homotopy is given by
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Hlf;s]=H[f;e" | =exp [i pwk + (exp(ikt)

ikt \1+8 =
-1- 1+t2>7—c(t)]’

i.e., as t—0, we have — 3#%k? in the parentheses with
G(t) of the order O(f?), we have the normal distribution.
As t —~, we essentially have (expikf— 1)G in the ex-
ponet, which is the Poisson form. Then the distribu-
tion of Z, is given by

(5.10)

1
fz,(k) = exp / ds InH[ f; s]
. :

. = , ikt 1+2
:exp(lu,k%—r/o‘ d(z(t)[exp(zkt)—l—1+t2] tz ),

dG(H)=e'G@) dt, (5.11)

which is the Lévy—~Khintchine formula’ for infinitely
divisible distributions with modified interpretation

(i. e., nonidentically distributed summands). Since dif-
ferent homotopies can be constructed, if we choose

H{f;s]=H[f;e™*) =explipk + [,” dK()(exp(kt) - 1 - ikt)),
(5.12)

where K(¢) is of bounded variation with dK/dt of the
order, O(t?), as #—0, we have the so-called Kolmo-
gorov formula’ for the infinitely divisible distribution.
Note the difference in the interpretation of the distribu-
tion laws for the summand (5. 2) in our case.

Since the sum of a finite number of independent
infinitely divisible random variables is itself infinitely
divisible, so is the (weak) limit of such a sequence of
random variables. The theorem of canonical represen-
tation of infinitely divisible distributions can be now
interpreted, in light of the development here, as that
for each infinitely divisible random variable its charac-
teristic function corresponds to the homotopy with a
certain value for s, constructed from the discrete
Poisson distribution either according to the Lévy—
Khintchine formula or the Kolmogorov formula. That
any infipitely divisible distribution is a finite super-
position of Poisson distribution is already a known
fact.” the extension to a homotopy appears natural.

VI. THE INTEGRAL OF FUNCTIONALS

We start our study of the functional integrals by con-
sidering the n-fold integral of a function of z variables,

by ] b,
f“l dylfaz dyZ tt 'fa""dynf(yiayb s yyn)

=(5 L2as) s,

As the index 7 takes on continuous values #, the func-
tion f(v;) becomes a functional f[ y(f)], and the product
of the n-fold integral signs also involves infinitely many
factors. (6.1) can then be written symbolically as

(6.1)

tim (11 [ av) A0 = P[220 a0 Ty

(6.2)

by adopting p integral concepts. This formula is found
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to be a correct symbolism for the integral of a func-
tional, We examine an example studied by Frederichs. ?

Let ®[y] be a functional of the function y{¢) given by
#[y]=n""2(exp [, ar by () (exol- ' dsy(s)?)).
(6. 3)

Then the integral of (6. 3) can be written symbolically
as

Plat>[ [ ay®)) - @[y). 6. 4)

However, by the correspondence theorem (3. 4) we can
write Pdt>[ [ dy(®)]- (-) in the operator form,

Pdt>[ [ dy®)]- (-)=(exp [ atln[ [ dy(@®)])+ (-).

We shall show that the operator form of functional
integration is equivalent to the /2 projection method of
Frederichs in the case of (6.4). If we expand (6. 3) into
cylinder functionals, we have

#[y]=lim =/ exp[(b(t1)y (t1) ~ y(t)*) Aty - - -

n-o

xexp[(0(t)y (1) = v(t))) at,].

When we assign an exponential weighting factor Af; to
the integral signs of (6. 1), (6.4) becomes

(6. 5)

(6.86)

-1/2n[f dy; expl= y(t;)2 +b(t)y ()]

L) f dy;exp(— (y; +b;/2)F +b3/4)]*
n 0
=p1/2 l'I1 [exp(v}/4) [ _exp(-2%)]*%
i= =

LY exp<b2/4)w”2 (6.7)
in the limit supAf; — 0 and n — =, But that is exactly the
definition of a p integral [see (3.9)], i.e.,

bt !
71/2p} [n“zexp——(‘})] n'“zexp/ dtln[v”zexp (t)]
0

:exp/dtbg) s
0

the same as the result of Frederichs. ® The /2 projection
method can be most conveniently applied to functionals
which are “separable,” i.e., which admit an n-product
form of (6.6) where each factor is a function of only one
v;. A more general approach will be the operator ap-
proach of (6. 5) to be examined next.

(6. 8)

We therefore prepare &[y] of (6. 3) into a form that
is ready to interact with the operator form (6. 5) of the
functional integration,

e[y)=n"1"2exp [,'dt Inexp[b(t)y(t) - v(1)?). (6.9)
(6. 4) then becomes
(Pidt>[ [ dy(®)))- @[]
— 7% exp j;)ldtln S av(t) - exp[b®)y(t) - v(t)?]
=712 exp jé)idt 1n exp[b(t)%/4] j_:c exp[- (v - 0/2)?]
=712 exp foidtln exp[b()*/4) .[-: dz exp(~ 2°)
=77/2exp [, dt In(exp[b(1)?/4]r' /%)
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=72 exp [ dt(B(t)2/4 +1nn'/?)
:expfo1 dtb(t)2/4

which is the result given by Frederichs. We note that
the second factor in (6. 3) is actually a Gaussian mea-
sure. We remark also that in the derivation (6. 10) the
inner integral with respect to the path function v(¢) is
carried out at constant £, consistent with the common
practice in functional integration. We immediately gen-
eralize to the following definition of the integral of func-
tionals, omitting the intervening developments.

(6.10)

Let Ay be the complex separable (Hausdorff) Banach
algebra of the function set C% as before. Let ® be a
function (functional) from Ay to C. Then the functional
integral of & is given by the following definition,

6.1 Definition: the integral of functionals: Let yc Ag
be a function from a complex, separable (Hausdorff)
Banach space, B, to C (complex numbers). Let
(B, S, 1) be a measure space on B, and (A5,3,,m) a
measure space on Ay (i.e., Sz and S, are the ¢ alge-
bras on B and Ap, respectively, and u and m are the
corresponding real and nonnegative measures), 23 Then
if the functional ® : Ay — C admits an integral represen-
tation of the form

o[ v]=exp [ n@)f(y(®),

where f is a complex valued function, f:C—C, EC B,
we define an x,(y) function by

x,(¥) =expf(v(t)

and the functional integral, If (&) of ®[v] on the set
FC Ay is defined as

(@) =Pgp(dn>[ [,mdy®)]- &[v]
=exp [, n@)In] fmldy(®) x ()]

whenever the successive integrals exist.

(6.11)

(6.12)

{6.13)

Expression (6. 13) simplifies when B=R (real num-
bers), and Ap=RF as we take Sy and S, to be the
induced (in the sense of Wiener?!) Borel sets. Further-
more, if y(¢) varies from a(f) to b(t), (6.13) reduces to

N4 .
fer@=exp [, el [ G0 dy (O exof (3], (6.14)
where f1R—C,

We note that Definition 6. 1 gives the integral of a
functional of the type (6.11) in closed form, in com-
parison with the expansion methods. It also allows
calculations with finite limits from a{f) to b(f). The
Wiener integral is a special case of (6, 13) when the
Gaussian measure is selected for m. For most applica-
tions in physics and probability theory the integral form
(6. 11) is quite sufficient. We shall examine some
known sample cases in quantum physics where the
Feynman path integral is to be evaluated. For certain
more general functionals, the functional integral can
also be defined in closed form, We shall take this up in
the discussion section.

Vil. CONTINUUM MATRIX ALGEBRA
Owing to later requirements, we develop here, with-

out proof, the continuum counterpart of the matrix
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theory. Only elementary aspects will be touched upon,
some of which are apparent generalizations of the dis-
crete theory.

(1) The continuum matrix, C(s,?), is a function from
EXF—~R, where E, FC R, the real numbers. C(s,!) is
called a square matrix if E=F,

(2) The transpose, C7(s,1), is obtained from C(s, )
by CT(s,t)=C(t,s)V s€ Eand tc F. I C(s,!) is square
and invariant under transposition, C(s,!) is called
symmetrical.

(3) C(s,1?) is called an orthogonal matrix iff
Jdx CT(s,x)C(x, )= 8(s, 1), where (s, !) is the Dirac
delta function.

(4) The eigenvalue of a square matrix C(s,!) is the
function A () such that the condition [dx v, (x)C{x,?)
=x{)v,({) for some nonzero function »,.(f).

(5) If C(s,t) is a square matrix, and is symmetrical
in s and Z, then there exists an orthogonal matrix
Afs, t) such that C(s,{) can be diagonalized,
[dxdvAT(s,x)Clx,v)A(y, 1) =A(s, £)5(s, t), where A(s,!)
is diagonal, and A(»¥) =2 (), the eigenvalues of C.

(8) The product of two matrices A and B is given by
(AB)(s, )= [ dx A(s, x)B(x, ?).

(7) The determinant of a square matrix, C(s, ), with
eigenvalues A(») is defined to be the potential (p in-
tegral) of its eigenvalues, i.e.,

det(C(s,?)) =Py A ()]
(8) For A, B, square matrices, det{AB)—det(4)det(B).
(9) det(s(s,£))=1.

The principal result so far is contained in (7), where-
by the definition of the determinant of a continuum
matrix is made possible through the potential calculus.
The discrete concept of a determinant as the multi-
linear alternating (exterior) product is, admittedly,
difficult to be generalized to the continuum case.

ViIl. THE QUANTUM HARMONIC OSCILLATOR

Feynman’s path integral method for the evaluation of
the propagator of a quantum system is a ready example
for the application of the method of functional integra-
tion developed here. To demonstrate the utility of
(6.14), we examine the known case of quantum harmonic
oscillators, !’ The Lagrangian for this system is given
by

L, x, 1) = (m/2)(3? - wix?,

where x =x(f) is the path with fixed ends, x(0) =x,
x(Ty=x,. The propagator is then given by the functional
infegral

K(T, 0):pgdt>>[fx(t)] - exp [% deI'—g(»éZ— wzxz)],
0

{8.2)

(68.1)

Feynman® showed that the kernel can be expanded
around the classical path x(¢), i.e., x({)=x(f) + v{f).
After the extraction of the classical contribution, a
quadratic functional in v(f) is obtained,
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K(r,0) = exp - Scy (7, 0) Pidt > [ /dy (t)]

. T
-exp[% / at= (5% - wzyz)], (8.3)
o 2
with y(0) =y(7)=0. Sg, is the classical result,?
Sey(7,0)= m[(xo +x%) coswT = 2%k . (8.4)

The usual practice”!? is to discretize the functional in

¥,
v o1 42)2 2 z]
[ a5 () o

™
E[zmez (v =250 = gy 3]
:Ej [(z; = 2;.0)° = Petw?l],

where ¢=s7, z;=(m/2k7e)!/?y,. Note that the integral is
now dimensionless. The summation onj is from 1 to
n—1 since the initial and final positions of x are fixed.
This contributes a factor of {(i7)™! to the normalization
constant N, (8.5) is a quadratic form, and can be
written as

(8. 5)

(Nin)™! expi Ej Zk 2452, (8. 6)
In the continuum case, (8. 6) has the form
o[y]=2[z]

= Wim)texpl- i [\ ds [\ dtz(s)A(s, 2], (8.7)

The matrix A(s, t) is as given by Montroll, 1 If A(s, #) is
symmetrical, it can be diagonalized by an orthogonal

matrix C(s, ),
f dydr! CT(s, v)A@r, ' )C(', t)=A(s, s)5(s, t). (8. 8)

Upon defining a new variable, u(t) = [ds z(s)C7(s, t), we
have

o[ y]=[u]
= Nim)™ exp[- it [ dtu)A(t, Du(®)) (8. 9)

which is of the form (6. 11). Therefore the integral is
given, according to (6.14), by

[exp—_ﬁ—i Sei (7, O)]K(T, 0)

= (Nin)! P[fdy(t)] i o[ y]
= (Nir)1P [ﬁz(f)]“ |J|®[z]

= (Nin)lP ﬁu(t) [-[C] - ®[u]
=(Nin)t|J]| . |C]|-exp / dtin [/ du exp(- z'-iAu?)]
o -

1
= (Nin)t|J| -exp/ dtn[iz det(A) /2
0

= (Nim)™ | J| (i) ¥ (detA) /2, {8.10)
where J is the Jacobian of the transformation from y to
z, e, , J=06(s,t)om/2f1e) /% by (7.7), |JI

=det(6(s, H){m/2hi1e)1 /) = (m/2hi7e)1 /2, |C| arises from
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the transformation z to #, and is equal to +1 for
orthogonal matrices, we took it to be + 1. The nor-
malization constant is taken such that

K(b,a)= [ dx K(b,c)K(c,a).

It has the dimension of length squared, Therefore,
= |Ji?. The determinant det(A)=det(4), and is given
by Montroll!® to be (rew)™!sin(w7). We have then,

(8.11)

1/2 .
K(r, 0)=(2. e, ) ! exp Scy(, 0). (8.12)

A sinwT

This is the complete expression for a quantum
harmonic oscillator with fixed end points. For x(0)=0,
and free x(7), the same methodology can be shown to

apply and give
K=secl/?(n\!’%), r<n/2,

X being the spring constant, 0

(8.13)

IX. THE ELECTRON-PHONON SYSTEM

The electron—phonon system considered by Abé®
consists of a Hamiltonian,

H(p,q)=p%/2m+yp+V(g)
with
V(g) = (mw?/2)¢* + mwagq,

9.1)

9. 2)

where the symbols have the usual meanings. The den-
sity matrix is then given by the functional integral

play,q0) =P [ﬁq(t) dt°exP[_ _/(;Bdtglh_i

X(L+im 7 - va0) 0.9

As before, Abé extracted the classical path contribu-

tion out of (9. 3) by setting g =g +vy, ¢ being the classi-
cal path, and discretized the integrand

p(a1,qs) =[exp(-£*)] P[fdy(t) “

. 1 32
-1 2 97
eli?exP[ 2@‘?”&7/8% y")]’

where exp(— f*) is the classical contribution,

9.4)

exp(- 1) =exp (gt (gt + ) coshiion)

- 2qoq1+2Aq1 +qu0+2C))' (9. 5)

A, B, and C are known integrals® of the elements of the
Hamiltonian (9. 1); and the quadratic form in (9. 4) has
elements

;’; 66—7, j=k,

j=kzl, (9. 6)
0, otherwise.
As before, we set z,= (m/Bei?)!/%y,, and diagonalize the

quadratic form by a C matrix and transformation of
variables from z; to #;=3,Clz,,
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pa:d0) = (exp(~ F¥NCrN) L P[ [ du(t)]*

x |7 |C] lirglexp(- %jEu,A“u,). 9.7

The continuum case is then
p(@19,) = (exp(= F¥)@rN)|J| P[ [ du(®)}*
cexp J! dt = bu®)A(Etyu(t)
= (exp(- F*)NaN)1|J| -expfoidt
xIn [ - du exp(~ Suhu)
— (exp(- /%) (2N |J| exp [, dt nvZr etk
= (exp(~ F*)N1|J| (27 detr) 172, (9.8)

where N is the normalization constant, J the Jacobian
of transformation, |J| = (m/Ber?)1/%, |{Cl=1. Nis
determined as before, N=|J1?, det(A) is given by Abé
as sinh{fiwB)/ (Befiw). We have then,

W

172
plgiqy) :(m\) exp(~f*),

where exp(- f*) is given by (9. 5). This result checks
with that of Abé.?

(9.9)

We note that in the derivation, the integral was
rendered dimensionless due to the presence of the ex-
ponential and logarithm functions, also the velocity
(or momentum) terms were discretized and the result-
ing expression absorbed into the quadratic form, which
was in turn found to obey some differential equation that
could be solved to give the value of the determinant
det(A). The structure among these various elements
was correctly given by the functional integral formula
(6.14), and conventional results were obtained.

X. DISCUSSION

Through the development of the methodology of the
continuum calculus, i.e., the “rational” and “potential”
calculi, we were able to characterize the integral for
functionals in Sec. VI. The formula given is in closed
form and amenable to conventional mathematical
manipulations, Applications to algebra, probability
theory, and Feynman’s path integrals in quantum
physics yielded valid results. We remark that in the
presentation, the adherence to generality and rigor was
at times sacrificed for the sake of giving a concrete
demonstration, in a short time span and space, of the
applicability of the present approach. The fecundity of
the theory was also not fully explored. A case in point is
the cross-fertilization of the potentiation operation and
the ordinary differentiation, which will be called the
homogeneous continuous differentiation and the
heterogeneous continuous differentiation. The result
will constitute the “inverse” operation of functional
integration. We hope to be able to present a study on
this in the future, The detailed nature of the p integral
and the functional integral also deserves to be scrutin-
ized from the measure theoretical point of view, To
facilitate the calculation of the functional integrals,
numerical methods should be developed. Another
urgent task will be the characterization of the integral
of functionals of different representation. For instance,
what is the functional integral of the following functional:
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olyl=J atfly@)), f:R—C. (10. 1)

We can give only a tentative solution here by invoking
a “differentiable” homotopy to replace y(¢) in the inner
integral, and a Riccati type of construction for x,(y)
(see Definition 6.1). Instead of (6.12), x,(v) is now a
functional,

x [ v]=exp[ Ay ®)/ [, ds F(x )], (10. 2)

The term [{dsf(y(s)) in the denominator acts like some
kind of a “memory functional.” I for the given lower
limit a(f) and upper limit 5(2), a homotopy H[ v; ]
exists such that H{y; 0]¢/) =a() and H[y;1]¢)=b(), and
3H/ax exists for x< (0,1), then (6. 14) is replaced by

LD (@)=zexp [ dt 1nf;)1dk<%§)xt[h’] (10.3)
where
x [H) = exp{fHy;\) 1)/, ds fHLy; ). (10.4)

The class of all homotopies H[ y; A] that assign the same
value o to the functional integral (10, 3) will be called
an invariant class C,[&] relative to [ y] of (10.1),
Clearly, all the invariant classes C,[®] form an equiv-
alent decomposition of the set K of all admissible
homotopies of y (), and definition (10.3) would have
meaning only when « is uniquely determined for all
admissible homotopies. In other words, a general
theorem on the class of admissible homotopies is need-
ed. We present a case study for an improper integral
of a functional of type (10.1) in the Appendix. Further
investigation is required.

Finally, with the ascertainment of the integral of
functionals, it is hoped that new results can be derived
from its use, on witnessing the current interests®® in
path integrals in various branches of physics.
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APPENDIX: THE HOMOTOPIC CONSTRUCTION
OF FUNCTIONAL INTEGRALS

In this Appendix, we shall determine one possible
invariant class of admissible homotopies that are
associated with a (diagonalized) quadratic functional

s(y]= [, at B, Oy,

where B(Z, 1) is a given fixed matrix, Frederichs® con-
sidered the functional integral of a similar (non-
diagonalized) version of (Al), with a Gaussian measure
and for the limit — = < y(f) < + o,

(A1)

We first apply (10. 2),

x [ vl1=exp[B(t, Oy (t)/ [,} ds B(s, s)v(s)?]. (A2)
Then (6. 13) gives for the Gaussian measure
L@ =exp ['dtin [ T avlexp- v [v]).  (A3)

Now if we construct a homotopy with the lower limit
a(f) =0,
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Hly; )0 =a@) + 7 [b0)- a)] = 725 000, (a4)
we can define a functional integral, J,(®),
I (@) =exp foldt lnfoid)\ b(1-2)?
x[exp(= b0/ (1 = M))D)] - x,[H]. (A5)

However, we make a transformation of variables,
y=»(1-)), and let Q(t)= [ds B(s, s) b(s),
;@) =exp J,' din J,” dy b exp(~ b*/) exp(B6*Y/Q¥)

= exp ;' dt Inb () exp[B()6 (4)2/Q(1](n/ 02 (1)) /*

=exp fi' dtIn(m)/* exp[ B)D (2)/Q(0)). (A6)

The functional integral I,(®) is simply related to J:(®)
by a factor of 2 in the argument of the logarithm
function,

1,(®) = exp [, dt Ina'/? exp[ Bt1)b (1)*/Q(2))

=)' exp [,'at[Betb#)/ [,  ds B(ss)b(s))]. (A7)
If we choose b(f) to be a constant function, d(f)=C,
1,(@)= () exp [, at Bt)/ [, ds Bss)
— )2 f0’ dtB(t, ). (A8)

Aside from a normalization factor (r)!/?, the result is
identical to that of Frederichs, ® Therefore, for im-
proper integrals [- © <y(f) <] of the functional (Al),
the invariant class of admissible homotopies is the one
equivalent to the form (A4) with homogeneous lower
limit, a(f)=0, and constant upper limit, b{f)=C,

We note that as to functionals of the exponential rep-
resentation (6. 11), no uniqueness question arises,
since no homotopy is involved. For the representation
(10.1), a purely formal and invariant definition of its
functional integral independent of the homotopy con-
struction could also be given via (10. 3) by restoring
y{t) in place of H[v; ] everywhere in (10, 3). However,
then practical ways of evaluation must be found to
calculate the invariant [;(®), overcoming the difficulty
due to the presence of the “memory” functional
J§dsf(v(s)). One possible solution may lie in a Fourier
series expansion of y(f). The homotopy route can then
be viewed as a constructive definition of I,(¢), but at
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the cost of the incurrence of the uniqueness question
and the restriction to homotopic limits of integration.
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In the first part of this article we solve the “state labelling problem” for the irreducible finite dimensional
representations of the G,D 4, chain, using a method applicable to other algebras-subalgebras chains. In the
second part we define, for these representations, operators analogous to those introduced by Nagel and
Moshinsky for the 4,°4,_, chain and explicitly construct the representations belonging to the equivalent

classes ==’ and cZ==e".

INTRODUCTION AND SUMMARY

Some irreducible representations of the Lie algebra
G, (or of its two real forms) appear in the well-~-known
B3 DGy 2 A chain used by Racah in atomic spectroscopy’
and occasionally in elementary particle physics through
the G, O A, chain® ; This latter model, conveniently gen-
eralized in the wider context of the other exceptional
Lie algebras Fy, E;, E,, E; is the subject of much cur-
rent interest,

General results on the representations of the G, O A,
chain (where A, is a principal three~dimensional
algebra?!) are very meagre. The “basis labeling prob-
lem” is not yet solved; a general method for this
exists® but a complete answer requires the displaying
of an explicit construction of the representations of G,,
The representations of the chain G, © A, afford such a
possibility. Some years ago, an algorithm was pub-
lished, ¢ which permits the construction of the represen-
tations of G, by reduction to this algebra of the irre-
ducible representations of the particular Gel’fand—
Tseitlin A; O A,y chain, This method however is effec-
tive and well adapted only for numerical computations,

When restricting a representation of G, to its sub-~
algebra A,, the carrier space of this representation
contains a vector subspace of crucial importance: the
vector subspace of the maximal vectors, The whole
problem of the construction of the representations of the
G, D A, chain can be reduced to the construction of a
basis for this subspace. (This remark is valid for any
representation of an algebra-sub-algebra chain, )

As a first step, we must find a convenient labeling
for such a basis. Applying a very natural method
(described in Appendix B) we solve this problem easily.
The result is an interesting one: A basis of maximal
vectors of the representation of A, subduced by a vep-
vesentation of the class ‘é{:.” of Gy can be pul in a one~
to-one covvespondance with a Gel’fand—Tseitlin basis of
a vepresentation belonging to the class ¢L13 of A,.

As a second step, we find a set of operators which,

arda, 2.ar3a,

arla, FIG. 1. The positive roots of G,.
d2 a+a,

a,
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acting repeatedly, generate this subspace starting from
a given maximal vector of the G, representation, These
operators are just the equivalent for G, > A, of the
operators introduced by Nagel and Moshinsky for the
representations of the chain A, DA, ;.7 These operators
permit an effective construction of a basis of maximal
vectors and, thanks to the Asherova—Smirnov opera-
tor, ¥ a construction of a basis of the whole carrier
space of the representation, Being expressible in
terms of the G, generators, they also permit the com-
putation of the matrix elements of these latter.

As a last step we carry out this program explicitly
for the representations belonging to the classes Y=g

and ).

1. NOTATIONS AND CONVENTIONS FOR THE
CHAING, D A,

The base field of G, is here C (or R). Let // denote a
Cartan subalgebra of G;. As usual we identify it with its
dual by means of the restriction to # of the Killing form
defined on G, We choose for the root system

To={t 0y, 09,2 (0 + ag), % (0 +20,), % (@ +3ay),
(201 +3a)},
the following normalization:

(ag, @) =2, (ag,09)=~1, (og, op)=1. (1.1)

For each root pc Z, we know there exists an element
e, and an element e_, of Gy, such that for each hc// we
have

[h!ep]: (h9 p)ep, [epye—n]:hp (hp’:‘p)
and (for all p, p€Z)
ifptpe,

N, e
— Py Y prit
[emeu]"{o 1fp+u<£’2,
The structure constants N, , of course satisfy

N, ,=-N

By b uy Py

but it is always possible to impose the further two
conditions

FIG. 2. The positive roots of Ay G,.
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N, ,=-N,

e th -p, =1t and Nn.u:-Np.-u-P'

With respect to the normalization (1.1) we can set

Nayay =1, Najraya,==2V3/8, Najnaya,=1,

a1, az
Nal*zaz, aq+ay = 1’ Na1*3a2, oy =-1

From these, all the other structure constants are im-

mediately found with the help of the above two conditions.

The regular subalgebra® 4, of G, is completely de-
fined (up to an equivalence) by the root subsystem

T={t 8,4 Qo £ (G + ) 1= 0, Gg=0a,+3a}CZ.
(1.2)

The Cartan subalgebra // of A, generated by Z is con-

tained in //; more exactly // =/ and, if W denotes the

Weyl group of this subalgebra, it is a subgroup of the
Weyl group W of G,. Actually,

W=W1+ WS, .
(where S,: M~ S M=

1.3)

2. STRUCTURE OF THE IRREDUCIBLE
REPRESENTATIONSOF G, D A,

Both equivalence classes of irreducible finite dimen-
sional representations of G, and A, are characterized
by any two nonnegatlve integers A and A,; those of G,
will be denoted by OE. , those of A4, by g—o

If De Lg?, we know there exists a maximal weight

A e/ such that
A1 :2(/\, al)/(aiy 01), A2 :2(A’ ag)/(az, aZ):

and each weight P of D is of the form
P=A - kya, - kyay,
where %, and k, are two nonnegative integers. We write

A(D) for the set of weights of D. If V, denotes the weight
space of P, V admits a direct decomposition

V= @ Vv,
PE A(D)

and for each he// and each pe Z we have (vpc V)
hYyvp=(h, P)v p,
€ Vp,, if P+pc A(D),
beeJe {: 0 if P+p&a(D)
To simplify our notation we put
E,=D(,), H=D(h).
The subalgebra ‘Zz of G, being simple, the represen-
tation D obtained by restriction of D to A, C G, is com-
pletely reducible into a sum of irreducible ones. Since

#CH, for each ke //, we have Hv, = (%, Pyv, and there-
fore A(D)= A(D).

Let Z denote the subspace of V of the maximal vec-
tors of the representation D, i.e.,

z={veV|E,p=0, By 300 =0

[By virtue of (1.2), Diey 5)=Eq, Dleg)=Eqa,- ] 1t is
generated by weight vectors v,

Hyy=(h, M)vy

1999 J. Math, Phys., Vol. 17, No. 11, November 1976

- [2(‘wyp)/(p7p)]p; pEZ, ‘ME/_/)-

such that

M, — 2(M, ay)

)

belong to N; so we have

Z(M, a1+3az)
(o1 +8ay, 0y +3ay)

and M,=

Z = 63 ZM,
(M)
where dimZ, equals the number of representations be-
longing to Ag__’g contained in D,

A labeling for a basis of weight vectors of Z is given
by the “path-label” method (cf. Appendix B): To each
weight vector v € Z, there corresponds a unique triple
{p,q,7} of nonnegative integers defined by

EfaV#0, ElNv=0,
ES 20,El sa? #0, E
E? E Er . v#*0,

a1+2a2 ay+ag

r —
a1+2a2Ea1+azv - 0’

+1 —
Ep Eoz1+2a2 a1+a2v =0.

The welght M to which v belongs is then given by

M=A-pay—-qog+2a;)~r{a+ ay);

consequently v is a maximal vector of a representation
A My M2
belonging to o-—¢ with

Mi=A+p-7, My=A+Ay-p-q. 2.1)

The domains of definition of the numbers p, ¢, and »
are given by the following theorem,

A1 A2~ My My -
Theovem: If D€ o==e, D(M{, My)e &, and if D
denotes the restriction of D to 4, G,, then

D= + D +p~-7, Aj+hAy=p—¢q)

rarrl}
with

O0<sp<Ay, O0sgsA, Os¥<Aj+p-gq

(all permissible integers p,q,7).
It is straightforward to verify directly that

dim(D)= 25 dim[D(A+p-7, A +A~p—-7q)],

{9y @y 7}

but this equality of course does not constitute a proof
of the theorem, However, by virtue of the uniqueness
of the decomposition of the character of a representa-
tion into the sum of the characters of its irreducible
components, the theorem will be proved as soon as we
have established the equality

- Ay Ay Agspeg

X= <4 2y XA-potz-q(a142 ag)erlagsay)

p=0 ¢=0 rad

in which X is the character of D i. e., the restriction
to /7 of the character x4 of D and xA_paz-q(a1+2¢12)-r(m1+02)

is the character of D(A; +p—7, A+ Ay = p = q).

For all results on characters used here we refer the
reader to the Jacobson®; although, due to our special
choice of base field, the formal exponentials can here
be thought of as complex valued functions e(M):4 —C
defined by e(M) : h — exp{(M, h)} with any M in #/.

Let 4 =Fscw (detS)S and 4 =} 55 (detS)S be the
alternation operators constructed on W and W, Further,
let 5 and 3 be the half-sum of the positive roots of G,
and of Ag C Gy 5=3+ ay+2a,, We need the following
lemma,
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Lemma:
Ae(®)=(Ae(®)- F,
where
F=-{1-e(- a)][l-e(- o1~ a)][1 —e(a; +2a,)]
and

3F=F for all Se W,

Proof: Since 4e(8)=e(5) [ 454 [1 — e(~ a)] (Ref. 9, p.
250), a direct computation gives the result, The in-
variance of F with respect to W follows at once from
the fact that {a; + 20y, - 0y, = @y — @y} is the weight set
of the representation belonging to (03_(1) contained in the
restriction to Az C G, of the adjoint representation of
GZ. ]

Proof of the theovem: Starting from the Weyl formula
(Ref. 9, p. 255),

Xa-Ae(®)=Ae(A +3),
it suffices to show that

Az Ay Aqepea

Z% Z:() E XA-paz-q(ai-Qaz )-r(al*az)ﬂ 8(5) =74 e(A +6).

30 q= r=0
Using the above lemma and the Weyl formula again, this
time for the character iA_,az-q(a1+za2 yortaysay)s this
equality becomes
Ay Aq Aifp-q

EOZ/; EO Ale(d - pay - qlay +2a5) = 7(ay + ay) +3) - F)
pal q= ra
=Ae(A +0).

Let B denote the left-hand side; since
A+g=A+6— (11‘2@2

= (A +1) (0 + o) +
Ag Ay Aqma

B=2,7, E Ale(=pas + (A + Ay — p+1) (e +20a3)
=0 ¢=0 =0

+ (A =7+ 1o+ o)) Fl.

A+ Ay + D) (ay +2ay),

The sums are easy to evaluate: They are geometric
progressions of ratio e(- ¢y - ay), e(- a;), and

e(ay +2a;). The denominators in the formulas cancel
with the elements of F, Taking into account the fact
that if S,M =M for some S,& W and Me//, then Je(M)
=0, we obtain

B=gle((A;+1) (o) + ap) +
—e{(Ay+ 1) (o +20,) +

A+ Ay +2) (e +2ay))
(A + Ay +2) (e + ay))],

3. CONSTRUCTION OF THE REPRESENTATIONS D

We look for “unitary” representations of G,.

but

Say(ay taz) =y +2a,
and

(A+1)(ag+ o)+ (A + Ay +2)(0; +20,)=A + 8,
Therefore,

B=Ale(A+5)- e(S (A +6))],

i.e., by virtue of (1.3) (detS‘,,2 =-1)

B=Ae(A+5). L]

This theorem furnishes a very remarkable 1abehng
for the basis vectors of a representation De ga.z by
means of two Gel’fand—Tseitlin patterns, !°

Setting

a=7A+Ay—q, b=N,-p, c=a-7,

we obtain, form the theorem, the inequalities

A2SagA1+A2, OgbsAz, bsc<a
and, from (2.1),
IW1+AMZ=A1+C, Wz at+b- Az,

which gives the label
Aj+Ay, Ay 0 Ajtc  a+b-A, O
a b d e
¢ f

. (2.2)

The pattern on the right gives a label for the basis
vectors of the representation D(M;, M,) associated with
the pattern on the left. According to the usual rules of
correspondance, the vector associated with such a label
belongs to the weight

P=A-

A+ Ay - a)eg+20;) - (A - bay

- (a-c)(a;+ay)- (A +e-d)(2ay +30,)

—(a+b-A,—e)a;+3ay)— (d-Say.

_ It is quite surprising that the representations
D(M,, M,) can be labeled by the pattern

A+ A, A, 0
a b
c

whkch is the pattern of a representation of A, belonging
to 01_02' This labeling should be compared w1th the

one given some years ago by Lam and Sharp. !

By this we mean that, with respect to a Hermitian scalar product

(1) VXV —C defined on the carrier space V of the representation, we impose the conditions

E'=E

'=E_, forallpe®, H'=H forall he/.

It can be shown that such representations always exist (in using our special choice of structure constants and the

existence of a compact real form of G,).

Starting from any orthonormal basis of Z consisting of weight vectors of D, we know how to construct an ortho-
normal basis of V. In fact if we write, according to the above labeling, these basis vectors of Z under the form

2000 J. Math. Phys., Vol. 17, No. 11, November 1976
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A+ A, Ay 0 Ap+c a+b-A, 0
P a b Ajt+e atb-A, ,
c A t+e
an orthonormal basis vector of V is given by
A+ A, Ay 0 Aj+c a+tb-A, 0 b Ayt A, Ay 0 Aj+c atb-A, 0
P a b d e :S[d e}_]zp a b Aj+e at+b-A, ,
c f ’ c Ay+e

where S(3*>¢) denotes the operator of Asherova and Smirnov® which is written here as

d,e,f

SRS T G (@-e+1)!
sfa+nd-c d=et1)l_ g,
d,e,f w0 |ATec-d|d-e+it+1)! 1

with

@d-a-d)l@d+DIA-e+l)lel(f-e)!

=f+i ra+b=Ag=g+i A
E-al-ﬁ%tz E

+c~d-1
- al-Saz

8.1)

1/2
C:((a+b—Az—e)!(A1+c—d)!(A1+A2—a—b+c)!(a+b—Az)l(d—e)l(d—e+1)l(d—f)!) ’

The action of the generators of 52 C G, on this basis is well known: It is given by the Gel’fand— Tseitlin formulas,!°

I we write for simplicity

A1+A2 A2 0 A1+C
] a b d
c S

these formulas take here the following form

a+b—A2 0

¢ E‘”[d 5 e]’

H“iw[d f e]z[zf‘ (d+e)]ll)[d 7 e], Ha1+3azl/)[d 7 e]=[2(d+e)—f— (A1+a+b+c—A2)]zp[d ; e],
R e e e s P

d e L [d+1 e d e+l d e d-1 e d e-1
N L R =Y PR -S| L 5 1 L | P R

01:[(A1+c—d)(Az—a—b+d+1)(d+2)(d—f+1)]“2 X

d-e+l)d-e+2)

c _[(Ax+c—e+1)(a+b—A2—e)(e+1)(f— e)] 172
2= @d-e)d-e+1)

4. NAGEL-MOSHINSKY TYPE OPERATORS FOR THE
REPRESENTATIONS OF G, D A,

If, as we have just seen, the representatives of 4,
in End(V) have matrix elements independent of the
chosen basis for Z, it is of course not the case for
those of G,. Actually the whole problem of the construc-
tion of the representations D of G, D A, consists pre-
cisely of constructing a basis of Z and of deducing from
it the action of the generators of G,\A4, on the latter.
However, we will show that this problem can be simpli-
fied somewhat by defining on Z some operators (the
equivalent ones for Gy D A, of those introduced by Nagel
and Moshinsky for the irreducible representations of
A DAL,

Let II: V— Z be the projection operator associated
with Z (M*=1, N'=0). If 7:V~—V is a linear operator,
we will denote by T the restriction to Z of the operator

IITII. Since I'=1I, we have (17H)" =117 and there-
for Tt=T'. (It should be clear that T' is the Hermitian

conjugate of T:Z — Z with respect to the restriction to
Z XZ of the Hermitian scalar product, )

By definition of Z,
E;:z—{0}, (E;2)nz={o},

when p is a positive root of .Zz C Gy; therefore E*‘H =0,

2001 J. Math. Phys., Vol. 17, No. 11, November 1976

__[(A1+c—d+1)(Az—a—b+d)(d+1)(d-f)]1/2
1= 3

(d-e)d-e+1)

d-e+1)d-e+2)

X _[(A1+c—e+2)(a+b—Az—e+1)e(f—e+1):l“2
2= .

IE*(‘, *3‘,2):0, and E*galviia y=0. On the other hand,
H:III (more exactly H is equal to the restriction of H to
Z) for all he//, which implies

(H,E,)=(r,p)E, (peX).
For the remaining generators of G, we obtain (all
operators restricted to Z)

Eal+2a2:E Ea1+a2:Ea1+a2’

Eay=Fay= (Ho +2)"E_o Eq .a,
~ay = Euay = (Hopga, * 2)-‘E'°‘1'3°‘2E°‘1*2°‘2’

~ag-a, :E'ai'“Z + (Ha1 + 2)-1E-a1E-a2 - (Ha1 + 2)-1

ay42ay)

By by

X(H2¢1+3a2 +3)~1E-a1E-a1-3a2Ea1+2a2 (4 1)

-1
- (H2a1+3a2 + 3) E-2a1~3a2Ea1+2m2,

txy )

— -1
-aqy=2ag —E-a1-2a2 + (Hoz1+3a2 + 2) E-a1-3a2Eaz
~1 -1
- (Ha1+3a2 + 2) (H2a1+3a2 + 3) E-a1-3a2

XE-alEa1+a2 + (H2a1+3a2 + 3)-1E-a1-3a2Ea1+azo
The first two equalities are obvious since E°'1+2°‘2 and
Ea;*“z commute with £, and Em1 3ay (and therefore
Eg 20,2~ 2, Ey o, 2 —~Z). All the others are found
in the same manner, Verify, for example, the third one.
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Let v, & Z be a weight vector belonging to the weight
M, By the above formula,

= 1
Emzvu :Eazvu - 1‘41 +1 E. alEalwavaa

where M, = (M, ay).
We must have
EaiEaZUM =0 and Ea1+3a2§azvu =0,
The second condition is trivially verified taking into ac-
count the commutation relations in G,. For the first
one, we have

0=E, E, Eq valu

1M1 + 1 EaiE-oq a1¢C¢2

1
al#ava_ M1 +1 HaiEalwtva

Vy =
2M

=FE

1
= Ealmzzvu - M_I__'__l (Ml + I)Ealnxva =0.

1t is clear that the inverse operators appearing in
the formulas (4. 1) are well defined since for each

A+Ay Ay
¢>("Cb)szp a b Ajte

c A1+C

0 Ate

be an orthonormal basis of weight vectors of Z. Then
= ab ab
o ()= 0+ np-a-+0p(?),

I—Ja1+2a2¢<ab> =@a+b- AZ)d’(‘Zb))

c
and since

(H,E,]= (1, 0)E,,
we obtain

- ab axl+i b-1
Et02¢<c )= 2 A‘(*az)(a’ b’ C)¢< i ))

icl

ab .
E*(a1+a2)¢<c ): l?‘, A;*(aq az))(a’ b, c)
= 4. 2)

a+i b-i
x¢( cxl )’

= ab [
E*(“1*2“2)¢(c)= > At “1*2"‘2”(a,b,c)
RC K

a+l+i b-1
X¢< czx1 )’

where the indices 4, 7, and & run in principle over all
values permissible by the Gel’fand— Tseitlin patterns.
It is impossible to say more before having an explicit
basis {¢ @)} for Z.

If ¢ (*1*42 4 4, *?) is a maximal (unitary) vector of D
it is not very difficult to verify that the set of vectors of
zZ

b
Tace  TAieAgeaiAgeba {1 T A A
{E‘::l-azE.“&Ii‘ ;;Ei‘32”¢( Ag+A, 2)} (4.3)
where the numbers a, b, and ¢ are any integers com-
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a+b—A2
(l+b—A2

weight vector v, Z we have
Hy vy =M, ay)vy and Hy iya,04=(M, 0y +3ap)vy

with (M, a;)> 0, (M, a;+3a,)>0. (Recall that M is a
maximal weight for some representation of A,.)

The commutation relations (or rather the generalized
commutation relations) of these operators are given in
Appendix A, All these formulas are obtained directly
from the expressions (4.1) for the operators E,, Some
simplifications occur if we take into account that E
:E-n and [Eps Eu.]T = [E-tu E-a]-

Although the weight set attached to Z can be put, as
we saw it, in correspondance with the weight set (in-
cluding multiplicities) of an irreducible representation
of A,, it is clear that the eight operators I_Iaz, 1_10,1,,&2,
Eiay Eiajsay> 300 Eo(q 1q,) do not generate [in End(Z)]
a Lie algebra of type A, in spite of a “slight re-
semblance” in their commutation relations (a similar
situation appears in Ref. 7 with the A; x4, ... XA, Lie
algebra). — T

Let

0

Ipattible with the pattern

1\1 + 1\2 1\2 0
a b

c

are linearly independent and consequently form a basis
for Z, It is then easy, using the generalized commuta-
tion relations of Appendix A, to determine the action of
the generators E, on them and with some additional
effort to normalize them. In general however, with the
exception of the representations belonging to the classes
A 0 0 A . ..
e 20d =g’ This basis is not on ovthonovmal one,
Vectors of this type, with the same a + b and ¢ belong to
the same weight of D and some orthogonalization tech-
nique is needed in order to extract from them an equipo-
tent set of orthogonal vectors. Such a procedure in-
volves of course a large amount of arbitrariness; a
more systematic way consists of constructing an ortho-
normal basis compatible with the “path-labels,” i.e.,
constructing a basis such that

- ab =S ab

By ()0, Buho(()=0.
[Frombtl;is fOllows E g say® (30)~ & (! 1y ) and E_oy0 (3)
~oC 4 ]

An algorithm can be developed consisting of the
systematic calculation of the basis vectors defined by
“path-labels,” starting from ¢ (*1"42 4 .., *2). Although
a little easier to handle than the algorithms mentioned
in the Introduction, it leads to very messy computations.
For any given representation however this algorithm
can be carried out by cAom(Puter.OWf limit ourself here
to the tractable cases cl.g and o=.2 for which the basis
vectors are of the form (4. 3).
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A O 0A,
5. THE REPRESENTATIONS O=# AND G

A 58

An orthonormal basis of Z

A1 0 0 A1+C a 0
a 0
¢[ c ]EZI‘ a 0 A1+C a

c A+c
is given by
A
a 0] [eci@Ai-i+3)@A1+a—i+4)a—i+1) 17 iBA -+ A -F D\ o o, Ay 0
¢ ={ T Il . By ¢ .
c N 3(Aj—a-i+3)A~i+2) =i 3(A -j+2) ~aj-agE- 1-2"2 A

The orthogonality is obvious since any two basis vectors belong to different weights, The normalization factor is
obtained from the two equalities

a1+2a2E-a1-2a2¢{ A1 ] 3(./\1 1+ 2) E-a1-2a2¢ Ai ’

= = Ay 0]_2BA:1-1+43)@A1+a-1+4)a=-1+1) 5 [Ny 0
E"‘i"°‘2 ""1'°’Z¢) Ay 3(A;ta-1+3)A-1+2) e Ay ’

which follow from the generalized commutation relations of Appendix A. [Recall E,,¢ (™ A °)=Ea1+za2¢(A1 4"
—Ea1+a2¢(A Ay 0)'_Oand Eai*a2¢(a 0)_ ] _
Thanks to these same relations, we deduce the action of the operators E, on these basis vectors,

_ a 0] [l=ae+D@A-atc+3)@A+c+4)]' fa 0
Ew‘b[ c ][ 3(A+c+3) (A ~atc+2) e+l J

- 0} [(a- c+1)c(2A1—a+c+2)(2A1+c+3)]”2¢[a o]

e "‘z 3(Ajtct+2){Aj—a+tc+1) c-1 ’
= 0
Ea1+2a2 [ ]

(At=a){c+1){A1+a+3)2A1+c+4)]YV2 Ta+1 0
[ 3(A{+c+3)(a+2) ¢[ c+1 ’

(5.1)
5 a 0 (A1—a+1)c(A1+a+2)(2A1+c+3):'“2¢ a-1 0]
-a20y®| 3(A+c+2)a+2) c-1 )
5 ool 0]-_ (A1-a)(a-c+1)(A1+a+3)(2A1—a+c+2)]1/2¢ a+1l 0
ay® ¢ ]" 3(Aj—atc+1)a+2) c J
F oWl 01 (A1—a+1)(a—c)(A1+a+2)(2A1—a+c+3)]”2¢[a—1 o]
~ag® = 3(h~atc+2)@+1) ¢ I
0 A,
B. =  An orthonormal basis of Z,
A A 0c & 0
A b 2 2
¢>[ 2. ]sw Ay b c b |
4 c
is given by
Ay b] (PTTi@A—i+5)(Az—i-D+1) Az"’j(Az—j+1)) e Fages [Az Az]
¢[ c ]_< ;ni 3(Ay-i+3) IEII 3 E 31'“2E'°‘2 ¢ A,
and the action of the generators E‘, on these vectors is furnished by the formulas
3 ¢[Az b]_[(Az—C)(C-b+1)(A2+C+5) 12 [Az al
oy c - 3(c+3) ¢ c+1
7 b] Ag—c+1)(c—b)(A2+c+4)]”2 [ b
-ay-0? - 3(c+2)
= b (Aa—c)(b+1)(A2 +c +5) T2 b+1
Ea1+2a2 [ ] [ 3(C+3) (b (5. 2)
= A, b _[(Az—c+1)b(Az+c+4)]1/2 [ ) b—-l]
E'°‘1‘2°‘2¢[ c J* 3(c+2) ¢ c~1 ’

R B Rl MW L] B A S T L

6. MATRIX ELEMENTS OF THE GENERATORS £,

Since, by (3.2), the matrix elements of the generators of the subalgebra 4, are known, it is easy to ensure one-
self that the matrix elements of all generators of G, will be calculable (in making use of the commutation relations
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in Gy) as soon as those of two other generators, for example £, .,, and E-u,-2a2, are known. Actually, thanks to
the condition E‘;:E_u, it is sufficient to know only one of the two.

We show here that the matrix elements of E“1*2°‘2 are expressed very simply with the help of the coefficients
Af#*(a, b, c) appearing in formulas (4. 3).

After some computations, using the Asherova—Smirnov operator, the commutation relations of G, and the defini-
tions (4. 1) of the E,, it can be established that

P sfate, el d+2)e+1) ”zsa+b+1, c+1)z
“Ra”l g e, fl \la+b-=A,+1)(A,+c+2) d+1, e+1, f+1] 1%
_(latb-Ny-e)d-a-b+Ay+1) “25a+b—1, ¢z
(A1+A2—a—b+c+1)(a+b—A2) d’ e, f ¢

-ay
[_Aste-d)Aj+c—e+1) )”2 a+b, c+1)gz
Aj+Ay—a=-b+e) A +c+]) d, e f

~ay-ape

Acting with the two sides of this expression on the vector
A1+A2 Az 0 A1+C a+b—A2 0
b a b d e
¢ S
we obtain [taking into account the formulas (4. 3)]:
A1+A2 Az 0 A1+C a+b—A2 0

Ea1a2a2w a b d e
¢ f
A +A A 0 A+c+1 a+b-A,+1 0
d+ +1 1/2 1 2 A, . . \
- Z((a+b—(A +2)1()6(A lc+2)) Aj12eD(a, b, c)P a+1+i = b-i d+1 e+1
i€r 2 1 c+1 f+1
> [fatb=No-e)ld-a-bt Ay F1) WA‘ a0 Ayt Ay 0 Aj+¢ a+b-Ay—-1 0
- ~%21a, b, c)p a—-1-+3j b~j d .
JEJ((A1+A2"‘0-‘b+C+1)(a+b—A2)> 4 29y ] ,
5 (WMre-d)Byte-et]) e , Ay + Ay A, 0 Aj+c+1  a+b-A, O
- A% a, b, o) a+k bk d e
kEK((A1+A2—a-b+c)(1\1+c+1)> ] » - .

The representations belonging to the classes ?315(03 and %5’52 are thus completely constructed since the coefficients
A{®(a, b, c) are given by the formulas (5, 1) and (5. 2),
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APPENDIX B: THE “PATH-LABELS”

Let AcAbea complex semisimple subalgebra of a
semisimple Lie algebra. If A= /{GBL @/ _is a Cartan
decomposition of A, we know* there always exists a
Cartan decomposition A =4 ® /[, ® /. with /CH, [,C/,.
The Lie algebra A admits a direct sum decomposition
(actually an orthogonal one with respect to the Killing
form on 4),

A=B®A,
with [4,A]C A, [B,A]C B,

In the subalgebra / ,=B,®/, (B,=/ .N B) there al-
ways exists a basis {¥y,... , X, ¥1,...,Vn} @y €B,,
y;€/,) and an order relation {#) on the set of subspaces
{Cxy,...,Cxpy Cyy,. .., Cy,} such that 0« Cy; + Cx; and
[Cx,,Cx, pmax{Cx,,Cx,}

For each irreducible and finite dimensional represen-
tation D:A —~ End(V), we define the subspace

z={peV: D=0V x¢c/,}.

For allve Z, v#0, we associate the integers a, de-
fined by [D{x)’ =1]

D(x,)aip(xm)“m ..
D(x )P Dy vt e - -

* D(x")anv # O,
D(x,)m =0, (B1)
This correspondance

’U)_'(lli,...,a,,)
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is obviously a function
Z—{0} = Nx«+-xN.
Let S denote the range of this function.

The following proposition is a direct consequence of
the definition of the numbers a, and of the order relation

k.

Proposition1: ¥ 0sc<aq;,, ¥V c+1l<j<n,

1. D(x,)D(x{)c D(x )i+t Dx,)nv =0,

2, D(xi)cD(xhi)aht' . D(xn)a"v €z,

On NX...XN we consider the following order relation:
(ay,...,a,)= (by,...,b,) if the first nonzero a, - b;
starting from ¢ =1 is nonnegative. From this, there
exists an order preserving function g:S—{1,2,...,

v- 1’ V}- [If (aiy . ,an)a (bls L] bn)’ then g(a1, e ,an)
2g(bli e bn)]

Now define the following subspaces of Z:

Zy,={vez, D). Dlx,)nv e Zy),

,a")ES 7:=g(a1’-' ’an)and
Zy,=wez, Dx;w=0, 1<i<n},

(Z 4, is the one-dimensional subspace of the maximal
vectors of the representation D and Z,,=2Z.)

where (ay,...

It follows from the order relation on S that if = ¢/,
then Z (,, € Z;,***, Z admits therefore a filtration
Z4yCZ S+ C Z,; putting Z g, ={0}C Z;,, we have

Proposition 2: dim(Z ,/Z 4.q)) =1, 1si<v,

Proof: By definition of (ay,...,a,) there always exist
vectors ve Zy, and v € Z 4y, ({#0). X no two such
linearly independent vectors exist, the proposition is
proved. Suppose then that v, and v, are linearly indepen-
dent and vy, v, € Z;, but vy, v, & Z4.1,. We have

D@xyt-- - D{x, v #0 (€ Zy,),

D)1+ D(x, )rv,#0 (€ Z(y,).
Since dimZ;, =1, there must exist a number x# 0 such
that

D(x;)*t - - - Dlxa)*nvg =AD{x1)™ - « - D(x,) nvy.
Hence

D(xy)*t« - D{x,)*n(vy = av,) =0,

which means v, ~
= C’U1€B Z(i-i)'

vy € Z 4.1y and consequently Z,,

FIG. 3. Typical “path-labels.”
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FIG. 4. The “A, like hexagonal weights diagram” of the max-
imal weights of D.
Covollary:

1. v=dimZ,

2. Z is freely generated by S and consequently the
elements {a4,...,a,) constitute labels for a basis of Z.

2006 J. Math. Phys., Vol. 17, No. 11, November 1976

Definition (Bl) suggests the terminology used: The
vector v is sent onto Z(, by successive applications of
the operators D(x;) (1 <7 <n), performing a particular

“path” in Z. In cases when A is a regular subalgebra,
such a path can be visualized in the weight diagram of
A (Fig. 3).

This method, conjugated if necessary with the charac-
ter one (as in our theorem), gives a complete answer
to the labeling problem in many given cases and furnish-
es an effective algorithm allowing a constructing of a
basis on the space of the representations.
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Nonlinear response of equilibrium strongly coupled Fermi

fluids. I. Formal development
L. E. Reichl

Center for Statistical Mechanics and Thermodynamics, The University of Texas, Austin, Texas 78712

(Received 10 September 1975)

This is Paper I of a series of three papers in which a self-consistent propagator resummation of self-energy
effects in a strongly coupled Fermi fluid, in the presence of an external magnetic field, is performed. In the
present paper, an exact expression is obtained for the grand potential in the presence of an external
magnetic field which has a constant and a spatially varying part. The grand partition function and grand
potential are written in terms of antisymmetrized cluster expansions. The cluster functions are then
expanded in terms of a binary expansion. And, finally, an expression for the grand potential is obtained in
terms of the reaction matrix for two-body scattering and in a form suitable for the subsequent propagator

resummation.

1. INTRODUCTION

In the study of real fluids, both classical and quantum,
one is confronted with an interaction potential between
particles, of the Lennard—Jones type, in which there
is a very strong repulsive core and a short range at-
tractive region which may admit bound states. Con-
ventional perturbation theory is not able to cope with
either of these possibilities.

As is well known, the first successful treatment of
such systems was due to work by Ursell! and Mayerz'3
on the cluster expansion of thermodynamic properties
of classical systems. They were able to define the
clusters in terms of an effective interaction which re-
mains well behaved even for an infinite hard core. The
method was extended to quantum systems with Boltz-
mann statistics by Kahn and Uhlenbeck, ¢ and to
guantum systems with Bose—Einstein and Fermi—Dirac
statistics by Lee and Yang.® Lee and Yang were able to
perform a partial resummation of the quantum cluster
expansion and to discuss in some detail the properties
of dilute hard sphere Bose gases. The work begun by
Lee and Yang was continued by Mohling,® who per-
formed a self-consistent resummation of self-energy
effects in the quantum cluster expansions through in-
troduction of his A transformation. Tuttle’ has since
shown that the A transformation is equivalent to a gen-
eralized Hartree—Fock transformation,

In general, when one performs a quantum perturba-
tion or binary expansion of equilibrium or nonequilib-
rium quantities, the expansions are found to contain
self-energy structures. In diagrammatic language,
these are parts of a diagram which can be removed by
cutting two lines of the same momentum and energy.
They appear if momentum and energy is conserved
during an interaction or sequence of interactions. One
is usually interested in two limiting regions: First, the
thermodynamic limit (particle number and volume be-
come infinite in such a way that density remains con-
stant) because this allows one to neglect spurious terms
in (N°!), where N is the particle number; and, second,
the zero temperature limit for equilibrium quantities; or
the long time limit for nonequilibrium quantities.

In the thermodynamic limit each term (diagram) in
the expansion of a given equilibrium or nonequilibrium
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quantity remains well behaved, even if it contains a
self-energy structure. However, each term (diagram)
which contains self-energy structures will have a
“secular” (polynomial) dependence on inverse tempera-
ture (for an equilibrium quantity) or on time (for a
nonequilibrium quantity). These secular terms must be
resummed at low temperatures or after a long time, or
the expansions can become unbounded,

The Hartree—Fock type of resummation is just one
of several methods which exist for resumming self-
energy effects in quantum expansions. It has been ap-
plied to both equilibrium?® and nonequilibrium®® pertur-
bation expansions. Mohling’s work is the first in which
it has been applied systematically to a binary expan-
sion. However, the Hariree—Fock method suffers from
regularization problems. !! In the Hartree—Fock proce-
dure, one removes the secular terms by breaking apart
diagrams with self-energy structures and explicitly re-
moving that part of a diagram which has the secular
dependence, and placing it in an exponential. As a re-
sult, one is left with two pieces, neither of which is
well behaved in the thermodynamic limit, because of
uncompensated energy denominators which can go to
ZEero.

There is, however, another method for removing
self-energy structures which does not suffer from the
above difficulties. This is the so-called propagator or
Dyson renormalization of quantum field theory, '2
Propagator renormalization is accomplished by adding
together all terms with same basic topological struc-
ture, but different numbers and types of self-energy
structure, This leads to a single composite term with
resummed propagators. One never has to break apart a
diagram, and therefore is always working with well
behaved quantities.

Part of the purpose of this and two subsequent papers
is to explore the possibility of performing a propagator
resummation on the quantum binary expansion for
equilibrium systems. As we shall see, this is not com-~
pletely straightforward, because the binary expansion
lacks much of the symmetry that the perturbation ex-
pansion has. As a result the usual method of resumma-
tion (the Matsubara method) does not apply. However,
as we shall show in a subsequent paper, it is possible to

Copyright © 1976 American Institute of Physics 2007



introduce a self-consistent propagator resummation of
self-energy effects for the quantum binary expansion of
an equilibrium system.

In view of the recent discovery of superfluid phas-

esidit
The hard core of the He® atom plays a very important
role in determining which relative angular momentum
states will allow the formation of bound pairs in the

liquid, Therefore, one would like to have a theory
which can treat the hard core, and the attractive region
of the He® potential, in a consistent manner, At pres-
ent, one of the major tools for studying the phenomenol-
ogy of liquid He® is perturbation theory, but one must
assume that the potential used is some sort of effective
potential, and that objects described by the perturba-
tion expansion are quasiparticles, Microscopic infor-
mation about the scattering of quasiparticles is ob-
tained from studying the T matrix or reaction matrix
for scattering of He® atoms.

In this and subsequent papers, we will perhaps be
able to obtain a clearer understanding as to why pertur-
bation theories work as well as they do. Indeed we will
find that the most coherent part of the binary expan-
sion corresponds to precisely those terms we need to
Jescribe the phenomenology of liquid He? (spin and
density fluctuations) and that all quantities that appear
in the expansion can be directly calculated in terms of
the He® potential and are well behaved.

However, as the title indicates we are not solely in-
terested in obtaining a mathematically well behaved
microscopic theory of liquid He®. We are also interest-
ed in studying the way in which an external applied field
affects the thermodynamic properties of a hard sphere
quantum fluid, Normally, when studying the response of
such systems, one assumes that the external applied
field is small and, therefore, that one can neglect all
nonlinear terms in the external field relative to the
linear term, However, as well shall see, one must be
careful, especially when going past the linear regime.
In equilibrium systems the nonlinear terms can be ac-
companied by secular dependence on the inverse tem-
perature, Therefore, in the low temperature limit the
usual argument that nonlinear terms can be neglected
relative to the linear term must be modified,

In the present paper, we will be concerned primarily
with the derivation of an exact expression for the grand
potential of a strongly coupled Fermi fluid in the pres-
ence of an external magnetic field. Our expression will
be written in terms of the reaction matrix for two body
scattering in the fluid, and will be written in a form
suitable for our discussion, in subsequent papers, of
the magnetic response and the resummation of self-
energy effects,

We begin our discussion in Sec. II by deriving a
cluster expansion for the grand partition function of a
Fermi fluid in the presence of an external magnetic
field, and we define the resulting cluster operators in
terms of a binary expansion. In Sec. III, we write the
grand potential in terms of symmetrized cluster func-
tions and introduce a diagrammatic expansion in terms
of “dynamical” cluster functions. In Sec. IV, we write
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in liquid He®, such a study is certainly of interest.

the dynamical cluster functions in terms of a binary
expansion; and finally in Sec. V, we write the grand
potential in terms of a binary expansion.

The binary expansion differs from perturbation ex-
pansions in that each binary operator depends on two
temperatures rather than just one temperature as
would be the case for a perturbation expansion.
Furthermore, certain repeated interactions between
pairs of particles are forbidden. In Sec. VI, we write
an explicit expression for matrix elements of the binary
operator in terms of reaction matrices. We then find
that matrix elements of the binary operator break into
two parts, one part which looks very much like matrix
elements appearing in perturbation expansions but is
defined in terms of a reaction matrix, and another part,
also defined in terms of reaction matrices but with no
counterpart in perturbation theory. In Sec. VII, we
write a diagrammatic expansion for the grand potential
explicitly in terms of reaction matrices and discuss
some interesting features of this expansion. Finally in
Sec. VIII, we make some concluding remarks.

. CLUSTER EXPANSION OF THE GRAND
PARTITION FUNCTION

Let us consider a system of spin 3 fermions, with
magnetic moment u, which interact with one another
via a spherically symmetric potential V(Iry,i) (ry;
is the relative position between particles 7 and j). We
shall assume that V{ir,,!) is short ranged, with a
large repulsive core for small values of |r;;| and a
weak attractive region for larger values of [r;;l.

We shall apply an external magnetic field to this
system, of the form

HE)=(Hy +H,cos(y: 1))z,

The external field is directed in the z direction, but
consists of two parts; one part, #/; is constant and the
other part, /#/,cos(k,*r), oscillates in space. We shall
always assume that K, # 0,

(IL. 1)

The grand partition function for this system is

Z(B,g,//o,%/r)ngrNexp[— BHY + AH"), (IL 2)
where

HY'=H - gN - M{H,+ V" (1L 3)
and

AHY =~ [ drM®(x)H,cos(k - 1). (IL 4)

In Eq. (L. 2), Try denotes trace with respect to a com-
plete set of N-body states; and 8= (k5T)"!, where kjp is
Boltzmann’s constant and T is the absolute temperature.
In Eq. (I.3), Hj is the kinetic energy of the system

N B2
HY = 21 i (IL 5)

2m °
We have set Planck’s constant equal to 1, g is the
chemical potential, and V¥ is the interaction potential
energy

N(N21) /2
(I1. 6)

u=1
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[12 denotes a particular pair of particles and V,
=V(ir,1).] M} is the space independent magnetization
operator in the z direction which we shall write
N
M{=p 2 4. (@7
1=
In Eq. (I.7),  ; =+ 3 denotes eigenvalues of the z com-
ponent of spin for the ith particle. The spin of the ith
particle is é;= 30,, where 0; is the Pauli spin matrix,
In Eq. (IL. 4), M"(r) is the space dependent magnetiza-
tion operator
N
My =p 2 (| Dy, (. 8)
i=
where (Ir){r|); operates on the state of particle i only,
We may now write down the following expansion for the
operator exp[- B(HY' + AH¥)] which appears in the grand
partition function

exp[- BH" + aH™)
=exp(~ BHy YW"(8, 0)

F A [ g [ A exp(- BHL)
3

X WN(B’ A1)AI1N(7\1)I/VNO‘I; 7\2) Xe-e XAHN()‘n) WN(Km 0);

(IL 9)
where
AHY(\) = expWHY Y AHY exp(- AHY ) (. 10)
and
HY =HY - gN— MH,. (IL.11)

The operator W¥(x, A,) which appears in Eq. (IL 9) is
defined

W0, A0) = exp(AHY") exp[— (A = x)H"] exp(= X H;")

(IL.12)
and may be expanded in the following binary expansion:
Ndb/2
WN()\, XO)II + uZ/‘I ‘/)\odlik“(}\’ Ai)Mﬁ(}‘i’)‘(})y
(I, 13)
where
N(N1) /2 2
My, x) =1+ ? . flotdthp(M, A2)MY (Az, Xo).
PFUS

(L. 14)
The binary operator, R,(ry, 2;), which appears in Eqgs.
(II. 13) and (11, 14) is defined

0
R, (A, 0p) =~ N W () = = (ag, A) V. (0g).
(IL 15)

The definition of W*(xy, x,) is the same as that of

W”(Ai, A2) except that all N-body operators are replaced
by operators for the pair of particles u. For example,
if 1 denotes the pair of particles 1 and 2, p=(1,2),

W(i'Z)()\ixz) — eXp(MHéi'Z)') exp[— (7\1 _ 7\2)H(1'2>]

Xexp(~ AH{H D, (IL 18)
where
PR . S (( 8y +a)/ (L. 17)
O Tom am €T HU AT RN .
and
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HED =D+ V(e ). (IL. 18)
The quantity V() is defined
V,(0) = exp(\H* ")V, exp(= AH ), (IL. 19)

The binary operator R, (), );) satisfies a very im-
portant relation. If we make use of the transitivity of
W, (7, A9), integrate Eq. (II 15) with respect to 2,
and note that W,(x, x)=1, we obtain the following
identities:

Ry (g M) == W, 005, M) V()
== W, (g, 22) W (o, M)V (09)
=W, (x3, 2)R, (g, 1)
=[1+ [22R,ds R, (g, 9)]R0R,A). (L 20)

If we now substitute Egs. (O.13) and (I, 14) into Eq,
(IL. 9), and use the definition of AH" given in Egs. (IL 4)
and (IL. 8), we obtain an expansion for the N-body opera-
tor exp[- B(HY + AH")] in terms of the binary operator
R, (x, Ay) and the single-body operator

AH,(\) = exp(Hy ) AH; exp(- AHH), (I 21)
where

AH; =~ [dr pe(|r)(r|);H, cos(ky- 1) (IL. 22)
and

H =k 9m = g - 6 1, (IL 23)

The temperature integrations in the expansion may be
reordered so that all integrations range from O to the
temperature immediately to the left,

We can write a compact expression for all terms in
the expansion for exp[— B(H" + aH")] by introducing the
concept of a ladder diagram (the ladder diagram is a
generalized version of the X diagrams used by Lee and
Yang and by Mohling). It is convenient to remove first
the factors exp(— BH;") that appear in Eq. (IL 9). We
then obtain the following result:

exp(BH;") exp[— BHY + AH™)

_ s» (all different @th order N-particle

" & ladder diagrams). (L. 24)

To construct a Qth order N-particle ladder diagram,
first draw N vertical lines and label them from left to
right from 1 to N, At the top, draw a horizontal line
labeled 8, and below it draw & horizontal lines labeled
from Aq to Ao from top to bottom, X diagrams are com-
pleted by inserting X’s in boxes and circles on lines
according to the following rules:

(II. i) One and only one cross can occur between any
two horizontal lines, Crosses must connect neighboring
horizontal lines,

(I ii) Only one circle can occur on any horizontal
line. Circles are placed at the crossing of vertical and
horizontal lines.

(I iii) Two crosses cannot have two points in com-
mon; i, e., the structure

is forbidden.
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(I, iv) The bottom points of a cross may not rest on
the same horizontal line as a circle,

(IL v) If N, is the number of circles, then a Qth ovder
N-particle ladder diagram contains N, =@ — N, crosses
(N.Jr2 0) Nc’>/ 0)'

An algebraic expression may be associated with a
Qth ovder N-pavticle ladder diagvam according to the
following rules:

(IL. vi) With each cross associate the factor

Tt

Ak
= RU(xk) >k1)7

Ag

where i and j are the particle labels of the vertical
lines and A, and ), are the temperature labels of the
horizontal lines.

(IL. vii) With each circle, associate the factor
Cod
4 ’\k
’ =-— AH, (M)s
J A—l

where i, j, A, and A; have the same meaning as in
rule (II vi).

(IL vii) Order the algebraic expressions for the vari-
ous crosses and circles from left to right in the same
order that the crosses and circles appear when reading
a diagram from top to bottom.

(IL ix) Integrate over each temperature from 0 to the
next higher temperature (the temperature of the
horizontal line immediately above).

Some examples of four-particle laddev diagrams are
given in Fig. 1. Algebraic expressions for the various
diagrams in Fig. 1 are:

Fig. 1@)=1, (I, 25)
Flg ]_ b) f d)\lfo d)\g foxzdkg;
X Ry (B, M) AHy (A\g)Rg4(Aa, A3), (IL. 26)
. 8 A A
Fig. 1(c)=f0 dxy fohldxz fo 2d)‘lifo Pdny
X AHy(\)AHy (A) AH (x3)AHy (ny),  (IL27)

)=/ dn [ dn, J kg [,
X Ry (B, M) Rag (A, A2) Ry (A5 A3)R3g(Agy Ng).
(11, 28)
We notice that among the ladder diagrams defined
above, there are both connected and unconnected @th
order N-pavticle laddev diagvams, A Qth order con-
nected N-particle ladder diagram is one for which all
N vertical lines remain interconnected by X’s when the
(@ +1) horizontal lines are removed. In Fig. 1, Fig,
1(d) is the only example of a connected ladder diagram.
By using Eq. (II. 20) all unconnected ladder diagrams
may be summed to give products of connected ladder
diagrams (cf. Appendix A for an example). The opera-
tor exp(BH)) exp[- B(H" + aAH")] may then be written in
terms of cluster operators which are in turn defined in

Fig. 1(d
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terms of connected ladder diagrams. We thus obtain the
following result:

exp(BHy) exp[— BHY + aAHY)] = U, (8, 0), (IL. 29)
exp(BH} ) exp[— B(HY + AHP) | = UL, (B, 0)UL,, (8, 0)
+ U(I,Z)(B’ )1 (H- 30)

exp(BH} ) exp[— S(HY + AHY)]
Ulyy (B, 0) U, (8, 0) U5, (8, 0) + Uy, (B, 0) U, 3,(B, 0)
+ Uy, (8, O)Uu,a)(ﬁ 0) + Uly, (8, 0)U%4, 2, (8, 0)

+Ul,2,5(8,0). (IL. 31)
In Eqs. (II, 29)— (11, 31), U’i,-pm',l)(ﬁ, 0) is an ¢-particle
cluster operator depending on the coordinates of the
particular particles jy,...,j,. We write the cluster ex-
pansion of exp(B, HY') exp[- B(H" + AH")] schematically
as

exp(BH;") exp[- BHY + aAH™)

=N! E [1 (Q')yﬂ'}’z] [UQ(B, 0)]72

{YQ’
Coyp=N

(I1. 32)

where 7y, is the number of clusters containing ¢-particles
and the summation is performed over all possible com-
binations of ¢ and j, which satisfy the condition } 2y,
=N.

The cluster operators all commute with one another
and are defined in terms of @Qth order connected ladder
diagrams as follows:

©

5 (all different @th order connected

-2-1 {-particle ladder diagrams).
ot (IL 33)

Ut(s,0)=

The connected (-particle ladder diagvams are defined
and evaluated according to Rules (II, i)— (II, ix). It is
important to note that U*(8, 0) depends on an infinite
number of ladder diagrams

(c) ()
FIG. 1, Four-particle ladder diagrams.
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1‘.\343

- - —— = == ﬁ;
2 O S FIG. 2. Connected four-par-
ticle ladder diagram with un-
1--Y-—F--t% connected sequence of
crosses and circles between
1ot -0--12s A and Ag.
YN A==+ Ny
4-~¥~D -t Ay
B I R VAN W
1
vig,o=| + A+ T4
Ay

(11. 34)

From the discussion in Appendix A, it is clear that
by introducing the cluster operators, we have greatly
simplified the expression for the grand partition func-
tion, because we have been able to sum infinite num-
bers of unconnected ladder diagvams into simple prod-
ucts of connected ladder diagrams. The connected
ladder diagvams themselves can be simplified in a
similar manner, Let us consider, for example, the
connected four-pavticle ladder diagram in Fig, 2. The
region between 2, and A¢ corresponds to an unconnected
internal sequence of crosses. It can be shown that all
diagrams which have the same topological structure be-
tween B and X, and between X and Ag, but which have
disjoint chains of crosses between Ay and Ag, can be
summed into a single contracted diagram. The mathe-
matical procedure is similar to that involved in going
from unconnected diagrams to products of cluster
operators. As a result, we obtain the following defini-
tion of the cluster operators in terms of coniracted
connected ladder diagrams:

UA(8, 0) = > (all different connected contracted

¢-particle ladder diagrams). (II. 35)

Contracted ladder diagrams are constructed in the
same way as laddev diagrams except that rule (IL, i) is
replaced by

(IL. i’) One and only one cross can occur between any
two horizontal lines. The upper end of each cross must
either rest on the line A =3 or must connect to a higher
cross or circle.

An example of a connected contracted five-particle
diagvam is given in Fig. 3. The algebraic expression
corresponding to the diagram in Fig. 3 is

. 8 A Y by A
Fig. 3= dx [, dx, J; 2d7\3f0 Pang fy s
XRy3(B, \)Ry5(B, xo) AHy (A3)Ra3 (Ao X g) R3a (Mg, A5).
(IL, 36)
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I1l. GRAND POTENTIAL IN TERMS OF CLUSTER
ZERO DIAGRAMS

We now want to write an expression for the grand
potential, I'(8,g,4,#.). Once we do this we can, in
principle, find all interesting thermodynamic properties
of the system. We first must explicitly evaluate the
trace in Eq. (I 2). This will lead to an antisymmetrized
cluster expansion for the grand partition function which
we can then resume to obtain an antisymmetrized cluster
expansion for the grand potential.

Since we are dealing with a system of identical
fermions we must evaluate the trace with respect to a
complete set of antisymmetrized states. We shall let
the kets, ik&y,... ,kN>(S), denote a complete set of anti-
symmetrized momentum and spin eigenstates of H{,‘"
which can be written

R A 2 S LIPS (IL 1)
where 7, is the sum over all permutations of the quan-
tities k;, and ¢ =- 1 for Fermi—Dirac statistics (we
keep the factor ¢ because it allows us to keep track of
terms which result from exchange effects). Each
particle in the system is assigned a definite position in
a ket, the quantity %, which occurs in the jth position
gives the momentum and spin of the particle; i.e.,
k;=(k,, 4;). The ket Ik, ...,k is not normalized but
must be multiplied by a factor (N1)}/2,

The grand potential is related to the grand partition
function according to the expression

Z(B’g;/‘/O’Hr) = exp[— BP(B,g!/’/O:H'r”-

In terms of antisymmetrized kets, the grand partition
function can be written

(I11. 2)

Z(ngs/"/()afqr)

© 2

=2 (‘\%) 20 Uieyr - ky| expl~ BH" + AHY)
Nz H ki"'kN
ka‘r--kzv)(s)
o 1 SNW

“E).5, ool
xexp(BHy ) expl— BEHY + AHY) | ky <+ k)P,

(IIL, 3)
where
w;=kE/2m - g - wa,H,. (111 4)

In the second term of Eq. (IIL 3), one factor (N!)-!
comes from the normalization of the antisymmetrized

FIG. 3. Connected contracted
five-particle ladder diagram.
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kets. The other comes from the fact that the summation
overcounts momentum states and must be corrected by
a factor (N!1),

The matrix elements appearing in Eq. (III. 3) can be
written in terms of antisymmetrized cluster functions
as follows:

(y | exp(BHE) exp[- BHY + AHY)]|ky) = Ui(’,::) (I 5)
(ksky | exp(BHE ) exp[— BEHY + AHY)]| kiky
ot o) o
(Rikoks| exp(BHY) exp[~ BHY + AH®)] |kikoky O
“ufi)el)e) oo
cofe)e Goie) o) )
+ U§S)(Zi :: Z:), (T 7)
etc., where
Ui(:;> = Oy, + Ti(:;>, (IIL. 8)
o) =) ) i) o
5 et e) =) ) o)+ e ) )
+ eU1<k2>T2<:2 :3)+6U1<};;)T2<:z Zf)
et )Tan) o) (i)
o))+ (o))

Ryky ey

-+

T(kik2 r) (I11. 10)

etc., and where

Tki"'kﬂ ‘2<k---k|U2(B O)!k""k’>(8) (IIL 11)
{vo R} € Ny 2 ’ 1 2 . .

Equations (III, 5)—(IIL, 11) are quite easy to reproduce
simply by taking antisymmetrized matrix elements of
Egs. (IL 29)—(IL 31). The cluster functions U,* (1.
contain the effects of both statistical and “dynammal”
clustering. By introducing the functions Tg(Zi... i)

we have explicitly separated out “dynamical” clustering
effects. When the interaction between particles is
turned off, T,a(,’j}jjl’,jﬁ) is identically zero. However, we
notice that even when the interaction between particles
is zero, there still may be statistical clustering between
particles.

Now that we have introduced an antisymmetrized
cluster expansion for the grand partition function, we
may very easily write an expression for I'(g, 8,4, H,)
in terms of antisymmetrized cluster functions. The
procedure is identical to that used for classical sys-
tems. ® We obtain

2012 J. Math. Phys., Vol. 17, No. 11, November 1976

F(gyﬁ’l‘/o,ﬁr)
__1 1 3 of kuve ok
W_B%)MIE o eXp(_B;:lw) ()(k: k)

(101, 12)
It is useful at this point to write down a diagrammatic
expansion for I'(g, B, /4y, #,) in terms of the “dynamical”
cluster functions T,(;{.::{2). We therefore introduce
cluster 0 diagvams (these are also used by Mohling but
called primary 0 diagrams),

In terms of clusler 0 diagrams, the grand potential is
defined

F(gy 8’/7/0’7[/7')

=(-1/8)2, (all different cluster 0 diagrams).
(IIL 13)

A cluster 0 diagvam is a collection of T, vertices en-
tirely interconnected by directed lines. T, vertices
have { lines entering and { lines leaving, Cluster 0
diagvams may contain no broken lines (external lines),
and two cluster 0 diagrams differ if they have different
topological structure.

An algebraic expression may be assigned to a cluster
0 diagram according to the following rules:

(IIL i) Label each line from 1 to n, where n is the
number of lines, and assign to the jth line a spin and
momentum k,:(kj, ;)

(IL ii) To each T, vertex, assign a factor

(IIL. iii) To each directed line, assign a factor

_ = eexp(- pw])
kf_eyi_z_jl[e exp( B )] 1—eeXp( Bwi) ’

where &y =(k;,4,) is the momentum and spin of the line
and w}=k%/2m ~ g - pnd; /.

(0L iv) Assign to each diagram an overall factor
¢"8(1/S), where P is the number of permutations of
bottom line momenta with respect to top line momenta
in the product of the matrix elements T, (’;%:Zj’,jﬁ), and S
is the symmetry number of the diagram. The sym-
metry number is defined to be the number of permuta-
tions of labels of lines which leave the diagram topologi-
cally unchanged,

(II1. v) Sum over all momenta and spins,

In order to obtain the distribution function which ap-
pears in Rule (III. iii), we have summed over infinite
series of factors e exp(~ fw;) which appear when Eq.
(I, 8) is substituted into Eq. (1L 12).

Some examples of clustev 0 diagrams are given in
Fig. 4. Using Rules (III, i)—(III, v), we may associate
the following algebraic expressions with the diagrams
in Fig, 4:
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FIG. 4. Cluster 0-diagrams.

4
. _€ kiksk,
Fig. 4(2)="5 k1§k4[fﬂ (eV,)] (k)T3<k2k k) (IIL, 14)
Fi 4(1:))—gf 2 {I'I(eu )]T(k3)T (kz>
S A R P Ny ) 1
kokiky (k4k5ks (/:?1 ks)
><7‘3(}347"'5 ks Ts kg ey kg T 10ke/” (. 18)

IV. DYNAMICAL CLUSTER FUNCTIONS

Ultimately, we wish to obtain an expression for the
grand potential in terms of quantities we can calculate
given the microscopic properties of the constituent
particles in the system. Therefore, it is useful to ex-

pand the grand potential in terms of two-body operators,

since the two body problem can usually be solved by
one means or another,

We shall begin by first expanding the “dynamical”
cluster functions T,(%1:::%) in terms of matrix elements
of the binary operators, R »(422) and the magnetic po-
tential energy terms AH,()\). To evaluate T,G1:1}),
we insert Eq. (IL 35) into Eq. (I 11) and then insert a
complete set of unsymmetrized states between each
binary operator and potential energy operator in the
resulting expansion, {We must insert unsymmetrized
states because the condition that no two neighboring
binary operators can depend on the same pair of parti-
cles [cf. Egs. (II.13)—(II. 14)] destroys the symmetry
properties of internal states of a cluster. However
each cluster as a whole remains invariant under inter-

change of particles. } In this way we obtain an expansion

for T, (,’;1 ,,2) in terms of unsymmetrized matrix ele~
ments of the binary operator and the magnetic potential
energy operator. The matrix elements of the binary
operators may be antisymmetrized by adding together
various terms in the expression for Tz(ﬁ'}:::z{) (cf. Ref.
15, p. 1050). As a result, we obtain the following ex-
pression for the dynamical cluster functions:

foys o ky
Ti<k1'°..k£)

QZ) (all different connected @-vertex ¢ diagrams),

(v.1)

A connected Q-vertex { diagram is collection of @ R-
vertices and AH vertices ordered from left to right and
completely connected by internal wavy lines (wavy
lines must begin and end at vertices and cannot be

broken)., Each £ diagram has £ external solid lines enter-

ing and ¢ external solid lines leaving, All lines, both
wavy and solid, are directed to the left. Each R vertex

2013 J. Math. Phys., Vol. 17, No. 11, November 1976

has two lines entering and two lines leaving. Each AH
vertex has one line entering and one line leaving. No
wavy line double bonds may appear (two vertices can-
not be joined by more than one wavy line). Two connect-
ed Q-vertex £ diagrams differ if they have different
topological structure or if they have the same topologi-
cal structure but the labeling of external lines differs
and the temperature labeling of the R matrices differs,

We may assign an algebraic expression to a connect-
ed Q-vertex { diagvam according to the following rules:

(IvV. i) Label all the lines (solid and wavy) from 1 to
n, where n is the number of lines (2¢ lines will be
solid and »n — 2¢ lines will be wavy), and assign to the

Jjth line a spin and momentum &, = (k;, 4;).

(IV. ii) Label the vertices from left to right from
Ay to Ag.
(IV. iii) With each R vertex, associate a factor
Ay Ay

\M‘f
1R\
A —e(xs—xz)e(xz-x,)zz(k k2> if >,
/ AN

™
,;‘i 3 4

\
:Yr =6(B= 1)y~ M)R(k }IZ ) ?
iy
! 2
:’\l/ =6 ki
A =0(8~- M)R ))‘

1T R
'3 \Y4

In the above vertices, the dotted lines may be either

solid or wavy. The matrix element R(kgkfi)i2 is defined

By kg
R(k‘k ) =(Riky | R, Ay) | Rk .

The quantity 8(x) is the Heaviside function and is de-
fined 6(x)=1 for x>0 and 6(x)=0 for x <0, The tem-
peratures A3 and ), are the temperatures of the vertices
to which the outgoing lines attach,

(Iv. iv) With each AH vertex, associate a factor

A,
1
k
M ZAH(,;) 80y = 1),
T 2y
~
]
By
MG —AH(kg) 6(8— ),

where the dotted lines may be either solid or wavy,
and the matrix element AH(:%)H is defined
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FIG. 3. Four-vertex three-diagram.

“"@H = (= 1) | A [y expl o] - wh)].

(IV. v) Multiply by an overall factor ¢”2**a#, where
N,y is the number of magnetic potential energy vertices
in the diagram and Pjy is the number of permutations of
bottom line momenta with respect to top line momenta
in the product of the matrix elements R(Zéﬁi){'ﬁ and
AHGD, .

(IV. vi) Integrate over each temperature from 0 to
and sum over all internal momenta and spins.

By introducing Heaviside functions into the expres-
sions for the binary and potential vertices, we have
been able to simplify the limits of integration. This will
prove useful later. We have also summed over certain
classes of diagrams in doing this. The factor ¢"5**a#
comes from the fact that when complete sets of states
are inserted between operators in the expression for
(Ry<+ky|Uy|ky«--k,) the number of permutations of
bottom row momenta with respect to top row momenta
in the matrix elements R(}f2)}? and AH(Y),, is o
The resulting factor ¢* cancels the factor ¢ in Eq.

(II1. 11). In Fig. 5, we give an example of a connected
four-vertex thvee diagvam. The algebraic expression
corresponding to the diagram in Fig. 5 is

- B )
Fig. 5=¢ 2 jo jo dng e dyy
kyr k7

Ryk\® _ (kR \M k ko R\
XR( 1 2) R<5 3) AH< 4) R< 7 G)

kaks)h \egks )y, \Ri/ng \Riko/y,
KO(B= )0y = 2)B(B— 29)

KONy~ R3) (g = A3) (A5 — Ay). (IV. 2)

Let us note that if we draw Fig. 5 so that the AH vertex
appears to the left of the middle R vertex, we obtain a
different diagram.

V. GRAND POTENTIAL IN TERMS OF BINARY
0 DIAGRAMS

We shall now combine the results of Secs. IV and V,
and obtain an expression for the grand potential in
terms of matrix elements of the two-body operators
R, (3, A9) and magnetic potential energy operators,
AH;(A), We can then use the results of scattering theory
to investigate the properties of the grand potential.

To obtain the desired expression for I'(8,¢g,/q,4,),
we must insert Eq, (IV.1) into Eq. (I, 13). We then ob-
tain the following definition:

F(B,g’,ﬁo;/‘/r)

s

(all different @th order binary 0 diagrams).
v.1)

w b=
P
n
kR
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A Qth order binary 0 diagrvam is a collection of § R-
vertices and AH vertices completely connected by solid
and wavy lines. R vertices have two lines entering and
two lines leaving and AH vertices have one line entering
and one line leaving. Wavy lines can only be directed
to the left. Solid lines can be directed to the left and right.
No wavy line double bonds can be formed, Two binary 0
diagvams differ if they have different topological struc-
ture, or if they have the same topological structure but
different line types and temperature labeling of R
vertices,

An algebraic expression may be associated with a
Qth order binany 0 diagvam according to the following
rules:

(V.1i) Label all lines from 1 to n, where #n is the num-
ber of lines, and assign to the jth line a momentum and
spin k; = (K;,d;).

(V.1ii) Label vertices from left to right from x; to xo.

(V. iii) With each R vertex associate a factor ac-
cording to Rule (IV.iii).

(V.iv) With each AH vertex associate a factor ac-
cording to Rule (IV.iv).

(V.v) Associate with each solid line a factor

— — 3 _ nin EEXE(— Bwi)
k1 =€V = ;'7;/‘1 [6 exp( Bwi)] T 1- € exp(__ Bw{)

’

where ky=(k;,4, ) is the momentum and spin of the line.

(V. vi) Multiply the entire expression by a factor
ePBc*anS ! [ef. Rules (IIL. iv) and (V. v)].

(V. vii) Integrate over the temperatures Ay,...,Aq
from 0 to 8, and sum over all momenta and spins.

Some examples of binary 0 diagrvams are displayed in
Fig, 6. Algebraic expressions for the diagrams in Fig,
6 are given below:

. 5 - B - 8
Fig. 6(a)=¢ kian,kﬁ Jo oo [y
XO(B— A1)8(A = X)6(0hg — A5)

B8
X 6(6 A4)(€V1)(evz)(eVs)(evg)R<k1 k?)
Riks i,

(v.2)

2 R, R\ 2 k
XAH( 3) R( 4 5) AH( G> ,
Rifrng \Rakely  \Rs/y,
1
a . OF
(@C} ,”‘:;
Y a A A
(a) 1 : 3 A (b} ;\1 Pz A; ?\4
5

1
S

Ay As A3 Aq
()
FIG. 6. Four-vertex binary 0-diagrams,
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Fig. 6(b)=¢' k1z>'k7 jo jo drg+ -+ day

XO(B=1)0(A1 = X2)6(B=xp)
X 6(B= A levy) €vy)levy) (evs)eve) vy)

i) ekl k) oo

fOBdM .

X 0(B— x3)0(Ay = X9)8(Ag = Ag) V1) evy) (evy)

kR
o) s ),
kak\*2
xR{73 5) .
<k4k7 Ay
Vi. MATRIX ELEMENTS OF THE BINARY OPERATOR

We now wish to find an explicit expression for
R(,,i‘*'b’)"1 in terms of the reaction matrix. If we take
matrlx elements of Eq. (II. 15), we obtain

By ky 2 ¢1k2> 1
S ,
<k3k4> Ohy  \egky/y,

where )

and

Fig. 6(c)=¢" 2 [ - ~dAB(B = 21,)0(8 - )
RN

(V.4)

(VL 1)

B, b\ M
W<k; ki)x = ol 455 k2’42] W, 22) ’kS"‘.'i; Ky, 8400
i (VL 2)

and W(xy, 2y) is defined in Eq. (II. 16). Because we have
a spherically symmetric interaction, the total z com-
ponent of spin is not changed in the collision process
and therefore cancels out of Eq. (VI 2). We then obtain

the following expression for W(kl’;i M

=l + 22)] e - 52
W skirg P Mg T 2m/] P m  2m

X o(Ky6y1; Kody | exp[— (g = Xo) H] | Kydg; ky 4y )5
(VL 3)

If we now insert a complete set of antisymmetrized
eigenstates of H?,

19=1 2 [ [ diydig|Keas; Keae i XIsas; kea g,
“4's

(VL 4)
into Eq. (VL 3). [In Eq. (VL 4) we assume that H* does
not admit bound states. If it does they can be added (cf.
Appendix B). Note also that one factor z comes from
normalization of the wavefunctions and another comes
from the fact that the momentum integrations overcount
the momentum states. | We then obtain

By ko \M A
W(/:i k2> =5(Kp-K 34){C2(k12)0<k12; 81,69 Kyy; B3, 6400 + mC? (k,,) exp(— i(k?m - k%z)) Nkyy; o1, 82| A Ky 5, 4400
374/ xy

1 9 A o0 2 (s) i
+ A - . A 4 ) =]
P(k%z — k23 > mC (k34) e}(p( m (k34 k12)> 0 <k1z, é1,d I | Kyy; 3’d4>0 k?§4 _ k%z)

4

A
n é?s ks CH (K 56) exp(;ni (k-

1
X $X(ksg; s, 46 A |kyy; 85,4400 P (kz 7 >P<k

k%e)) eXP(" =L (ks - kss)) olkip; d1, o |A|k56: d5,86)"

We can simplify Eq. (VL 5) to some extent. From Appendix B, we note that

C(Kyp)o(Kag; b3, 44| Ki; 85,82 ) =(dg, 4] LZ,;,, Vo, m(K3 )V m(Kyy)

and

C iy )o(ag; o3, 84| A [y 41,0500 =(53, d| gg‘n Ve, m(Kyg) V2, m (

Furthermore we note that the principal part satisfies the relation

A3 =2 [AY)- 2(3)] + oo,

1
L )} (VL 5)
56~ R34
COS[&z(ku)](k12 — Ry) | 61,42) (VL 6)
Riakay
kip) 2 Qﬁ[ﬁi—ki—z_l (Ragl | Alkpa) [a14,). (VL.7)
(VL 8)

If we use Eq. (B20), and assume that (0¢ ]k;z),, =0 (when this is not true we can simply add another term onto the

equations below), we obtain, after some algebra,

LAY A 1
W(k;kZ)x =0(Ky —k34;){0(k12§41‘2 |5 8394)7°) + mCP (kyy) exp (‘ L (k3 — k%2)> Yhera; drcta | A kyy; d3dy)q P(W)
2

127 k34

2 1 1 )
+mC? (k) exp(— ;;1 (k34— k%z)) o(kig; 41,82 | A [Kyg; o3, a5 [ (k — R > 27742(;2———7—)‘:% fdk%

Y]
X C¥lts4 )exp[ (Bl -k 4)]exp[ (k34 - k%s)] o (ks 8102 | A K g5 5 )¢ “Nhase; o5, dg | A yy; o5, d4)g

o) Pl
x|p -p .
[(kgs—k%z kg — k34

(VL 9)

We now can obtain an expression for R(ki"2)§1 by differentiating with respect to »,. We find
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By ko \M X m
R(k; ki)xz =6(K3—K 34){— C¥(Ryy) “WKyg; oy, dz | Al kyy; o5,d4)¢ exp(-— ;2 (k3 — k%z))"’ ) ‘SZ‘;S dksg

2 2
5 (k5 — ki) M g2 2 A2 g2 (s)
xC (k56)(k%2—-k%4) expl (kyy — k) ) exp{ ~ " (34— R3g) ) o(layy; a1z | A | kg 055 )0°

\ 1 1
x (S())<kss;d546 ‘A|k34;“3“4>0 [P(kz ) )- P(kz ~ k2> ] } (VI.10)
56 ~ <12 B¢ ~ R34
Equation (V1. 10) can be simplified further. If we use Eq. (VI.8) we may show that
s G AR G R e
P - P = P —— .
(kia— k3 L \kds - #la ks — kg Ky — kg (VL. 11)

Combining Egs. (VL 10) and (V1. 11), we finally obtain the following expression for matrix elements of the binary
operator:

by by \M A m
R( 1k2) =-0(Kyp~ K34){C2(k12)0<k12;“1“2!A|k34343“4>(§3) exp(- =2 (k}, - k%2)> +5 2| dksClksy)
37v4 m 2 dgdg

A9
M A 1
Xexp(;;; (R, ~ k§4)> exp <— 7—; (k3 - k%e)) P(m) o(Kya; &1y | A |Ksg; 85500 o (s; dsg | A | Kyy; o, 44)55)}-

(VL 12)

For the purposes of the subsequent discussion, it is convenient to reintroduce center of mass coordinates into Eq.
(VL. 12), We then obtain

kykp\M
R(,e: ki))‘ == [Cz(ku)o(ki, ky|Alky, k) exp[- nplwy + wy = wy— wy)|+ 3 k52k C? (Kyg) exp[ g (wy + wy = w5 = wg)]
2 » R

1
Xexp[- Ay(wy + @y - w5 - we)]P< "“) o(Biky | A |Fskg)s® o(Rske| A |k3k4>(§5)],

RN (VL.13)

where w; =k%/2m,

There are some features in the expression for R(’;gﬁi)i‘é which are interesting to point out. The first term on the
right-hand side of Eq. (VL 13) depends only on one temperature, while the second term depends on two tempera-
tures. The first term has the structure of a vertex we would encounter in perturbation theory. Indeed, if we relax
the restriction on wiggly line double bonds, replace C2(k;y)o{kiky 1A Rk, S by ((kiky i VIksk, ) in the first term on
the right-hand side of Eq. (VI 13), and set the second term in Eq. (VL 13) equal to zero, we obtain the perturba-
tion expansion of the grand potential. Because of this similarity, we expect that some terms in the strong coupling

expansion of I'(8, g,#4,#,) will have the same structure as some terms in the perturbation expansion of

F(B9gs/7/0,7qr)-

In fact, as we shall see, the terms which perturbation theorists use to describe density and spin

fluctuations in He®, also appear in the strong coupling expansion.

VH. GRAND POTENTIAL IN TERMS OF THE
REACTION MATRIX

We now wish to expand the grand potential in a form
which shows explicitly the structure of the temperature
dependence of each term, We therefore must take into
account, explicitly, the structure of the matrix elements
R(,’:%’,:gl)g and AH(’%)H,

As we have pointed out in Sec. VI, the matrix element
RGN breaks into terms with quite different tempera-
ture dependences. We therefore will represent each of
these terms by separate vertices. In Rules (IV. iii) and
(Iv.iv), we associated Heaviside functions, which re-
flected the temperature ordering of various vertices,
with the vertices themselves. Now, in order to be able
to treat the solid and wavy lines on an equal basis, we
shall instead associaie the Heaviside functions with the
lines. Eventually, we will want to add together diagrams
with the same topological structure but which differ in
their line types.

We can obtain an expression for I'(3,g,4,4,), in
which temperature dependences of solid and wavy lines
are treated in an identical manner, if we expand the
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Heaviside functions in the expressions for the binary 0
diagrams using the identity

B(B—21)8(B= rg) = 0(B=2q)0(A; ~ Xg) + B(B= 23)6 (2 = ).
(VIL. 1)

As a result of doing this, each binary 0 diagram will
yield one or more diagrams in which the vertices are
ordered with respect to one another in a well-defined
way. [Notice that in Fig. 6(b), for example, the vertices
with temperatures a5 and A4 have no definite order with
respect to the other two vertices. ] We shall not expand
the binary 0 diagrams completely, however, We shall
only expand them until we obtain all diagrams which
cannot be deformed into one another without changing

the direction of at least one solid line.

The AH vertices will also separate into two parts.
The AH vertices are inhomogeneous vertices. That is,
they do not conserve the momentum of the lines enter-
ing and leaving the vertex, This can be made explicit
if we expand the cosine in Eq. (IL.1) in terms of ex-
ponentials; cosky * r=z[exp(ik,  r) + exp(- ik, - r}]. Then
the AH vertices can be written as a sum of two terms;
one of which increases the momentum of the incoming

L.E. Reichl 2016



line by a factor k;, and the other which decreases it
by a factor k.

If we carry out the above changes, we obtain the
following expression for I'(8, g,/ ,H,):

F(B,g’HO,Hr)
1

= 20 (all different Qth order A-matrix 0 diagrams).

P a0 (VIL 2)

A Qth order, A-matrix 0 diagram is a collection of @
A-vertices, D vertices, and AH vertices ordered from
left to right and completely connected by solid and wavy
lines. A vertices and D vertices (D stands for “double”)
each have two lines entering and two lines leaving, AH

vertices have only one line entering and one line leaving.

Wavy lines must be directed to the left, while solid
lines may be directed either to the left or right. D
vertices with two solid lines must be placed so that
solid lines are directed to the right. No wavy line
double bonds may appear except internally in the D
vertices. Two @th order A-matrix 0 diagrams differ if
they have different topological structure; or if they have
the same topological structure but the lines are of dif-
ferent types or directions, or the D vertices have dif-
ferent temperature labeling,

Algebraic expressions can be associated with the @th
order A-malvix 0 diagvams according to the following
rules:

(VIL ii) Label each line from 1 to n, where » is the
number of lines, and associate with the jth line a
momentum and spin &; = (k;, 4,).

(VIL ii) Label the vertices from left to right from
to Ag. (A vertices and AH vertices require only one
label, but D vertices require two labels. One tempera-
ture label of a D vertex is determined by its horizontal
position in the diagram, The other is determined by
the type of lines that leave it and the temperature of the
vertices to which they attach [¢f. Rule (VIL v)].

(V1L iii) With each A vertex associate a factor

AN ,'2
L | Bk

N W =) = Cllaeik 4 ek
’ ~ 4

,':‘3 P\\q

where the dotted lines can be either wavy or solid
lines.

(VIL iv) With each AH vertex, associate a factor

1 a 2
where
b
Y @ =+%d1f/,6,",26(k1— K, - k)
A2
and .
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]
A é =+ E'zJUL/qu,‘za(kl -k + k),

|

where the dotted lines may be either solid or wavy.

(VIL. v) To each D vertex assign temperature labels
according to the following conventions:

3
LR Y P
A ,L';
A3 6 ATXH Lo S Y A
)\3 ‘A1> %3 7\3 X3> A}_

In the above vertices, the right-most temperatures are
assigned according to Rule (VI ii). The left-most tem-
peratures are assigned according to the nature of the
outgoing lines and the temperature of the vertices to
which they attach., For a D vertex with two outgoing
solid lines, the left-most temperature is 8. For D
vertices with one outgoing wavy line the temperature of
the left-most vertex is that of the vertex to which the
wavy line attaches. For D vertices with two outgoing
wavy lines which attach to vertices with temperatures
Ag and A3, the temperature of the left-most vertex can
be either x, or A3. In general, both possibilities occur
and lead to different expressions.

To each of the above D vertices assign a factor

kyky
D| kskg J= = C*(Rog)olkika | A [ Rykg)o® o(Rske | A Rk )™
kyky

1
XP|—————F—
(wé+wé-w{-wé

The factor 3 in Eq. (VI 13) is now contained in the
symmetry factor S™! of Rule (VIL ix).

(VIL vi) With each left directed line, associate a
factor
® - <---@ =00 =) expl~ (g~ 1)wi],
}‘1. A|

and with each right directed line associate a factor

k,
@—>—@ =001, 1) exp[(hg = Awi],
Ao A,
where w{=Fk}/2m — g — L& /,. The dotted lines may be
either solid or wavy.

(VIL vii) To each A vertex or AH vertex with no lines
leaving or entering on the left, assign a factor 8(8- a,),
where ), is the temperature of the vertex. To each A
vertex, AH vertex, or D vertex with no lines leaving or
entering on the right, assign a factor 6(x4), where 1 is
the temperature of the vertex,
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(c)

(e)
FIG, 7. A-matrix O-diagrams.

(VIL vii) Associate with each solid line, a distribu-
tion function

ky=(evy) =€ exp(~ Bwi)/[1 - e exp(- Bw{)].

(VIL ix) Multiply the entire expression by a factor
ePae¥auSt | where S is the symmetry number of the
diagram, N,y is the number of AH vertices in the
diagram and Pjp is the number of permutations of top
line momenta with respect to bottom line momenta in
the Eroduct of the matrix elements A(1f2), AH(I), and

D@M e

(VIL x) Sum over all momenta and spins. Integrate
over all temperatures from — < to e,

To obtain the energies w{ in Rule (VIL, vi), rather
than just kinetic energies, we have added back the mag-
netic field terms and chemical potential terms which
cancelled in Sec. VI It is important to note that wavy
line double bonds occur internally in the D vertices but
cannot occur between D vertices and A vertices. In Fig.
7, we give some examples of A-matrix 0 diagrams. We
note that the diagrams in Fig. 7(a) and 7(b) are not
identical because of the way the left- most temperature
of the D vertex is assigned, Furthermore, the diagrams
in Fig, 7(c) and 7(d) are not identical because one of the
solid lines is directed differently, Algebraic expres-
sions for the diagrams in Figs. 7(e) and 7(f) are given
below:

Fig. 7e)=(/4) T [+ S ang-
1°°°k11 -

X (ev ) evs)€vy) €v11)0(B— Ag)8(B~ 1) 0(ny — 1y)
XO(B=2g)0(g ~ A3) 00— ) 0(Ny)

xexp| (8- Awiy] expl[~ (8- A (s + wp)]

X3)0(ng -

xexp[~ (A = A} (Wi + w?)] exp[ (A — Ag)w}]
x expl~ ( "a rwh) expl- (A — ag){wip = wh)]
X exp[ (8- rg)wi]
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xD :1%1 D ]1:5:9 k2\a(*sk10
3Ry ¢Rq AH+k g )]s (VIL3)
kskyy ko kg t i

jw . f_:dM"'
X (€V4)(6V5)<€Ve)(€V7)(€V3)9(7\1 = 22)8( — X3)
X O(xg~ A)O(B= 1) - 150 (B~ A5)8(B—Xy)

X 8(15)0(ng)6(8 - 1y) exp[— (\y — ) (wh+ w})]
xexp[ (B~ r)wi] exp[— (A, —

dxs €V, )eva)evy)

Ag)wi]

xexp[~ (A= Awi] exp[(B- x)wi]
xexp[— (8~ x5)(wj + wip)] exp[— (5= A (W] + w))]
ks k
kyky\ Bk, ,ks) k, 5 %8
A o 5.
172
(VI 4)

We shall now find it useful to distinguish between three
different types of A-matvix 0 diagrams:

Definition (VIL a) Type I A-matrix 0 diagrams con-
tain no double bonds or D vertices.

Definition (VIL b) Type II A matrix 0 diagrams con-
tain at least one solid line or mixed line double bond
but no D vertices.

Definition (VIL ¢) Type III A-matrix 0 diagrams con-
tain at least one D vertex,

As we shall see in a subsequent paper, Type I A-
matrix 0 diagrams can be added together to obtain
diagrams analogous to perturbation theory diagrams
with similar structure. Type II A-matrix 0 diagrams
are unsymmetric in that for each diagram with a solid
line or mixed line double bond there is no diagram
with similar topological structure, but a wavy line dou-
ble bond in place of the solid line or mixed line double
bond. Therefore, Type II A-matrix 0 diagrams cannot
be added together to yield diagrams with an analog in
perturbation theory. Type III A-matrix 0 diagrams
obviously have no analog in perturbation theory.

Vill. CONCLUSION

In the previous sections, we obtained an expression
for the grand potential, I'(8,g,4,,/,), of a strongly
coupled Fermi fluid, in which the two-body interactions
were described solely in terms of the reaction matrix,
(kyky | Alkgk,)®; and the “propagation” of each particle
between interactions was described in terms of a
“propagator” of the form 6()) exp(x Aw’). In addition, we
have included in our expressions the effect of an ex-
ternal spatially varying magnetic field in an exact way.
The expressions we have obtained are well behaved even
for particles with an infinite hard core,

As we have seen, the quanfum binary expansion con-
tains much more structure and much less symmetry
than the quantum perturbation expansion. One reason is
the exclusion of wavy line double bonds from the binary
expansion. The exclusion of wavy line double bonds,
and the inclusion of mixed line or solid line double
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bonds can be understood physically. When two particles
with hard cores undergo a collision, they cannot re-
collide unless they first undergo an intermediate colli-
sion with a third particle in the medium, The exclusion
of wavy line double bonds is then a dynamical effect
which occurs both in the classical and quantum binary
expansion. However, for a system of identical particles
with degenerate wavefunctions, there can be an ex-
change between one or both of the particles and particles
in the medium. When this occurs an apparent recolli-
sion becomes possible, as seen from the appearance

of mixed line or solid double bonds. However, it is
purely a quantum mechanical effect.

Perhaps the most striking feature about the A-
matvix 0 diagrams is that they contain a subclass of
diagrams which are highly symmetric (the Type I
diagrams) and which have analogs in perturbation the-
ory. As we shall see in a subsequent paper, a subset
of the Type I diagrams contain all the terms necessary
to describe spin and density fluctuations in liquid He®,
These terms are easily resummed and give a highly co-
herent contribution to the thermodynamic properties of
a strongly coupled Fermi fluid.

APPENDIX A

We wish to show, by means of an example, how
Eq. (IL 20) can be used to obtain a product of connected
ladder diagrams by summing over an infinite number of
unconnected ladder diagrams. We shall do this by con-
sidering the inverse problem. We shall take a given
product of connected ladder diagrams and show that it
yields an infinite number of unconnected ladder dia-
grams with well-defined topological structure. Consid-
er the following product to two-particle connected
ladder diagrams:

- B8 -3 - 8

= Jy A Jy g AN Ry (B, M) AHy (o) Ry (B, 1))
’, ,

=Jy A [ dhg [N AN Ryp (B, A) AHy (%) Ry (8, A])

8 X 0

+ [, dxg fy [ dng Rip(B, M)Ryy(B, M) AH, ()
8 x4 2

+ fo dM f dx [ ddg Rag(8, MRz (8, 1) AH, ().

(A1)
To obtain the last part of Eq. (Al), we have split the
integration over )\{ into three parts and have made a
simple change in the order of integration. Furthermore,
we have used the fact that R,; and AH, commute with
Ry,

Let us consider one of the integrals in Eq. (Al) and
use Eq. (IL 20). We wish to obtain an expansion for
(A1) in terms of products of binary operators whose
temperatures are ordered from right to left from 0 to
B. Clearly the pair functions in Eq. (Al) are not in that
form. I we use Eq. (IL 20) the first integral on the rhs
of Eq. (Al) can be written

X "
foﬂdli fo tdny fgkz dn] Rig(B, M) AHy (\g)R34(B, A{)
8 A
= Jy an Jy g [ AN Rig (8, 1) Ay ()
B
X1 +f12 ds Rgy(8, $)|R34(xg, M)
= [Pan [ Mar, [an R AH,(\)R :
=4, @)y Axg Jy T dX] Ra (8, A AHy (M) R4 (Mg, 1D)
B n
+f0 ds fosdhi foli d}‘2 ‘/0)\2 dMRSAJ(B,s)RQ(B, 7\1)
X AHy (M) R340, 1)
N A ‘l
“’fOBdMIO 1d5fosd7\2 JO AN Rya(B, 2)Ryy (8, 5)

X AHy (Ap)R34(Rg, A). (A2)

Let us consider integrals of the following type:

Sihang [ dna R (8, 1) Ry (8, 2)

:foﬁdkt fgli dxy Ryp(B, Ap)[1 + ]: ds Ryy(B, $)Rg4(y, As)

= f ax fohi dxa Rz (By M)Ryq(ry, A2)
+Jy ds ST dn [ dng Ray(B, $)R12 (8, A)Rys(hy, Ag)

= foﬂ dxy foxl dxy Ryp (B, M)R3(Aq, A2)
* fos dsy f, dny [y dhg Rog(8, 3R (S1, ARy, Ag)
+ foﬁ s, fosz dsy fosi an foll dxg Ry3(B, $9)Rgy(s2, 54)
XRyz(S1, MIR3(Ag, 20) ++ 0 (A3)

To obtain the rhs of Eq. (A3), we have repeatedly

FIG. 8. Decomposition of a product of two-particle connected ladder diagrams into an infinite number of unconnected four-par-

ticle ladder diagrams,
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applied Eq. (I. 20). If we now combine Egs. (Al), (A2),
and (A3), we see that the product of three-particle
connected ladder diagrams in Eq. (Al) can be written
as an infinite sum of unconnected four-particle ladder
diagrams. In Fig, 8, we display some of them. Note
that the circle can only appear on the bottom line or
with a single (34) cross below it.

APPENDIX B: TWO=-BODY EIGENSTATES

In this appendix we wish to outline relevant proper-
ties of the eigenstates of the two-body Hamiltonian,
The two-body Hamiltonian may be written in the form:

2
LT

2 __
H= 2m  2m

Ly ki, kD
(lrlzl):m*_ﬁ + V(lrn‘)’

(B1)
where Kjy =Kk, +Kk, is the center of mass momentum and
k,, =3(k - k,) is the relative momentum. The Hamil-
tonian separates into a part which describes free cen-
ter of mass motion and the relative motion.

Because we are considering identical fermions,
eigenstates of both H2 and H? must be antisymmetric
under exchange of particles, Eigenstates of Hﬁ may be
written

Ikeo13K08 08 = [Ky, 15Ky, 8200 +€ | KadosKyd 1Yo, (B2)

and eigenstates of H* may be written
[k (3 ke,
:C(k12){]k1“15k242>(§5)+ 4% [[ dks dig

1
X |Ks, 8 55kg,4 ) éS’P(m)

X oKt sk g, ¢ |A [k 8138065 (B3)

{cf. Ref. 18, Secs. 4.3—4.5). In Eq. (B3) we have
written standing wave eigenstates of H?. The matrix
element ((k;, d5;K 6,45 14 |Kyay;K49) is the reaction
matrix and P denotes principal part. The normalization
constant, C(k{;), only appears for standing wave states.
When using travelling wave states, defined in terms of
the T matrix, C(k,y) does not appear (cf. Ref. 17, Sec.
7.1.3). The states 1K, a; ;Ky,a2) and 1k, a;Ky,d)5"
are not completely normalized, but must be multiplied
by a factor 271/2,

Since the Hamiltonian splits into a center of mass
part and a relative part, so will the wavefunctions:

Ky 13K080)57 = [Kyo) [ Kppsey ,a2)8” (B4)
where

[ Kyp; d182)8%) = [Kyp; 418200+ € | = Kizs 6261 )o; (B5)
and

|ya5K8005° = | Kipdo | Kypsat s 6005 (B6)

where
,k12; 41,62)28) :C(km){ |k12; 41,62>53) +m “52"6 fdkss

1
X ’kSG’ “(5’66>(§S)P<k2 _ kz )
12 56

X o(Ksg; 4586 | A [Kyo; “1“2>o}- (B7)
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In Eq. (B7), we have changed from coordinates k; and

k, to coordinates K;, and k,, and we have used the fact
that o(Kse 1K 30 = 8(Kse — Kiy). (The reaction matrix de-

pends only on relative coordinates, )

In Eq. (B3), we have ignored the possibility of bound
states. If the Hamiltonian admits bound states, then we
must add an extra term onto Eq. (B3) to obtain a com-~
plete set (cf. Ref. 17, pp. 159 and 205).

Let us now consider some relevant properties of the
unsymmetrized eigenstates of H2, We can then easily
write down explicit expressions for the antisym-
metrized states.

In the position representation, we may write

o{T3,8 557,64 ‘k1“1;K242>p

= (R34 ’K12>05“1'426‘2,4 1 ofT3q {K(), (B8)

where
1 .

oRaq | K)o = @m)3 72 expliKy, * Ry,) (B9)

and 172 & (2;z+1) (ragl | ynt
¥
<r34‘k12>p ( ) E a7 @)L 3;312,,12 Lo Py(ry, - kyy).
(B10)

The normalization of Eqs. (B9) and (B10) is wriiten for
particles in an infinite box. The wavefunction
0(1’34[ Ik122>p is defined

AL TN . )
:COS[Gz(kn)][oO’sd !kxzDo ( m)f‘) de kvl (kﬂ)o

XP(k—’{Zl-_P) KRt |A 1k122)0}

The free particle wavefunction, ,(ksl |kyp0), is defined
in terms of spherical Bessel functions as

(B11)

o 7aal | Rygl)o =R1a¥ 5470 (Byoksy). (B12)

The free particle wavefunction in the position represen-
tation, o(rs,dq;ry641k 4 ;Ked,) can be written in an
analogous manner, but in Eq. (B8) ((rs Iky), replaces
o{r3q 1Ky9)p and in Eq. (B10) ({38 |kyy0) replaces

o734l | Ry20),. The reaction matrix (k2 [Alky0), in Eq.
(B11) has been defined so that

ok |4 [k

ZG)EW 7 Von )Y Eu(B) (2 | A R0,

(B13)

where the functions Y,l,,,(lg) are spherical harmonics de-
pendent on the angles made by the vector k with respect
to an arbitrary axis (we use the conventions of Ref. 18).
The factor cos|8,(k;5)] is the contribution to the ¢th
partial wave coming from the constant C(kys).

The functions ({0 |kL), and (¢ kL), satisty the dif-
ferential equations

2
L st ey, - HEIERD g gy —0 (BL4)
and
o 200 + 1)o7 1Rt
S0 k), = -(—————),?§ 2.4 [ = mv (| x)],(e | 0,
=0, (B15)
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respectively. We may use Egs. (Bl11), (B14), and (B15)
to obtain the following expression for the reaction
matrix in terms of the exact two-body wavefunction and
the potential

kL lA lk'ﬂ)o =m%nm-[0 dr o<k2 lTQ)OV(T)()(‘VQ Ik,»Q)pﬂ
(B186)
Diagonal matrix elements of the reaction matrix
o{kL 1A |RL), are related to scattering phase shifts 5,(k).
If we note that

o7t lka>0k;; sin(ky ~ £7/2), (B17)
72 [k, —cos[8,(k)]sin(kr - 21/2)
km +sin[5,(k)]cos(kr - 17/2), (B18)
and
(ry*
K7 |%00 5 By T (B19)

then we may show, using Eq. (B14), (B15), and (B16)

that

4t 411 = - a0~ 0, S0 L

where 5, , denotes a Kronecker delta function.

(B20)

The position representation is useful for obtaining
properties of the reaction matrix. However, in our ex-
pressions for the grand potential, we will need expres-
sions for the antisymmetrized eigenstates in the
momentum representation. To obtain these, it is con-
venient to introduce the spin exchange operator
z(l+o0,.
The effect of the exchange operator acting on states
|61,62> is

2(1+0y°02)|d1,8) = |65, 44). (B21)

Equation (B21) is easy to verify. Let us expand the
states 14,6 ,) in terms of eigenstates of the total spin
8=13(0, +0,) and the total z component of spin S,

=6y + 8, =13(0, +0,). The operator §? has eigenvalues
S(S+1) where S=1 or 0. The operator S, has eigen-
values 1, 0, or — 1. If we denote the eigenstates of §2
and S, by 15, S,), we may write

B _|1 1, (B22)

|2,- 2)=@*[1,0 - [00)], (B23)

|- %, %)— 2172 [1,0) + |0, )], (B24)

|-3,-5=]1,-1. (B25)
If we now note that

0,0, =25(S+1)-3 (B26)

then using Eqs, (B22)—(B26), we may easily verify Eq.
(B21).

We now use the spin exchange operator to write an
expression for antisymmetric eigenstates of H

o{Ks,6 33Kq0 44 | Ky, g K Koap)5"

= o{K 34 [ Ki2dg oKou; 0384 | K1z a0 )8,
where

(B27)
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0,), where 0; and 0, denote Pauli spin matrices.

. . (
o(Ksds 4| Kigsap,8005°

=} (Ka136344 |k12;41 162)p
:<43,64i 12-—:/” {Yz.m(ku)yfm(km)"' (1+0,-0)Y,, (- ﬁ34)

6 (kq, E
XYEm(+k z)}x %ﬁj [5(k12 — k)t (—&2 ;4m>

P(kz iki ><k34ﬂ |A|k122>] lay, d2). (B28)
12— R34

It is possible to find explicit expressions for the re-
action matrix for certain types of potential. For
example, if we consider a finite repulsive core of
height V and radius @ [V(#) =V for »<a and V(r) =
for > a], then we find

(k"0 | A|RL)

__mVk (zFo(k’a)Fy_i(za) - k' Fy-1{k’'a) Fa(za))
T RURR =22 (RF(za)G,_((ka) — 2G,(ka)F,_4(za)) °

(B29)

where F,(ka) =kaj,(ka) and G, (ka)=kan,(ka) [j,(ka) and
ny(ka) are spherical Bessel functions, and z* =k - mV.

Equation (B29) gives a well-defined result even for
an infinite hard core. Indeed, one finds that

58 of)

(R'0]A R — ) (B30)
However, one must be careful in taking the limit V
—»_, As Lee and Yang and Mohling both point out, ** if
one takes the limit too soon the wavefunction in Eq.

(B3) appears not to form a complete set. One can see
the difficulty by looking at the operator

M) H] exp (- nHy),
(B31)

Wy, Xo) = exp(n Hy) exp[— (x; —

where \; 2 »; and H=Hy+ V, If we take the limits x; —x,
and V— « in different order, we obtain

lim LimW(x;, A) =0 (B32)
l1 12

and
1i 11m W, x) =1, (B33)

Ve

Since the limit V — « is unphysical, we shall always
assume that V is very large but finite and that the
reaction matrix is well approximated by the first term
in Eq. (B30). Then we should not have any difficulty
concerning the completeness of our states.
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Nonlinear response of equilibrium strongly coupled Fermi
fluids. Il. Fourier expansion and partial resummation of
expectation values—polarization diagrams

L. E. Reichl

Center for Statistical Mechanics and Thermodynamics, The University of Texas, Austin, Texas 78712
(Received 10 September 1975)

This is Paper II of a series of three papers in which a self-consistent propagator resummation of self-energy
effects in a strongly coupled Fermi fluid is performed. In the present paper, a generating function for the
expectation values of arbitrary one- and two-body operators is introduced and written in the form of a
cluster expansion. An explicit expression is written for the magnetization of a strongly coupled Fermi fluid
in the presence of a constant and a spatially varying external field, and rules are given for evaluating it in
terms of a reaction matrix expansion. A Fourier expansion is performed on a subclass of the diagrams
contributing to the grand potential and the magnetization, and a self-consistent resummation of self-energy
effects due to both the medium and the external spatially varying field is performed. It is found that
traditional perturbation theory techniques for summing self-energy effects cannot be applied to all terms in

a reaction matrix expansion. The effect of the external fields on the polarization diagrams is discussed.

1. INTRODUCTION

In a previous paper,® hereafter referred to as RI, we
derived an exact expression for the grand potential of a
strongly interacting Fermi fluid, in the presence of a
magnetic field with a constant and a spatially varying
part. Contributions to the grand potential due to two-
body interactions were expressed entirely in terms of
the reaction matrix, and temperature dependent single
particle propagators.

In the present paper, we shall generalize the results
of RI to the expressions for expectation values by intro-
ducing a generating function for the expectation values
of single-particle and two-particle operators. We shall
then focus on the expressions for the magnetization and
the grand potential.

Normally when considering the response of a system
to a weak external magnetic field, only linear terms in
the external field are retained in the microscopic ex-
pressions for the magnetization. 2 One assumes that for
a weak field the nonlinear terms must be much smaller
than the linear terms and therefore can be neglected.
However, as we shall see, nonlinear terms can give
rise to self-energy effects and therefore can be accom-
panied by a “secular” (polynomial) dependence on the
inverse temperature. In the limit of zero temperature,
these terms need not be small, and some other argu-
ment must be found for neglecting them. For the system
we are considering, there will also be self-energy ef-
fects due to the interaction of particles with the medium.
If the self-energy effects due to interaction with the
external field are small compared to those due to inter-
action with the medium, then the linear approximation
can be made.

Part of the purpose of the present series of papers is
to introduce a method of resumming self-energy effects
(secular terms in the inverse temperature, 8) without
at the same time introducing undefined energy denomi-
nators in our expressions, as happens when generalized
Hartree—Fock methods are used (cf. the Introduction
of RI). One can avoid undefined energy denominators by
performing propagator resummations of the type used
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in quantum field theory. For equilibrium properties,

one uses a technique introduced by Matsubara®=® to make
a Fourier expansion of various thermodynamic prop-
erties. One can then resum all diagrams containing
self-energy effects, and all quantities remain well
defined.

Because of the appearance of D vertices and the ex-
clusion of certain types of double bond structures the
Matsubara technique does not apply to all terms in the
reaction matrix expansion for the grand potential (or to
expectation values in general). However, it does apply
to the subclass of terms in the reaction matrix expan-
sion which contains no double bond structures or D
vertices. These terms include the polarization diagrams
which are used to describe spin and density fluctuations
in liquid He®. The polarization diagrams have been
studied by Brinkman and Englesberg® using perturbation
theory, and by Reichl and Tuttle’ using reaction matrices
and generalized Hartree—Fock resummation of self-
energy effects. They have never been studied in the pre-
sence of an external spatially varying magnetic field
(Brinkman and Englesberg include a constant external
magnetic field). We shall therefore use the Matsubara
technique to study the behavior of the polarization dia-
grams in the presence of a spatially varying external
field. We can then make comparisons between various
methods of treating the polarization diagrams. In a sub-
sequent paper, we shall introduce an alternative propa-
gator formulation of thermodynamic properties, which
can be used even in the presence of double bond struc-
tures or D vertices.

We shall begin in Sec. II by introducing a generating
function for the expectation values of one- and two-body
operators, and we shall consider the particular case of
the magnetization.

In Sec. III, we use the similarity between the grand
potential, I'(8, g,/ /,), and the magnetization, (M(r)),
to write an expression for (M(r)) in terms of A-matrix
0, diagrvams. These are analogous to the A-matvix 0
diagrams introduced in RI, Sec. VII for the grand
potential.
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In Sec. IV, we restrict our consideration to a sub-~
class of A-matrix 0 diagrams and 0, diagrams (the Type
I diagrams). These diagrams are the only ones which
have counterparts in perturbation theory. They can be
expressed in terms of propagators which are periodic
functions of B. The expressions for the grand potential
and the magnetization obtained using only the Type I
diagrams [we denote them as I'(8, g,/ ,#,); and (M(r)),,
respectively] can then be expanded in a Fourler series
and the self-energy effects easily identified.

In Sec. V, we write our expressions for I'(5, g,/—/g,ﬁ',)l
and (M(r)); in terms of a Fourier series and in Sec. VI
we discuss the form of the self-energy structures ap-
pearing in the expressions for ['(B, g,/ s, A4,); and (M(r));.

In Sec. VII, we self consistently resum the self-
energy effects in the expressions for I'(, g,/ ,4,); and
(M(r)); and in Sec. VIII we apply our results to the case
of polarization diagrams. Finally, in Sec, IX we make
some concluding remarks.

I1. GENERATING FUNCTION

We wish to find a generating function for the expecta-
tion value of arbitrary one- and two-body operators

PN N .
0/=20, (1. 1)
11
and
~ Nz,
2 = 0y;. (11. 2}

i<i
The expectation values of these operators are defined

(01 (2)> = exp[Br(B; g’HO’Hr)]

X% Try expl- BH""+ aH) 10} ), (L. 3)
N=0

where 6’&2 , can denote either 6’{ or 63' . The definition of

all quantities in Eq. (II. 3) have been given in RI, Secs.

II. and III, and will not be repeated here.

Let us now introduce the following generating function:

L(® B g,ﬁ()’/_/f)

=51 n

N
Il exp(- !
& N p(- Bw;)

Ryee ‘kN i=1
Ry e N
X(ky, .o .y ky| exp(BHY ) expl- B(HY' + aH")] |

N
s
RO oL,

Xky, .. (IL. 4)
3=
where we use the notation
n B0, = By X @puy X o X By (IL. 5)

j=1

The quantities @;, will be defined below. In terms of
the generating function, (0;) is defined

=S5t @ ik,

§it 6340

X exp[BL (8, g, /1, /)] (11. 6)

and (0,) is defined
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=52 | sr=saml .88 o, 0,
X exp[BL(B, g, H o, F ,)]- L7

In Eq. (II.6) the differentiation is first performed and
then in the resulting expression 20,,,/00,., is defined

00, "na
ToL= O, g k] Oy 23) Bag - (1. 8)
The remaining factors @;.; are then set equal to delta
functions; i.e., 9,;—8,,;. Similarly, in Eq. (II.7) the
differentiation is first performed and in the resulting
expression the quantity (20,.,/00,,,)(09,,,/08,.;) is
defined
00,00, ),
a@u:a a®bl:;-_ Gki 'ku 6kll'ktlz Oki"zb 1'kb <k]'kll l 02[ kjk > °
(1. 9)

If the cluster functions of RI, Sec. III, are substituted
into Eq. (II.4), the generating function can be written
as the exponential of a function B(®, B, g,/ ,/,)

L(®,8,8,Huwt,) =explB(®,B, g,H 1)), (I1. 10)
where - 1 )
BO, B g ot =207y 5 l(,-rfl exp(-pw)
B ety
Xy b e (11.11)
kll"'kll (j=1 f’!) . .

The derivation of Egs. (II.10) and (II. 11) is completely
analogous to that used in RI to obtain grand potential
from the grand partition function.

If we now combine Eqs. (II.6), (I1.7), and (II. 10), we

obtain

—_ B
0) = eXp(BF)Z) [a® :l 0,5, (I1.12)
7 1
and
3%B
<®g)=eXp(BF)2 2 [(m—'
RiE, Rk be59%g1a
3B 3B \
+ e . (1. 13)
a®b’ba®a'a) ]®f'j‘5j'f

However,

[e®]y ., =exp(-AT) (I 14)

i "84
and, therefore, we obtain
oB
<01>— [39 ] (IL 15)
., 6.,
and 7
3*B B aB]
O =23 2o + . (11. 16)
0= kak kbky, [a®b'ba®a' 3040, 3844q ®0;+6;15

We see from Eqs. (II. 15) and (II. 16} that the expectation
values of one-particle and two-particle operators can be
written entirely in terms of antisymmetrized cluster
expansions.

If we wish to find an expression for the expectation
value of the magnetization, we simply write
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J0B(® /
<M(r)>:2[ ( ’aﬁe’)g’ﬁf”ﬁ’)] , (11.17)
*a ote ALY
where we let
a® L3 I3
56‘1—’5= Oy, kaék;,laa(j | o)(r | k;) s 1541-4,,54}4; ) (I1. 18)

where u is the magnetic moment and ; is the z compo-
nent of spin (cf. RI, Sec. II, for a complete definition
of the notation).

11l. MAGNETIZATION IN TERMS OF THE
REACTION MATRIX

We may now follow the same steps as in RI and obtain
an expression for the magnetization in terms of the re-
action matrix, The result is

(M(r))=7 (all different Qth order A~matrix 0,
Q=1

diagrams). (mI. 1)

A @th order A-matrix 0, diagrvam contains one M ver-
tex and a collection of ¢ A-vertices, D-vertices, and AH
vertices. The vertices are ordered from left to right,
ending with the M vertex, which always appears at the
extreme right; and they are entirely interconnected by
solid and wavy lines. A vertices and D vertices each
have two lines entering and two lines leaving. AH ver-
tices and the M vertex only have one line entering and one
line leaving. Wavy lines must be directed to the left,
while solid lines may be directd either to the left or right.
D vertices with two solid lines leaving must appear at
the extreme left so that the solid lines which leave the
vertex are directed to the right. No wavy line double
bonds may appear except internally in the D vertices.
Two Qth order A-matrix 0, diagrvams differ if they have
different topological structure, or if they have the same
topological structure, but the lines are of different types
or directions, or the D vertices have different tempera-
ture labeling.

Rules for evaluating the @th order A-matrix 0, dia-
grams are given in Appendix A,

Some examples of A-matrix Oy diagrams are given
in Fig. 1. Algebraic expressions corresponding to the
diagrams in Fig. 1 are given below:

Fig. 1(a)=€6k Ek Lo o[ andndr6(8 - 2)8(8 - 2)
eeg

1
X 0Ny = A3} 8 = 23) 8(%5) exp(Bwy)

X exp{~ (B~ M) (wg + wg) Jexp((B - ) w,]
X expl (A = Ag) wy | expl= (N = M) (wg + wy) ]

Xexp(~ Aswé) (€V1) (EVz) (€V7) (€V3)

kyk, kg kghy 8

x D bk, Jam,| | ml ), 1L 2
45 k, kyks by ( )
Egky

Fig. 1b)=¢" 25 [ 7 [ Zdndadn6(8=1)6(0 = 2,)

Ry k1y

X 9(>\2 - 7\3) 9(7\1 - >\3)90‘1)9()\2)(€V1)(€V2)(€V5)(€V9)
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FIG. 1. A-matrix 0y diagrams.

X exp[— (4 = A wg] exp[ (N = A (w] + wy)]
X exp[— (N ~ X,) (wy + wg) ] exp(M wg) exp(= Aywy)
X expl— (A ~ Ag) (@, + wyy) A (klk:>

kok
kgks LN kg

XD fukeg |D{ Fuglus | M , (. 3)
keko) \nks s

We note that just as for the case of the grand potential,
the expression for the magnetization can also be divided
into Type I, Type II, and Type III 0, diagrams (cf. RI
Sec. VID). Rules (A.1)~(A.xi) are the same as those
used to evaluate A-matrix 0 diagrams except that we
have generalized them to include the possibility of M
vertices, The rules for evaluating expectation values of
one- and two-body operators will be essentially the same
as Rules (A.i)—(A.xi) except that we must generalize
them to include vertices corresponding to the operators
0; and 0.

IV. TYPE | A-MATRIX 0 DIAGRAMS AND 0,,
DIAGRAMS

We shall now look in more detail at the way in which
the external magnetic field affects the grand potential
and the magnetization. For simplicity, we shall only
study the Type I 0 diagrams and 0, diagrams since these
can be studied using Matsubara techniques.

We first define the following quantities:

, 1
T, g Houl )=~ EZ(aH different Type I 0 diagrams)

(Iv.1)
and

(M(r))y =23 (all different Type I 0, diagrams).
(Iv.2)

We remember that Type I 0 diagrams and 0, diagrams
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contain no double bond structures and no D vertices.
The Type I diagrams have the property that for each
Type I diagram with one or more wavy lines, there is
another Type I diagram with the same topological struc-
ture but with a wavy line replaced by a solid line.

From Rule (A.ix) (see Appendix A) we know that solid
lines with momentum and spin %;, directed to the left,
receive a factor €v; while wavy lines directed to the left
receive a factor 1. If we add together all diagrams with
the same topological structure and line directions, but
different line types, we lose the distinction between
solid and wavy lines. We can then associate a factor
(1+ev;) to all lines of momentum and spin %; directed
to the left, and a factor €v; to all lines of momentum
and spin k; directed to the right.

We next can use the simple device, introduced by

Matsubara, 3>~° to add together all diagrams with the same

topological structure regardless of the direction of lines.
We introduce the propagator

D0 =) =[(1+ev;) 800 = 2p) + (ev,) (2, = 1) ]

Xexp[— (A = M)w;]. (1v. 3)

In terms of the propagator J;(} ~ X,), we can write the
following expression for I'(8, g,/ o, #,) and (M(r));:

C@B,gHuH)i=- —;—2 (all different Type I contracted

0 diagrams) (Iv.4)

and

(M(r));=2_ (all different Type I contracted 0,

diagrams). (1v. 5)

A Type I contractad O diagrvam contains a collection of
A vertices and AH vertices completely connected by di-
rected solid lines. A Type I contracted 0, diagvam con-
tains one M vertex and a collection of A vertices and
AH vertices completely connected by directed solid lines
An A matrix has two lines entering and two lines leaving,
while AH vertices and the M vertex have one line enter-
ing and one line leaving. The M vertex must appear on
the extreme right, but the A vertices and AH vertices
can have any desired order with respect to one another.
No double bonds of any type can appear in a Type I con-
tracted 0 diagvam or Oy diagram. Two Type I contracted
0 diagrams differ if they have different topological
structure.

Algebraic expressions may be associated with the
Type I contracted O diagrams or 0y diagrams according
to the rules in Appendix B.

Examples of contracted 0y diagrams are given in Fig.
2. Algebraic expressions corresponding to the diagrams
in Fig. 2(a) and 2(b) are given below:

Fig. 2(a) = ¢* Z}k L2 5 [P an d drgleve) (1 +evs)
ky o+ ok
X eXp[— 7\3(0«‘;—: - wé)Dl()\1 - 7\2)[) 2(Ag - N)
XL 3 (A= A5} 4 (05 = 2p)
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FIG, 2. Contracted 0, diagrams.

ka\ (ks

X
SH\ L A\ e, )4

AN

(Iv.6)

M
Ryks ke’

. ) 8 8
Fig. 2(b):€3kL fo fo dXy -+ d)g

1000k

X exp(— M wy) exp(+ Aswg) (1 + evy) (evy)
X (ev )€V o(As = 2)
Do = 2D 30 = M)0 5(0 = %)

-

k k k kyk gk
x 2 AWN 6 a7 s\ 41"
AH'<k1>AH*<k2> H-(ks) <k4ka> <k7k5>

Ry
X
o(5)

Rules (B.i)—(B.ix) (see Appendix B) can be used to
evaluate both the Type I 0 diagrvams and the Type I Oy
di agvams.

(v.7

V. FOURIER EXPANSION OF GRAND POTENTIAL
AND MAGNETIZATION

We can now expand the grand potential and the magne-
tization in a Fourier series. If we use Eq. (IV.3), we
may show that /},(\) is a periodic functin of A with period
23. We can write it therefore as a Fourier seires

D=1 3 exeey

B (iz; + W)Y (v.1)

where z;=n;7/B (1 is an odd integer for fermions). We
also note that

[} avexsicno(Sm) | =85(Zm).

for Eni even.
i
(v.2)

If we substitute Eq. (V. 1) into the expressions for
(8, g, H,)y and (M(r)); obtained by using Rules (B.i)—
(B.ix), and integrate over temperature, we obtain the
rules presented in Appendix C for evaluating the Type I
contracted 0 diagrams and 0,, diagvams in terms of a
Fourier transformed expression.
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Algebraic expressions for the contracted 0, diagrams
in Fig. 2(a) and Fig. 2(b) obtained using Rules (C.1)—
(C.x) (see Appendix C) are given below:

20 (evg)(1 + evy) expl— 2wy~ wg)

4
Fig. 2@)=5 X 7 dx

Ry eeckg m N3
% 1 1 1 1

izy +wy ) \izg + wy ) \izy + wg J\izy + w4

R\ 4 { #1%s (ksks (ks)
X A M

ot (e )4 G (i)

2 Efos fOB AN dxs expl— N (wy +iz,)
8 "2

€8
B ky ootk

(v.3)
Fig, 2(b) =

X exp{A(wg — i2¢) (1 + €vy) (evy) (ev,) (€vy)

X(z‘z?l“_@') <??2%L70?><zzg - J;)(izz - wj)

<o (1) (12 ar. (1)

<a(fe)a e ().
Vi. SELF-ENERGY STRUCTURES

When we study equilibrium systems at low tempera-
tures we must take care to remove self-enevgy struc-
tures which appear in expressions for the thermodyna-
mic properties. The reason is that self-energy struc-
tures give rise to terms with polynomial dependence on
8. (One can show this by doing the temperature inte-
grations for diagrams with self-energy structures.)
These polynomial terms can destroy the convergence of
expansions for the thermodynamic properties.

v.9)

Self-enevgy structures are collections of vertices
which can be removed from a diagram by cutting two
lines of the same momentum, spin, and energy (&, z).
An irreducible self-energy stvucture has no internal
line with the same energy, momentum, and spin as the
lines which enter and leave the self-energy structure.

Irreducible self-enevgy stvuctures contain both AH
vertices and A vertices. Some examples are given in
Fig. 3. We may use the rules of Sec. V to write the
sum of all possible irreducible self-energy structures
which can appear on a line of momentum and spin ky and
energy 2; as

M, (21, Ry + Ky, 51) + M_ (21K - Ko, 61) + Z(Ky, 24, Ky, 5 4)

=), (all different irreducible self-energy structures
of momentum, spin, and energy, (k,z,)].

~D < «‘@*‘

- OO« 4@—«-—@—*—@«—

FIG. 3. Irreducible self-energy structures.

(VI. 1)

Qe
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The first vertex a line touches upon entering an irreduci-
ble self-energy structure will be a AH, vertex, a AH_
vertex, or an A vertex. The three functions in Eq. (VI.1)
distinguish between these three cases. They are defined
as follows:

Mz, k£ Kp, 41)
_ (s,
izl + wl(kli k()) + Mi(zhkli Zk(h “1) + E(kl +k0, 24, ‘1)
(V1.2)

and

T(ky, 24, 43) = 2 (all different Type I contracted ir-
reducible 1 diagrams with at least
one A vertex and an equal number of
AH, and AH_ vertices which cannot
be cut into two parts by cutting one
line). (V1. 3)

A Type I contvacted 1 diagram is the same as a Type
1 contracted 0 diagram except that it contains one ex-
ternal line leaving, and it is not possible to cut it into
two pieces by cutting an internal line with the same
values (%, z;) as the external lines.

Algebraic expressions are assigned to Type I con-
tracted 1 diagrams according to Rules (B.i)—(B.ix) or
(C.1)—=(C. xi) but no factors are assigned to the external
lines.

In addition o self-energy structures, there will be
lines which contain unequal numbers of AH, and AH_
vertices. We must also resum self-energy structures
on these lines but we must be careful to do it in such a
way that we do not over count the original lines. Let us
consider the case of a line with » AH_ vertices and n+1
AH, vertices. We can sum over all such lines and obtain
a single resummed line containing one AH, vertex and
resummed propagators. We shall use the following con-
vention. Denote the momentum spin and energy of the
line entering the collection of AH vertices by (&, zy).
We will choose the extra AH, vertex to be that AH, ver-
tex for which a line (%, z;) enters, but no line (ky, z;)
ever appears again after it leaves the AH, vertex. An
example of this choice is given in Fig. 4. Because of
this convention, the resummed propagators on either
side of the AH, vertex may be different.

We now can give the following convention for resum-
ming a line with m AH_ vertices and n AH, vertices such
that n—-m =1, If we sum over all lines containing m
AH_ vertices and n AH, vertices, we obtain a resummed
line with |Z]| AH, vertices. The line entering the first
AH, vertex is assigned a propagator

~oro-{ob-o—o felb-eeororo-

->[(~9]->_@_._@,- _,@_,_@_,_[@}_ @]

FIG. 4, Convention resumming self-energy structures on
lines with unequal numbers of AH, and AH_ vertices.

L.E. Reich!} 2027



(a)

FIG. 5, Contracted 0y dia~
grams with self-energy
structures.

(b)

[izy + @' (ky) + M, (21, Ky + Koy 61) + M_(21, K, ~ Ky, ay)
+ Z(kb Zl’k(}y 4 1)]-1-

The line connecting the jth AH, vertex to the (j + 1)st
AH, vertex or to an A vertex is assigned a propagator

[izy + e (kg £5Kg) + M (2, k(= G+ DK 1)

+Z(k1 ijkﬂ’zi’ kO: 4 1)]-1'

VIil. RESUMMATION OF THE GRAND POTENTIAL
AND THE MAGNETIZATION

As we have noted in Sec. VI, at low temperatures
resummation of seli-energy eiffects is essential for the
convergence of perturbation or binary expansions of
thermodynamic quantities. In liquid He® it leads to the
Landau quasiparticle interpretation of the liquid. How-
ever, any attempt to resum the self-energy structures
in the Type I A-matvix 0 diagrams leads to difficulties
because of the exclusion of double bond structures.

We can see this from the diagrams in Fig. 5. Figure
5(a) has a solid line double bond and therefore is not
included among the Type I diagrams, Figure 5(b) is a
Type I diagram. It has no double bond, but if we remove
the single vertex self-energy stvucture, we obtain a
diagram with a double bond. In order to resum sys-
tematically propagators in the Type I A-matrix 0 dia-
grams or 0, diagrams, the double bond structures must
be included because they form the “skeleton” of many
of the Type I diagrams which contain self-energy
structures.

VIiil. POLARIZATION DIAGRAMS

o[
+

o~ i
u

FIG. 6. Sum of polarization diagrams and their symmetry
numbers.

We can resum all self-energy effects in Type I A-
matrix 0 diagrams and 0,, diagrams if in the resummed
diagrams we allow double bond structures, but explicitly
subtract a “bare” double bond for each resummed double
bond that appears. We then obtain the following expres~
sions for (8, g,#,//»)1 and (M(r)):

LB, g, :% 27 (all different irreducible 0
diagrams) (VIL. 1)

and
(M(r));= 72 (all different irreducible 0, diagrams),
(VIL 2)

An irreducible 0 diagram (0,, diagram) is the same as
a contracted 0 diagram (0,, diagram) except that double
bonds are allowed, but seli-energy structures are not.

Algebraic expressions may be associated to the ir-
reducible 0 diagrams and 0,, diagrams according to the
rules in Appendix D,

We can now make some general comments about the
overall dependence of (M(r)) on r. Because the A ver-
tices conserve momentum one can show, by explicitly
summing over all momentum delta functions in a dia-
gram, that a diagram containing m AH, vertices and »n
AH_ vertices will have a spatial dependence expli(in — )
xK, - rl. Since any values of m and »n are possible, the
magnetization (M (r)) will depend on all harmonics of the
parameter k;. If we turn off the field #,, we will still
have a constant magnetization due to the presence of the
term 4 ;u#/, in the energies wj. The grand potential
(8, g,/ ,4,) will only depend on equal numbers of AH,
and AH_ vertices because of overall momentum conser-
vation in the 0 diagrams.

In the next section, we shall apply the above results
to the case of the polarization diagrams.

We can now use the rules of Appendix D to calculate the contribution to the grand potential coming from the polari-
zation diagrams. The polarization diagrams describe spin and density fluctuations in the Fermi fluid. Brinkman
and Engelsberg® have calculated the effect of spin and density fluctuations on the grand potential and heat capacity
using perturbation theory and including a constant external magnetic field. Their expressions can only be considered
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as phenomenological if they are applied to liquid He®, because for a system of particles with a large repulsive core
expansions in powers of the potential are divergent. Our expressions for the polarization diagrams involve only re-
action matrices and are well behaved for particles with large repulsive cores. Furthermore we shall include the
effect of both a constant external magnetic field and a spatially varying external magnetic field. Expressions for the
polarization diagrams in terms of reaction matrix expansions have been studied by Reichl and Tuttle.” In these
papers, the self-energy effects are summed using generalized Hartree—Fock techniques and as a result energy
denominators are introduced which are not well defined in the thermodynamic limit where the free particle energy
spectrum can become continuous., We shall show below that the Matsubara method does not lead to the appearance

of undefined energy denominators.

In Fig. 6, we have drawn the polarization diagrams, together with their symmetry numbers, up to fourth order.
If we use the rules in Appendix D, we obtain the following expression for the infinite sum of polarization diagrams:

~ 1 € 1, 2
F(B’ g,HO’Hr)Wl Z>2 ZPBTkl E 2 [Bénlmzp'nzmzp'lA <2: 217 - 1>-J [Béngma m1+n4A(2 3)]

Tockgpmee 14

<[se (G2 m Veremrsmmm) ET)
"2p-2"2p L1 3" M2p T\ 2p - 3, 2p iz, + w (Ry) T S(2y, By, 11, \iz, + @' (Ry) + S(2, kg, H,)

1
% X (2.229 + w’(kap) +S(ZZP; kzp} ﬁf}) - @ )(B’ g’HO,Hr)DOD (VIII. 1)
where
S(zh kly/-/r) EM*-(Zl,kl +k()9 “11/7/1‘) +M.(21,k1 - kO" 1 /7/7') +2(21; k1,Hr)n (VIII. 2)

We have suppressed everywhere the dependence on H, since it only appears in w'(k). In Eq. (VIIL 1), the second
order contribution I ;,(8, £,/ 1,/ )pe1 Das been subtracted because it is counted twice in the sum. If we now note that
the A matrices conserve momentum (cf. Sec. VI and Appendix B of RI), we can sum over all even numbered mo-
menta k; and even numbered integers »; to obtain

Mo A= DgG, I D B 5 pa(fees e te,(ltd ko)

pe2 2D Bp‘;"“zplp*sv---vkzp-i Q nyengeretangyy [ Ky +d, «25 Kapa1r8 251 k615 Kyt Qesy

X XA kzp-a+q,‘zp-z:'kzp-l"‘zp-l)x(, : : )
2p-396 2p-2s Kopa T A 2p 21+ W (K + S(2, Ky, ¢4, /)

1 1
X XeooX
<i21 +im//B+ w,, (& +q) +S(zy +1m/8,k; +q, 44, 717’:) (iZZp-1 T az 1 (kapot) +S(255.0, Kopetys 2p-1:il/r))

1
X - 1.3
(ZZzp_l +im//B+w, (kz,,- + (255 +7L/B, Kopoy +q"‘2pw )) F(Z)(B’gy/_/(),/-/'r)polr (VILL. 3)

where 4 is the momentum transfer and l is an even integer. The sum over ! is taken over all even integers,

In the present paper, we are most concerned about the way in which self-energy effects from the external field
and the medium affect the polarization diagrams. As has been discussed in Ref. 7, p. 196, if the reaction matrix
is peaked fairly sharply about small values of momentum transfer ¢ (and if //, and k; are not too large), then the
momenta ki, k3, ...,k 4 in Eq. (VIIL 3) will be restricted to the vicinity of the Fermi surface. Furthermore, if the
reaction matrix A(‘;i*gif@é}g: 4}) is a slowly varying function of k1 ky=cosby3, then we can expand the reaction matrix
in a Legendre series involving the angle 6;,. To first approximation, we can keep only the first term in the Legendre
series and write

k +@, 4p; ks,

A
kla s13K+Q, 6

‘3 NA(kf,q 8956 3,41,44) (VIIL. 4)

where %; is the Fermi momentum,

For the purposes of the present discussion we shall make this approximation here. We can then compare our
results with those of Brinkman and Engelsberg and those of Reichl and Tuttle. We hope to discuss the accuracy of
this approximation in greater detail in later papers.

If we use the approximation in Eq. (VIII.4), we can write Eq. (VIII. 3) in the form

2 1le?
F(B,g,ﬁo,iL/r)pM:Ez_pEs 2—/ L/Z\IA(kf’q T4 15 S p; “2:‘2P'1)A(qu:"z, 83541, "4)
p=2 S10%35Q /

X .XA(qu : $2p-2> $2puls b 2pa3s 62p) X(q;/! /1, 427/7/r)x(q7/7' 43 447Hr)

XreeX X(q![; 42pals é 2,>>Hr') - F(z )(B) g)HO’Hr)pob (VIII- 5)

where

2029 J. Math. Phys., Vol. 17, No. 11, November 1976 L.E. Reichl 2029



1 1
3 "d b ,’L/r = « )(. k3 2 ) -
X(q Lo ea ) %"21 i21+w41(k1)+5(zi,k1, "lalL/r) zzl+lﬂ/ 3+waz(k1+q)+s(zl+ﬂ/ B, k1+q, Ag,ﬁr) (VIH 6)

corresponds to a propagator of a particle hole pair with total momentum q, “energy” inl/B, and total spin «; + 44,
Self-energy effects due to the medium and the external fields have been included.

In order to evaluate Eq. (VIIL 6), we must find the poles of the particle propagators appearing there. This, in
general, will involve some sort of approximation. We shall consider the simplest approximation which illustrates
the effect of the external fields on the propagators. If spin and density fluctuations in the medium give the dominant
contribution to the grand potential then they will also give a large contribution to the self-energy Z(zy, &, & LH.
However, for the present purposes we shall neglect contributions to Z(zy, @;,51,/-/,) from the polarization diagrams
and approximate it by the lowest order contribution

Z(zg, ke, 09,H,) Z;A<klk ) ev(ke)) =Alky). (VIIL. 7)

If we had included in Z(zy, Ky, s4,#/,) an infinite sum of polarization diagrams then it would depend on the energy iz,
The self-energies M, (zq, k| tky, 4;,#/,) are essentially continued fractions, We shall assume that the field #/, is not
too large and that M,(z,, k; + kg, ¢;,//,) can be approximated by the following expression

: )
‘Mi(ziaklikO’,“lﬂL/r) (Zz1+w“(k1ik0) +A(k1 (VHI- 8)

Then the propagators in Eq. (VIIL. 6) can be written in the form

1 + 1 >] -1
iz + wil(ki +R) +A(Ry) iz + s (K —K)+A(R) :

(VIIL 9)

To find the poles of the propagator in Eq. (VIII.9), we must solve a cubic equation. Let us assume that the applied
field has a very long wavelength. Then &5/m <</, and we can write the propagator in the form

. , (i2g +wsy (R T Ko) + A(Ry)) 2y + wiy (ky = Ky) +A(Ry))
(izy + " (k) + S(2q, oy, H )N <(ZZ1 +o (k11+A(k11) +kE /m)(izy j—w (1:1 +Al(k1 Y =i uH /w/—)l(zz1 +w (k) +A(ky) +iph /T))
(VIIL 10)

We see that if we include the lowest order effects due to the spatially varying external field, and assume that the
external field has a long wavelength, the poles of the propagator are shifted from their value when /#/, =0 by amounts
which depend independently on the wavelength of the external field and the external field itself. The shift due to the
external field is imaginary.

(izy + w'(ky) +S(2y, By, Hr))_l = [521 +tw'(ky) +A(R) + (%ﬂﬁr)2<

If we use the expression for the propagator given in Eq. (VIIL. 10) and use standard techniques for evaluating
x(@l;5149,//,) (cf. Ref, 5, Sec. 13) we obtain the following expression:

(B+C-A)A+C-ANE+A+C-A)(E+A+C=-A)
(C-B{C+B{f+a-at+a-a"+C-B{i+a+C-2"+B

U A (v(A+C)
(A+B-A)YA+B-A)A+B+i-A)(A+B+£-A))
(B-C)2B)(E+A-A"+B-C)(E+A-A)(E+A~ A" +2B)

(AmB-0)A-B=A)(i+A-B-A)((+A-B-24))
(C-B(2B)(¢+a-a"-B-C){i+a~a"-2B)(¢+a-4")

(A" +C—n, - A"+ C-t-aMa +C=-a)(a"+C-a)
(A -Aa-8a'-a-t+C-B{(A—=aA-t+C+B)(C-B)(C+B)

(A" +B-t-A)A +B=Et~A){A"+B-A)(A"+B-A)
(AT=-a-t+B-C)(A'=A-8)(A"=A~E+2B)(B-C)(2B)

(A"=B-t-a)a' =B-t-a)(Aa'=B-a)(A"'=B-a)\

+v(A+ B)

+v(A - B)

tr(a' +C~¥)

+v(A"+B- &)

N = B T R t-B-Oa = A- £~ 2B)(a — - (B + V2B (vim. 11)
where £=in//B,

A, =wy, (ki £ ko) +A(Ry), (VIIL. 12)
A=w'y (-y) +AlRy), (VIII. 13)
A=’y )+ A, 0k +a), (VIIL. 14)
C=Fre/m, (VIII. 15)
B=iuH,/V2, (VIIL 16)
Al=w' 0k Tazky) +A, & +q). (VIIL. 17)
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We can now make some comments about the particle hole propagator in Eq. (VIIL. 11). First we notice that if «; =«,,
the constant external field #/, everywhere cancels out of the expression for x(q, ;;s42//,) whereas if sy =—4, it
contributes. The case s; =4, corresponds to a particle hole pair with z component of spin equal to zero. The case

41 =~ corresponds to a particle hole pair with z component of spin equal to one. In contrast to this the spatially
varying external field always contributes regardless of spin, The expression for the propagator involves no undefined
energy denominators. Self-energy effects merely shift the number and value of the poles in the particle hole propa-
gator. The contribution to the propagator due to the amplitude of the external field #, is imaginary. However, the
overall expression for I'(8, g,/ ,/,)p01 Will be real since we started with a real expression.

If Eq. (VIIL 11) is substituted into Eq. (VIII.5), the contribution to I'(B, g,//,//,) coming from spin and density
fluctuations of total spin 1 will separate from those with total spin zero and we can write Eq. (VIIL 5) in the form
of a logarithm which depends on the propagators as is done in Ref. 6.

{X. CONCLUSION

In the present paper, we have introduced a general
method of writing a cluster expansion for the expectation
values of arbitrary one- and two-body operators. We
then restricted our attention to the magnetization and
grand potential and performed a propagator resumma-
tion (of the Matsubara type) on a subset of terms in the
Fourier expansion of the magnetization and grand poten-
tial, We studied the effect of a spatially varying external
magnetic field on the polarization diagrams. We found
that a constant magnetic field has no effect on particle
hole pairs of spin zero and merely shifts the energy of
the particle hole paris of spin one, while a spatially
varying field strongly affects both. Application of a spa-
tially varying field will probably destroy the coherence
of spin and density fluctuations.

For equilibrium quantities the only single particle
propagator method used for summing self-energy effects
is due to Matsubara. But as we have seen, the Matsubara
method cannot be applied to all terms in a reaction mat-
rix expansion. We therefore would like to find a method
which enables us to include systematically D vertex
contributions to the self-energy. Such a method will be
discussed in a subsequent paper.

APPENDIX A

Algebraic expressions can be associated to the @th
order A-matvix 0, diagrvams according to the following
rules:

(A.1) Label each line from 1 to n, where » is the num-
ber of lines, and associate with the jth line a momentum
and spin &; = (k;, «;).

(A.ii) Label the vertices from left to right from A
to g, and assign to the M vertex a temperature x=0
[cf. RIRule (VIIii)].

(A.iii) With each A vertex associate a factor

N 4
Roox?
. d
kil
A ,/‘\ :A(klkz> E_Cz(kiz) 0<k1, kzIA’ka, k4>0
/“03 p\" 374

where the dotted lines can stand for either wavy or solid
lines.

(A.iv) With the AH, and AH_ vertices associate factors
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1
1
A

A @ :‘f"g‘ﬁréal,az“lé(ki—kQ’kﬂ)

Ay
i

and
]
'
Al

D-

= e H e, 41006 = T ),

D -
~

where the dotted lines may be either solid or wavy.
(A.v) With each M vertex associate a factor

Al
1]
("= euas,,, () expl- ity - k) r]
o =] r =€l gy srap\3y,) eXPL= ik k) r,
A2

4
i
where the dotted lines may be either solid or wavy.

(A.vi) The temperature labels of the D vertices are
assigned according to the types of lines which leave the
vertices, as indicated in the following diagrams:

5 e 3 5 ,L 2
A @ e )\|\‘rz\q AL & ‘\n\‘,\-‘q
2 ~
Y
)\I- Az_
] ,’ 1 e
s K3 s &P
M '3 A‘ \Rﬁl Al A AI \T:q
2 ~ r 3 N
Ay A2 Ay A A

{cf. RI Rule (VILv) for a more complete discussion]. To
each of the above D vertices, assign a factor
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kikes
D<k5k6>: - CZ (k56) O(klkz (A (k5k6>65) 0<k5kslA lk3k4>(§8)
k3k4

XP —-r——r—i—r*—, .
Wy + Wg— Wy ~ Wy

(A.vii) With each left directed line, associate a factor

k
\O -9 =80y 1) expl- (g = )u)

and with each right directed line associate a factor

k
O-H--Q = 004- 1) expl0h = M)wf],

AL

where w{ =k{/2m ~ g~ (1 /. The dotted lines may be
solid or wavy. If the right most vertex is an M vertex
then 2, =0.

(A, viii) To each A vertex or AH vertex with no lines
entering or leaving on the left, assign a factor (8- 1),
where A is the temperature of the vertex. With each
A vertex, D vertex, or AH vertex with no line entering
or leaving on the right, associate a factor 6()) where
A, is the temperature of the vertex.

(A.ix) Associate with each solid line, a distribution
function

k,

(A.x) Multiply the entire expression by a factor
€"anePBS! where N, is the number of AH vertices,
Pp is the number of permutations of bottom line momen-
ta with respect to top line momenta in the product of the
various matrix elements, and S is the symmetry number
of the diagram.

= ev; = € exp(~ Bw;) /(1 - € exp(~ Bw))).

(A.xi) Sum over all momenta and spins. Integrate over
all temperatures from - to =,

APPENDIX B

Algebraic expressions can be associated to the Type
I contracted 0 diagrams or 0,, diagrams according to
the following rules:

(B.1i) Label each line from 1 to », where #» is the num-
ber of lines, and associate with the jth line a momentum
and spin &; = (K;, 4 ;).

(B.i1) Label the vertices from A to A, where @ is
the number of AH and A vertices and assign to the M
vertex a temperature A= 0,

(B.iii) With each A vertex associate a factor according
to Rule (A. iii).

(B.iv) With each AH, and AH_ vertex associate factors
according to Rule (A, iv).

(B.v) With each M vertex associate a factor according
to Rule (A.v.).
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(B. vi) With each line of momentum and spin &y = (Ky, +4)
which begins and ends on either a AH, vertex or A ver-
tex, associate a factor

Ay
1 :D1(>‘1"‘ >‘2))
Ay

where [J,(Y ~ &) is defined in Eq. (IV.3), If \ =X,
associate a factor (evy).

(B.vii) With each left directed line which attaches to
the M vertex associate a factor

b

———®

X =expl~ N w{)(l + €vy)
\ [

and with each right directed line which attaches to the M
vertex associate a factor

i

‘——->—® = exp(M wy) (ery).

r\‘ o

(B.viii) Multiply the entire expression by a factor
€'2HePBS™! where €72 i the number of AH vertices in
the diagram, Py is the number of permutations of bot-
tom row momenta with respect to top row momenta,
and S is the symmetry number of the diagram.

(B.ix) Sum over all momenta and spins and integrate
over all temperatures from 0 to 8.

By changing the limits of integration from —« to «
back to 0 to 8, we have removed the necessity of Rule
(A. viid),

APPENDIX C

Fourier transformed expressions for the Type I, con-
tracted 0 diagrams or 0, diagrams may be obtained using
the following rules:

(C.1) Label each line from 1 to n, where » is the num-
ber of lines, and associate with the jth line a momentum
and spin k, = (k;,s,) and an energy z;=mn,/B.

(C.1ii) Associate with each A vertex that is not directly
connected to the M vertex by a line, a factor

1 2

- Ry
- Bé"l‘"z'"a*MA(k k >
4 4 aks

(C.iii) With each M vertex associate a factor accord-
ing to Rule (A, v),

(C.iv) Associate with each AH, vertex, that is not
directly connected to the M vertex by a line, a factor

~ Fey
= Bénl,nzAH*( k2> .

1
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(C.v) With each A vertex which is directly connected

to the M vertex by one or two lines, associate a tem-
perature, A, and a factor

Bk
= expl— Mw, — iz, +izy +izp)]A (klkz)
sk

or

= exp] Mw; — iz, +1izy +i2,)]A (:1:z>
3%

or

1
A — expl- Mo - wf iz - 12914 (272),
kyk,
a

4

depending on the particular case considered.

(C.vi) With each AH, vertex which is directly connect-
ed to the M vertex by one or two lines, associate a
factor

A LN B
@< =-expl- A(wg'+izl)AH*( ‘)

A o kg

or

\ 2
O =-exp[Mu;+ iz,)]AH*( :2\)
A ° !

or

@ = - exp[+ Moy - wz’)]AH*(::),

A z 0

depending on the particular case considered.

(C. vii) With each line of momentum and spin %,
= (ky, +,} and energy 2z, which begins and ends on either
a AH, vertex or an A vertex, associate a factor

1 =1/(izy +w)) |

where 2, =mn,/8 (n; an odd integer). If a line begins and
ends on the same vertex, associate with it a factor
(€V1).

(C. viii) With each line (k,, 2;) that attaches to the M
vertex, assign a factor (1+€v,) if it is directed to the
left and a factor (evy) if it is directed to the right,

(C.ix) Assign to each diagram an overall factor
e"a#cP8S™ [cf, Rule (A, x)].
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(C. %) Integrate over the temperatures of the vertices
that connect to the M vertex from 0 to 8.

(C. xi) Sum over all momenta and spin and sum over
all odd integers n; from - to *. Multiply by a factor
1/8 for each line in the diagram that does not connect
to an M vertex.

APPENDIX D

We may associate algebraic expressions with the
irreducible 0 diagrams and 0, diagrams according to
the following rules:

(D.1) Label each line from 1 to », where » is the num-
ber of lines, and assign to the jth line a momentum,
spin, and energy (&, z,).

(D. ii) With each M vertex associate a factor accord-
ing to Rule (A.v).

(D.iii) Associate with each A vertex a factor according
to Rule (C.ii) or (C.v).

(D.iv) Associate with each AH, vertex a factor accord-
ing to Rules (C.iv) or (C.vi).

(D.v) Associate with each line with labels (&, z;) con-
taining no AH, vertices a factor

[(zy + o (ky) + M, (21, By + Xy, « 1) + M_(24, Ky — Ko, 44)
+ z(kii 21, k(), ‘1))]-1 .

(D.vi) If a line contains a sequence of [AH, vertices
or | AH_vertices, then with the line entering the first
AH, vertex associate the propagator in Rule (D.v). With
the line connecting the jth AH, vertex to the (j+1)s¢
AH, vertex or with an A vertex, associate a factor

[(i21 + w{(kliiko"l) +M*(21,k1:{: (7 + 1)k07 “1)
+Z(k1 ijko,zl’ko, "1)]“1 .

(D.vii) For each double bond structure, subtract a
factor

A
/1 1)
T \iz Foy J\izy twg )

(D. viii) Assign factors according to Rules {(C. viii)—
(C.xi).
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Propagator techniques for equilibrium strongly coupled

Fermi fluids
L. E. Reichl

Center for Statistical Mechanics and Thermodynamics, The University of Texas, Austin, Texas 78712
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This is Paper IIT of a series of three papers in which a self-consistent propagator resummation of self-
energy effects in a strongly coupled Fermi fluid is performed. In the present paper, a Laplace
transformation of the reaction matrix expansion of the grand potential and the magnetization is obtained,
and a self-consistent propagator resummation of self-energy effects due both to the medium and to constant
and spatially varying external magnetic fields is performed. The procedure for resumming polarization

diagrams is discussed.

. INTRODUCTION

In two previous papers, hereafter referred to as RI!
and RII,? we obtained exact expressions for the grand
potential and for the magnetization of a strongly coupled
Fermi fluid in the presence of a constant and a spatially
varying external magnetic field. In RI, we wrote the
expressions for the grand potential in terms of tempera-
ture dependent single particle propagators and reaction
matrices. In RII, we found expressions for the expecta-
tion values of one- and two-body operators in terms of
cluster expansions and we wrote an expression for the
magnetization in terms of temperature dependent single
particle propagators and reaction matrices. However,
we found that the usual perturbation theory techniques
used to sum self-energy effects in the single particle
propagators could only be applied to a small subclass of
terms in the expressions for the grand potential and the
magnetization.

In this paper, we wish to discuss an alternative
single particle propagator method for self consistently
resumming all self-energy effects in the reaction matrix
expansion of equilibrium quantities. We begin in Sec. II
by writing the Laplace transform of the single particle
propagators and then the Laplace transform of the
grand potential and the magnetization. In Sec. III, we
define and discuss the self-energy structures that ap-
pear in the A-matrix 0 diagrams and 0, diagrams and
we explicitly resum them, In Sec. IV we show how the
collective effects due to spin and density fluctuations
appear in our expressions for the grand potential and
we explicitly resum their contribution to the grand po-
tential, In Sec. V, we make some concluding remarks.

Il. LAPLACE TRANSFORM OF THE GRAND
POTENTIAL AND THE MAGNETIZATION

In RI, Sec. VIII, we obtained an expression for the
grand potential, T'(8,g,/,,4,), in terms of A-matrix 0
diagvams and in RII, Sec. III, we obtained an expres-
sion for the magnetization (M(r)) in terms of A-matrix
0,, diagrams. Both the A-matrix 0 diagrams and 0,
diagrams were defined entirely in terms of reaction
matrices and temperature dependent single particle
propapators. We now wish to write an expression for
the Laplace transform of the grand potential and the
magnetization.

We shall first Laplace transform the single particle
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propagators. We may write #()\)exp(+ Aw) in the form

=Y +{0

ds exp(—s))

6(2) exp(=x Aw):—l—,
27 St w

Y mjoo

ds exp(— sA) 1 (Ir. 1)

T 273, St w

In Eq. (II.1), ¥ is a positive number such that y> | wl.
The Bromwich contour in Eq. (II.1) encloses both poles
of 1/(s+w) (cf. Fig. 1). We can always choose y large
enough so that the condition ¥y > lwl is fulfilled

(cf. Ref. 3, Sec. 14).

If we substitute Eq. (II.1) into the expressions for
the A-matrix 0 diagrams and 0, diagrams, we find that
each line is described by a different “energy” s,. How-
ever, the values of s, for various lines are related by
the way the particles interact with one another. If we
perform the temperature integrations in the various
0 diagrams and 0, diagrams and make use of the
relation

1 “«
i drexp[— (s, + s, — 55— 8,)|=0(s,+ 5, =55 — 54)]
(I1. 2)
Ims
¥
—
_; w Res
»
\4 c
FIG, 1. Bromwich contour for the propagators.
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we obtain conservation relations between the energies
of various lines in a given diagram which are goverped
by the topology of the diagram. [Note that if we choose
s, to be pure imaginary, Eq. (II. 2) reduces to the usual
definition of a Dirac delta function. ]

The temperature integrations in the expressions for
T'(8,g,H,,H,) and {m(r)) exhibit a sort of “causality”
in that they are ordered in a well defined way from
small values of A to larger values of A. When we sub-
stitute Eq. (II.1) into the expressions for I'(8,g,/,,/,)
and {n(r)), we must find a way to keep track of the
ordering or “causality” of the temperature integrations.
This can be done if we redefme the propagator in
Eq. (II.1) as

8(x) expls Aw) =1lim —-1— ds exp(v—sx) (I1. 3)

1
o0 218 J ¢ stw~8"

We then stipulate that only those poles contribute which
depend on + & (i.e., poles of the form s =z w + §). With
this convention, we can unambiguously reproduce the
expressions for the grand potential and magnetization
which are obtained by performing the temperature
integrations directly.

We can now write the rules for obtaining the Laplace
transformed expressions for the grand potential,
I'(g,B,/4,/,), and the magnetization (mn(r)).

r( B’g5HO’Hr)

= -%6- 27 (all different Qth order A-matrix 0 diagrams)

o=t (IL. 4)
and

(m(r))

=2, (all different @th order A-matrix 0, diagrams).
Q=1

(I1.5)

An A-mailrix 0 diagram contains a collection of @ AH,
vertices, A vertices and D vertices. An A-mairix 0,
diagram contains one M vertex and a collection of
AH, vertices, A vertices, and D vertices, The vertices
are ordered from left to right, and are entirely inter-
connected by solid and wavy lines, If a diagram contains
an M vertex (a 0, diagram) then it appears at the ex-
treme right. A vertices and D vertices each have two
lines entering and two lines leaving. The M vertex and
AH, vertices only have one line entering and one line
leaving. Wavy lines must be directed to the left, while
solid lines may be directed either to the left or right.
D vertices with two solid lines leaving must be placed
so that the solid lines which leave the vertex are
directed to the right. No wavy line double bonds may
appear except internally in the D vertices. Two @th
ovder A malrix 0 diagrams or 0, diagrams differ if
they have different topological structure; or if they have
the same topological structure, but the lines are of dif-
ferent types or directions, or the D vertices have dif-
ferent temperature labeling.

Algebraic expressions for the A matvix 0 diagrams
and the 4 matrix 0, diagrams may be obtained accord-
ing to the rules in Appendix A.
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Two examples of A matrix 0, diagrams are given in
Fig. 2. Algebraic expressions corresponding to the
diagrams in Fig. 2 are given below:

Fig. 2(a)

1\ ¢
heskzk (‘2—‘”7) f"'[dsLdsl"'dss
oo oky

x exp(—Bs;)0(s, =81 — 8, ~S3 = 8)8(=s5+ s, +5;+ 5,)

gl
klkg & k5 1
k6k7 D k3k4 m k2 <SL _ 46)

s
N 1 1 )
S;+twi -8/ \stw;-95

% 1 1 1
(53—40;—6) Sy—~wi—06 J \s;—wl~

Fig. 2(b)

5
—e <21.> f'-°fd31‘°°d57
kyeaskg VETTE
Loeekg

xexp{— B(s,+ s, +5; +5,)] 6(s,+ 5,55 -5;)

% (v, Mevo)ev, Yevs) A

5) . (IL6)

— 57+ 8y + 55+ Sg) (evglemy){evy)

1k2 8 k7 1
D .
ks kks | m ko (S1+w'1"5)
kgko Rk
N 1 1
(33""-’3 (s4~w4—6> “"é"5>
() ) ).
Sg — Wi ~ S,~wh-0 Syt wh~8

T.m

FIG. 2, A-matrix Oy
diagrams,
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11l. REMOVAL OF SELF-ENERGY STRUCTURES

We can now discuss the self-energy structures that appear in the expressions for the grand potential I‘(ﬁg/‘/f/,)
and the magnetization {m(r)). The discussion is somewhat similar to that of RII except that now our diagrams

are ordered from left to right and we need not exclude any diagrams from our expressions for I‘(ﬁ,g,H(;L/,) and

(m(r).

Since the diagrams have left-right ordering we must be careful in the way we define the self-energy structures.
Self-enevgy structures are now defined to be those parts of an A-matrix 0 diagram or an A-matrix 0, diagram
which can be removed by cutting two identically directed lines with the same momentum, energy, and spin (k,,s,).
They have no momentum indices in common with the diagram to which they attach except for the momentum of the
attaching lines. An irrveducible self-enevgy structure cannot be cut in half by cutting an internal line with the same
momentum, energy, and spin as the lines which enter and leave the self-energy structure. Self-energy structures
appear because of conservation of momentum and energy at each vertex or group of vertices.

Self-energy structures composed of AH, vertices were discussed in some detail in RII, and therefore we will not
discuss them again here. In Figs. 3(a) and 3(b) we give some examples of self-energy structures which contain 4
vertices and D vertices. In Fig. 3(c) we have an example of an object which is not a self-energy structure, because
the lines which enter and leave it do not have the same energy [cf. Rules (A.ix) and (A.x) in Appendix A]. The
dotted lines in Fig. 3 may be either solid or wavy.

Before we resum the self-energy structures in the A-matrix 0 diagrams and 0, diagrams we shall make one
further simplification. We shall add together all diagrams for which one can replace wavy lines by solid lines and
not change anything but the dependence of the diagram on the factor (ev,). We then obtain diagrams which contain
left-directed wavy and dotted lines, and right-directed solid lines. The dotted lines are represented by a factor
(1 +¢v,) and are the sum of left-directed wavy and solid lines. We then can draw the dotted lines as left-directed
solid lines since this presents no ambiguities,

We now can resum the self-energy structures that appear in the A-matrix 0 diagrams and A-matrix 0,
diagrams. We then obtain the following expressions for I'(g,g,/,,4,) and (m(r)):

T(B,g,Ho,H,)= —% 2. (all different irreducible A-matrix 0 diagrams) (Im. 1)

and
(m(r)) =22 (all different irreducible A-matrix 0, diagrams). (OI1. 2)

An irreducible A-matvix 0 diagvam (or 0, diagram) is the same as an A-matrix 0 diagram (or 0, diagram)
except for the following changes: (1) no self-energy structures may appear; (2) all left-directed lines are solid,
except internal lines of a D vertex or lines beginning and ending on vertices with the same temperature label; (3)
solid line double bonds are allowed; and (4) a given line can only contain AH, vertices or AH_vertices but not a
combination of them.

An algebraic expression may be associated with the irreducible A-matrix 0 diagrams and 0, diagrams according
to Rules (A.i)—(Axii) except that Rule (A, vii) is replaced to read:

(III.vii) (a) With each left-directed solid line (k,,s,) which connects an M vertex, A vertex or D vertex on the
right to an A vertex, D vertex, or AH, vertex on the left, associate a factor

(1 +evy)
[31 - wi - (1 +5V1)(EL(k1;31)+ME(SUk1"‘ kg, 5ﬂr)+Mf(slrk1+k0: ‘1’?[7)) - 6] ’

(b) With each right -directed solid line (k,,s,) which connects an A vertex or D vertex on the left to
an M vertex, A vertex, D vertex, or AH, vertex on the right, associate a factor

(ev,)
[31+ wi+ (evx)(zk(kusﬂ“‘M{‘(suki ~ky, ‘1;Hr)+M+R(slk1ik0: ‘1/-/7))—6] .

(c) With each left-directed solid line which attaches one AH, vertex to another AH, vertex or to an 4
vertex or D vertex, associate a factor

(1 +ev))
(s, —w] =T +ev )T (ky,s,) + ME(s,, Ky + Ko, 6,,/7,)) = 6]

»vir

(d) With each right-directed solid line which attaches one AH, vertex to another AH vertex or to an
A vertex, D vertex, or M vertex, associate a factor

(ev,)
[31 +wi+ (EVl)(ZR(k1:S1)+M§(5ukiiko’ ‘177];))— 6]

(e) To each internal wavy line (,,s,;) of a D vertex assign a factor 1/(s -~ w}~0).
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(f) For each solid line double bond subtract a factor
]

1
@ ::(31—“){'5)(32‘“’5“5) '

(g) For each line attaching to vertices with same label, assign a factor (ev,) if it is solid and no factor if it is
wavy.

The quantities M%® (s, k, + Ky, 6 ,,/,), ME®N(sy, Kk =Ky, s,,/,), and ;5 \(s,,ky,/,) appearing in Rule (III. vii)
are defined as follows:

ME(sy, Ky £ Koy 5, H) = Gu/tr)? (111, 3)
00 0SB T e~ wf &y Ko)—(1+ ev, ) (M (sg, Ky £ 2Ko), 6 1,7, ) + T {5y, Kyt Ko, LN =81,
(%FH'?‘)Z
R = HI. 4
M* (Sl’kpi Zk(); 41’/-/7) [Sl+w,‘l(k1ikﬂ)+(EVI)(W(SI!kli Zko)‘lvﬂr)—’_z:)!(s‘l’k‘likoy ‘“Hr))_é] ? ( ( )
and
Z, m)(sl,kl)zz (all different irreducible A-matrix 1 diagrams with left (right) directed external lines of
momentum spin and energy (s,,%,) which contain at least one A vertex or D vertex and
an equal number of AH, and AH_ vertices.) (O1.5)

An irreducible A-matrix 1 diagram is the same as an irreducible A-matvix 0 diagram except that it has one
external incoming line and one external outgoing line. The external lines are identically directed. Algebraic
expressions may be associated to the irreducible A-matrix 1 diagvams in the same way as for A-matrix 0 diagrams
except that no factors are assigned to external lines.

Some examples of irreducible A-matvix 0, diagrams are given in Fig. 4. Algebraic expressions for the diagrams
in Fig. 4 are given below:

Fi 4()—2<1)3 dsy ds, +++ds,exp(- Bs,)6( ) o(s, + Al (P )
18. Ha)=e"{\57 f Sp @Sy S4eXp(=Bs,)0(s; =5, = 5,) Os; + 55— 55 — 5,)€V;5) bk, A kot Mk4 (—-—‘>

Sy — 46

1
2
Ay s e}
(c)
()

FIG. 3. Structures appearing in the A-matrix 0, diagrams:

(a) left directed self-energy structures, (b) right directed

self-energy structures, (c) not a self-energy structure, FIG. 4. Irreducible A-matrix 0y diagrams,
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y ( (1+ev,) > ( (ev,) )
s, - w) = (1 +evl)5 (B1y81) =0 /) \sot b+ (evy)S o (Bps,) = 6
)
(1+ev,) ) ( levs )
% 3 s+ o + -
(sa_% A S Grarsa) =0 satwh+ er)S ks, s,) , (I11. 6)
kyky 4
. 1 3
Fig. 4(b)=¢ (é’ﬁ) J. ds,* *+ds,expl—B(s, +s,+5,+5.))0(s4+ s, + s, ~s)D [ ks | M b
1
kyky
( (ev,) {evs,)
sl+w1+(ev)SR (ky,s1) =6 ) \s, + wj+ (ev,)S p(ys,) = b
(1 +5V3) 1 1 I
Sy wh = (L +evy)S (kyys.) — 0/ \sy~wh—8) \sy—w'. -6/’ (IIL.7)
. 11\*
Fig. 4(c) :54(5}7) /dsL dsyeods, exp(— Bs;)0(sy ~ 5, — 55 ~5, = 55)8(s, F 55+ 8, —535)
walFik2\ 4 [ Fiks\ gl % a {ev;) {1 +ev,)
Rk koks Ry ot \bsg +w; = ()5 gy, 5,) = 8)) \ 55— w5 = (1 +ev3)S By, 55) =0
> (1 +ev,) 1
x{ I1
(,.=4(sj 1+eu)fk s)—6)> (sq—w[,—é) (ss—wg—é)}' (IIL. 8)
In Eqs. (III. 6)—(III. 8), the self-energy S5, z,(ky,s,) is defined
SL(R)(klysl\)E EL(R)(klasu/-/’,‘) + IM{‘(R)(SD k‘l - kO, ‘17/7/7) + A"]f(R)(sl’ ki + kO;“b/‘/r)' (HI- 9)
[
IV. POLARIZATION DIAGRAMS x(a, E) = <<;> . <>:> (Iv.1)
In RII, Sec. VIII, we studied the contribution to the
grand potential due to polarization diagrams composed m IR
entirely of A vertices (with AH, vertex self-energy
structures included). We found that, using the Matsubara where
technique, we could not include contributions to the
. . . R . o Xo(q, E)
polarization diagrams coming from D vertices. Such x{q, E)= 12 Al x.@ E) (Iv.2)
contributions are important if we want to sum D vertices Y Xods
into the vertices of the polarization diagrams or if we and
want to include D vertex effects in the self-energy Xo(@, E)
structures. The inclusion of such effects would probably - <_1_) ds (1+ewy)
be necessary for realistic calculations of the thermo- ~ \2mi S % (54— wlky) = (A +en )T Ky, 54) = B

dynamic properties of liquid He?,

We would like to show how one can sum the polariza-
tion diagrams in the Laplace transform expansion of the
grand potential. For simplicity we shall turn off the
external fields (set anﬁr =0) since we are primarily
interested in the structure of the polarization diagrams
themselves. Furthermore we shall suppress the spin
dependence in the diagrams. Inclusion of the spin de-
pendence simply causes the polarization diagrams to
split into a part due to density fluctuations and a part
due to spin fluctuations, but does not change the basic
structure of the diagrams.

Some of the lower order polarization diagrams which
contribute to the grand potential are displayed in Fig. 5.
We first note that all horizontal chains of “bubbles” can
be summed, if we assume that the A vertices depend
only on the momentum transfer, g (cf. RII, Sec. VIII),

ky; ky+q

Mg vg 1 )"A@.

We then can define
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“ ¥yea
E-s;twk +q)+ (EVk1¢q)2R(k‘l +q,E~s4)— 6) ’
(Iv.3)

where E =s,;+s,. The poles of the propagator x(q, E)
contain collective mode effects due to the spin and den-
sity fluctuations (cf. Ref. 4 for a discussion of the
structure of Eq. (IV.2) for the case of an electron gas).
We could generalize Eq, (IV.3) even further by
summing D vertices and higher order terms involving
D vertices and A vertices into the vertices in Eq.
(Iv.1).

If we perform the sum over all horizontal chains of
“bubbles” then the sum over polarization diagrams re-
duces to a sum over step diagrams as indicated in
Fig. 6, where each line with label j in a step diagram
corresponds to a propagator x(q, £;) and each vertex
corresponds to a factor A(q).

We can now write the expression for the grand poten-
tial in the form of an infinite sum which can be
evaluated systematically:
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§ i
@ )
FIG. 5. Some polarization diagrams which contribute to the
grand potential,

Ao

D

N@
+

2P
W
43
+

o

v

v

FIG. 6. After summation over chains of horizontal bubbles,
the polarization diagrams reduce to step diagrams.

© 2n 2n
T(8,8)y0 = 2 % (ﬁ) f---de,n-dEz,,Z:, exp(~ BE EcAl@)”

n=1

1 1

XoooX
X<E1+Ez‘45) <E2+E3’46) (Ez,,-l

1 2n
(E2n+ E, -45) }1 (xq, E,))

1 dE, dE,
T4

(27i)?
V. CONCLUDING REMARKS

In the present series of papers {(cf. Refs. 1 and 2),
we have written the grand potential and the magnetiza-
tion of a strongly coupled Fermi fluid in terms of a
reaction matrix expansion with self-energy effects due
to the medium and to external fields included in the
single particle propagators. The expressions we have
obtained are exact, They are well behaved, even for
particles with hard cores, and they never contain un-
defined energy denominators. Furthermore, the expres-
sions we have obtained are in a form which can yield a
quasiparticle picture of a Fermi fluid. The quasiparti-
cle energies are simply given by the poles of single
particle propagators. We can now begin to test many
of the assumptions of the phenomenological theories
of liquid He® by calculating phenomenological parameters
directly for realistic He® potentials,

APPENDIX A

The A-matrix 0 diagrams and 0, diagrams may be
evaluated according to the following rules:

{A.1) Label the 4 vertices and D vertices from left
to right from A, to A,, where @ is the number of
vertices. (A vertices require one label but D vertices
require two labels. One label of a D vertex is assigned
according to this rule. The other is determined by the
type of lines that leave the D vertex, and the labels of
the vertices to which they attach. [cf. Rule (A, vi)].

(A.1ii) Label the lines from 1 to #, where nis the
number of lines, and associate with the jth line a mo-
mentum and spin &; = (k;,s;) and an energy s,. (There
is one exception, If a line connects two vertices with
the same label, X, or connects a vertex to itself, it
need not be assigned an energy s,.)
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1
+E, - 45

2 (E1+Elz_45> x(a, E1) x(@, Ex)(eA(@)).

T
(A.iii) With each A vertex associate a factor

N 1 ';‘_

" N AN 15
Ao W =A = = C¥(ky)olk ko | A Rk,

/’I; \"\4 kaky

where the dotted lines can stand for either wavy or solid
lines.

(A.iv) With each AH, vertex, associate a factor
At ’
A O —ebuo, |, A0l -kTk)
A2
1
where the dotted lines may be either solid or wavy.

(A.v) With each M vertex associate a factor

Al
°® M ky e ¢,6 (1)3exp[ ik - k,) *r]
= =Hea0, s \o, — UK =Ky rl
4“\1 ks 1%2

(A.vi) To each D vertex assign labels, A, according
to the following conventions:

rd

1 s k3
- k|\\(‘\'§

A \ 5 /L’?
Ay ¢ MES

2
); A;’ hl
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In the above vertices, the right-most labels are
assigned according to Rule (II.ii). The left-most labels
are assigned according to the nature of the outgoing
lines and the labels of the vertices to which they attach.
For a D vertex with two outgoing solid lines, the left-
most label is 8. For D vertices with one outgoing wavy
line the label of the left-most vertex is that of the
vertex to which the wavy line attaches. For D vertices
with two outgoing wavy lines which attach to vertices
with temperatures A, and A,, the temperature of the
left-most vertex can be either ), or A;. In general,
both possibilities occur and lead to different
expressions.

To each of the above D vertices assign a factor

ks
D\ ks =-Cz(kss)o<k1kz\Alk5k6>63)o<k5kslA|k3k4>f)S)
ksky

1
xp{———
((w§+wg—wg—w;) ’

where w]=k3/2m —g— 11 «H,.

(A.vii) To each left directed wavy line (&,,s,) assign
a factor (s; — w} - 8)™". To each left directed solid line
(Ryys,) assign a factor {ev;)(s; -~ w} - 6)"*. To each right
directed solid line (k,,s;) assign a factor (ev,)
X (sy +w]—-8)"1. If a line (&, s;) connects two vertices
with the same label, assign no factor if it is a wavy
line, and a factor (ev,) if it is a solid line.

(A.viii) To each line (k,s,) which attaches to a vertex
with label A=, assign a factor exp(- 8s,).

(A.ix) To each A vertex or AH, vertex with no lines
entering or leaving to the left, assign a factor (1/2ni),
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X [ds; exp(- Bs; )(s; ~ 40) to the diagram unless the
vertex has temperature label 8. To each 4 vertex, D
vertex, or AH, vertex with no lines entering or leaving
to the right assign a factor (1/2ni) [ dsp (s, —45) to the
diagram.

(A.x) In a given diagram, there will be either one or
two vertices with a given label, A [cf. Rule (IL vi)]. If
only one vertex has label A, then assign a delta function
(2mi)6(s £ 5,4 S,% 55+ 5,) to the diagram, where s,, . ..,s,
are the energies of the lines that enter and leave the
vertex. If two vertices have the label, A, then assign
a delta function (277)6(s+s,+s,%+ °°~+s,) to the diagram,
where s, . . .,s; are the energies of the eight lines
entering and leaving the two vertices. The energy, s,
appears if the vertex satisfies the conditions of Rule
(II. ix). It has values s =+ S, Or s = — s, depending on
the type of vertex. The plus and minus signs in the
delta functions are assigned as follows: An incoming
line directed left is minus; an incoming line directed
right is plus; an outgoing line directed left is plus; an
outgoing line directed right is minus.

(A.xi) Multiply the entire expression by a factor
eS| where P, is the number of permutations in the
various matrix elements, and S is the symmetry num-
ber of the diagram.

(A.xii) Sum over all momenta and spins. Multiply by
(1/2wi) [ ds; for each line of energy s, and integrate. At
the end of the calculation, take the limit & ~ 0.
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A calculation of SU(4) Clebsch-Gordan coefficients*
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All the Clebsch-Gordan coefficients for SU(4) that would be required for particle physics, including those
decomposed with respect to SU(3), are obtained by using the general formalism of Baird and Biedenharn.

INTRODUCTION

There has been a renewed interest in the unitary
symmetry group SU(4), which was first considered in
particle physics more than a decade ago.' The reason
for this is the discovery® of the y-resonances at BNL
and SLAC. The narrow width of the (3095) and the
#(3684) has led to the speculation that perhaps a new
additive quantum number, called “charm, ”® should be
introduced. A verification of the SU{4) classification of
the hadron spectrum awaits the discovery of resonances
carrying nonzero charm number. At present, there is
no compelling data to support any observational claim
for the existence of charmed particles. In the following,
we shall compute all the Clebsch—Gordan coefficients
necessary to perform calculations within an SU(4)
scheme involving scattering amplitudes and decay
amplitudes.

The calculation of Clebsch—Gordan coefficients in
SU(4) requires an evaluation of coefficients decomposed
with respect to SU(3). This decomposition was under-
taken earlier in the year? for two SU(4) expansions,
namely 15 &15 and 20'® 15, In the present work we
shall give coefficients for all the expansions likely to
occur in particle physics. A list of the thirteen relevant
relevant expansions® appears at the head of Table IV.

We summarize, in Sec. 2, a few important facts
about SU(4), while the outline of the computational meth
od for calculating the coefficients is carried out in Sec.
3. Section 4 contains the following Tables: the SU(3)
subduction of all 26 SU(4) representations occurring in
the expansions® (Table I), all the isoscalar factors re-
quired in the calculations (Table II) and their symmetry
factors (Table III), the SU(3) singlet coefficients (Table
IV) and the significant symmetry factors (Table V).

2. GENERAL PROPERTIES OF SU(4)

For a thorough coverage of the most important as-
pects of SU(n), the reader is referred to the papers of
Biedenharn, and Baird and Biedenharn,” which we shall
use extensively in our calculations of the SU(4) coeffi-
cients. We shall discuss some of the basic properties of
SU(4) before computing coefficients.

SU(4) is the covering group corresponding to the rank-
three Lie algebra A,. The three conserved quantum
numbers /;, Y, and Z are related to the charge @ by the

extended Gell-Mann~Nishijima relation
Q@=1,+3Y+aZ +bN, 2.1)

where /;, Y, and N are the third component of isotopic
spin, hypercharge and baryon number, respectively.
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The charm number C is defined by

C=aZ +bN. (2.2)
Here, « and b are constants that depend on the choice of
a specific model. In the remainder of this paper, only
Z will be used, for it is model independent. The charm
number of the various states can then be found from Eq.
(2.2), using a and b determined by a specific choice of
model for the quark charges,

The four quarks g ={p,#, A, c) are described by the
fundamental representation 4 of SU(4) which has the
SU(3) decomposition

4=1+3. (2.3)
For the choice of fractional charges of the four quarks
in the Moffat model® we have ¢ =3 and b= - %, while in

the Glashow, Iliopoulos, and Maiani model® ¢ = -1 and
3

= Z.
The outer product of 4 and 4* gives
40 4¥=1+15 | (2.4)

and the mesons are assigned to the adjoint representa-
tion 15. This representation has the SU(3) decomposition

15=1+3 +3* +8. (2.5)
The baryons fit into the product
4®4®4=4+2(20") +20. (2.6)

The J*=3" baryons are assigned to the representation
20'. The J?=%" isobars are placed in 20 which contains
a decuplet with C=0. The 20’ and 20 have the SU(3)
decompositions

20'=3+3*+6+8
and
20=1+3 +6+10.

Mass sum rules have been obtained for the mesons
and baryons in SU(4) and SU(8), !°*! including the famil-
iar Gell-Mann—-Okubo mass formula for the C =0
particles.

Let us consider some important computational as-
pects of the SU(4) coefficients. Each state in a repre-
sentation can be described by a lexical Young tableau
with partition [x]=(x, = A, > x;), where A, is the number
of boxes in the ith row of the Young tableau,

Consider now the tableau with the form:

Fivst vow: m, 1’s, followed by (m,, —m,;) 2’s,...,
(myy = my;) 4's.
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Second vow: m,, 2°s, followed by (m,; - m,,) 3’s and
(M, —my3) 4°s.

Thivd vow: myy 3’s, followed by (mgy — ms3) 4’s.

The partition of this tableau is [A|=(m 4, m,,, ms,). We
denote the state associated with the tableau by

Mg Mg M3y Mgy
LT Mo M3y
ntyo Mo ’
my,

which Biedenharn called the Gel’fand pattern of the
state. The m,,’s are related to the eigenvalues of the
state through the following equations:

I=5(my, —my,),

Iz:mu'%(mxz'*'mzz)’

V=myy +1my - §m,yy +myy +myy), 2.7
Z=m g gy T gy = (M, + Mgy F Mg, ).

Here, my, is always zero.

The requirement that the Young tableau be lexical
leads to the condition that

(2.8)

The highest state in a given representation (denoted by
Mg, My, and m,,) is uniquely defined by the triangular
pattern, whose m;’s are as large as allowed by Eq.

(2. 8). In terms of myy, Mgy, and my (hereafter, called
b, g, and 7) the eigenvalues of the maximal state of an
SU(4) representation read

IH:%([?—(I)’
YH:%(,D +q —2"’)’
Zy=%p+q+7).

> >
mi'jﬂ ST mi+1,j+l'

(2.9)

This means that the highest state in a representation
is the one that has maximal Z, then maximal ¥, and
then maximal I,. For instance, the maximal state in
15 has (I,, Y, Z)=(3,%,1). In a more precise, if more
cumbersome, language, we could say that the maximal
state is the one with highest I, in the SU(2) submultiplet
having the highest Y, and belonging to the SU(3) sub-
multiplet with the highest Z in the SU(4) representation.

The same considerations carry over to SU(3), where
the maximal state in a representation is the one with
highest hypercharge, and then highest I,. Of two SU(3)
representations, the highest is defined to be the one
that contains the SU(2) submultiplet with the highest
hypercharge.

Thus, a higher dimensional representation in SU(3)
is not necessarily higher in our sense (e.g., 6* is
higher than 8, and 21 is higher than 24}. Only in SU(2)
do the two meanings coincide: The higher SU(2) multi-
plet is the higher dimensional one, corresponding to the
higher isospin.

It is seen that these conventions differ from those
adopted by de Swart'? in his tabulation of SU(3) coeffi-
cients, Nevertheless, we feel that using the Gel'fand
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pattern, with Biedenharn’s convention, is mathematical-
ly more consistent, especially as we proceed to higher
dimensional SU(n) groups.

3. COMPUTATION OF THE SU(3) SINGLET
COEFFICIENTS

To calculate the coefficients, we first need the matrix
elements of the SU(4) generators, There are 15 of
these, and we write the infinitesimal generators in
terms of the matrices E;; used by Weyl.” In the funda-
mental representation, E,; is the matrix consisting of
unity in the (ij)th position and zeros elsewhere. These
generators obey the rule

(B Eyl=0,,E;, -6,E,,, (3.1)
where all indices run from 1 to 4.
Define the lowering operators:
E, =1, E,=K.,
E,=V, Euz=L_, (8.2)

Eyp=U, Ey =M.

E,, generates the isospin subgroup, E,;, and E,,
generate the V-spin and U-spin subgroups of SU(3). The
other operators generate three SU(2) subgroups in
SU4).

The matrix elements, written in terms of the Gel’fand
notation, are then given by Eqs. (60) and (61) of Baird
and Biedenharn’s Paper II. We reproduce Eq. (60) for
the reader’s convenience:

ml,n nlE,n o H/"'rm
'nl,n-l Tt nli n-1 : nzn-l n-1
En,n—l
! Wiy
n~2
n-1 ; (mj,n—z_ﬂli,n-l '_,]+l)
j=1
=/ 2 (|71
iE] 3 ;
T (9, ey = P ey~ 1)
iz
FE]
i . 1/2
M m; ,=my,.,—J+i +1)
i=1 ' ’
(_)n-l . .
.Hl(mj pet = W =) i+ 1)
i . ,
j#i
[ "y, cee -
My gy "0 Mg =1 e
x . (3.3)

niy,

This formula is very easily put on computer, allowing
for a rapid calculation of all matrix elements in all
representations, a task which would be otherwise rather
forbidding.

Equation (61) in Baird and Biedenharn (II), gives the

result for the general matrix element of a generator
E_, (n >k). This may be obtained from the formula for
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TABLE I. SU(3) subduction of SU{4) representations.

Rep. of SU@4) 4 6 10 15 20
SU@3) submultiplets | 3 1 3 3 6 3 1 3 1+8 3 10 6 1
z ¥ -1 [y -2l - -2 | o -1 § -3 - -t
Rep. of SU@) 20 207 36 45
SU(3) submultiplets | 8 3+6 6 8 6 6 3+15 1+8 3 15 8+10 3+8 3
4 3 -1 - f; 1 0 -1 5; 1 -3 -t 1 0 -1 -2
Rep. of SU@) 50 60 64
SU @) submultiplets | 10 15 15 10| 15 6+15 8+10 6 8 3+6+15 3+6+15 8
z § i -1 -1 | 3 -3 -1 | } - %
Rep. of SU@) 70 84
SU(3) submultiplets | 10 6+24 3+15 1+8 3 6 3+15 1+8+27 3+15 6
z 3 3 -3 -3 S E: 1 0 -1 -2
Rep. of SU@4) 84’ 84”7 105
SUG@) submultiplets | 24 15+15 8+10 3+6 3 |28 21 15 10 6 3 1 |15 24 27 24 15
5 1 _3 71 _tt|s i _1 _3 5 _1 _9 - _
z i 3 i ~ |2 z z 2 2 Py 5 2 1 0 1 2
Rep. of SU4) 120
SU®) submultiplets | 15 10+35 6+24 3+15 1+8 3
7 3 —1 -3 -2 L]
Z 4— 4 4 4 1 1
Rep. of SU @) 126 140
SU@®) submultiplets | 27 15+24 6+15+15 8+10 6 35 21 +24 15+15 8+10 3+6 3
z 3 3 -3 -3 -2 3 3 -3 -3 - -1
2 2 2
Rep. of SU@) 1407 1407
SU(3) submultiplets | 24 10+27 15+24 15+15 10| 15 8+10+27 3+6+15+24 3+6+15 8
Z 7 3 -1 -2 -2 L 3 1 _5 _9
1 4 4 4 ¢ 4 4 4 h n
Rep. of SU@) 175 224
SU(3) submultiplets | 15 6+15+24 8+10+10+27 6+15+24 15|42 27435 15+21+24 6+15+15  8+10 6
V4 2 1 0 -1 -2 |1 3 1 % 2 13
¢ 4 4 4 4 4
Rep. of SU@#) 256
SU(3) submultiplets | 24 15+15" +42 8+10+27+35 3+6+15+24 3+6+15 8
A 2 1 0 -1 -2 -3
Rep. of SU@4) 300
SU (3) submultiplets | 10 6 +24 3+15+42 1+8+27+64 3+15+42 §+24 10
z 3 2 1 0 -1 - -3
E, .., through the use of the commutation relations The general SU(4) Clebsch—Gordan coefficient is
(3.1). written as
Equation (3.3) also embodies the general sign conven- v, v, v My Mo s .
tion for SU(n) generators: The matrix elements of E, ,_, CG= X XC,iZZ,ZZ 170
are defined to be positive. This means that, in SU(4), WZy WZy | uZ MY, ALY, [ AY
I, U, and M_are positive. The signs of the matrix ele- (3. 4)
elements of the other generators then follow from the :
commutation relations. where
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TABLES IIA. —IIP. Isoscalar factors (’:’1’1 x:f,zl,:,)

TABLE IIB. ()Lisy1 1231"z|)tu1")'

Isoscalar factors are tabulated for the following expansions:
NMA:383=3+6

OB:3®3=1+8

IC:3® 8=3+6+15
ID:6&83=8+10
NE:6®3=3+15
MF:6®6=6+15+15"

NG: 6®6=1+8+27

TMH: 6@ 8=3+6+15+24

M1: 82 8=1+8,+8,+10+10+27
MJ:10%3=15+15

IIK: 10® 3=6+24

ML:10® 6=15+21+24

IIM: 1089 68=3+15+42

IN:10® 8=8+10+27+35
MO:10®10=10+27+28+35
IP:10®10=1+8+27+64

vy Vo v
UiZ, W2, | UZ is the SU(3) singlet factor,
T |
MY, AY, | AY ;zcttk:)i ’SU(Z) singlet (de Swart)
CY’% s the SU(2) Clebsch—Gordan coefficient.

To complete our phase conventions, we will say that the
highest Clebsch—Gordan coefficient is defined to be 1,
This also makes the highest SU(3) singlet factor to be

1. From the considerations in Sec. II, the highest table
in a given v, ®y, SU(4) expansion is the one that has the
highest Z, and then the highest u, u being an SU(3)
subgroup. Within a table, the highest factor involves

2,1 3,0
>‘1sY1;>"29Y2 8 }“UYI;)\‘ZrYZ 8

2,3 1,2 |1 2,5 2,-34 11

1,0 2, -1
My Yish, 1| 1 8 M, Yiin, Y, 8
1,-2,1,2|1V3W2/3 1,-%2,-31
2,3;2, =3 |V2/3|-1N3

since A4, Ay, and A are SU(2) representations, highest
also means highest dimensional .

Table III gives the phase factors ¢, and €, associated
with the following symmetry properties of the isoscalar
factors:

My Mo M Ho Ky M
=e(=1)""1 T
MY LY, | AY ! ALY, MY Ay
e By | ou
=€ (=1)"T1 1z
MY, AY, | ay) = )
« El Ez m
A=Yy A=Yy {2, -Y)" (3.5

.Table V gives the phase factors 7, and 7, associated with

the symmetry properties of the SU(3) singlet factors:

1 Va v v, vV, v
W2y WoZy | HZ ~ M WeZy WaZy | WZ )’
(3.6)
v, U, v A PR v
Uiz, woZy | uZ =7k Ui, =2, Hyp=Z, | U,-Z

TABLE IIC. (, 'y, 2| ) -

4 4 1
the highest 1, and then the highest u,. We emphasize 3’; Ly 43
that “highest mu§t be taken mlthe sense of Sec. II. If NERALT A, Yiihas Y| 6 R AI
v,=v, =8, we define 8, to be higher than 8. ;
2,3:2,1 |1 2,3 2,1 |1 2,3:,3,0 |1
In the same way, when computing Table II, which )
gives all relevant isoscalar factors, the highest table 2,3
in a given u,; ® (4, expansion is the one with the highest M, Yh, 1 3 6 15
Y, then the highest x. Within a table, the highest factor 1,-2;2,1 [V3/2v2 | —1/2 [V3/2/2
the highest the highest »,. Here, of course
has ig A1, then the hig o H , of course, 2.3:1.0 RYVEESARY
- 2,3: 3,0 3/4 |W3/2/2 1 -1/4
3 K
TABLE TA. (\%y, »¥, |x¥)- s s
35% 15% 7\1sY1§7\2;Y2 g 15
A,YN, Yy |6 Ns Yishg, Yo |3 1,-2:3,0 [—1ANZ | 1A
2,%:2,4 2,5, 2,5 |1 2,5:2, -1 | 1A2 1/V2
2 ]

2, -4 1,_§ 1, -3 2, -
>\1,Y127\2,Y2 3 6 )\1,Y1;A2,Y2 6 )‘1’Y1§>"2’Y2 3 15 A, Y50, Y, |15
1,-2:2,8 IA2Z W2 1,-%1,-21 1,-%1,011/2 [V3/2 1,-%2,-1]1
2,5:1, -3 | IN3 1/V2 2,532, 21 [V3/2 |21/2
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[ 8 ]
TABLE IID, (Xfy1 ;,,2 15). TABLE IIF. (MY1 »Qrzlxy)-

4 4 1.4
4,1 2,1 5’3 313 4,3 _
; . Ay, Yol 1 A, YiM, Yol 6
>‘1:Y1;>"21Y‘2 10 AI,YI;)“Z!Y‘Z 8 }‘1.’Yl:7\2»Y2 15 7‘1.Y1v>‘z’ 2 5 19 1)"21 2
2 1 39%; 3,% 1 3!%; 3’% 1 3:%; 3’% 1
39%; 2’% 1 3,355 2,3 1
3,0 1,0 4,1 2,3
ALYin, Y| 8 10 ) N, YA, Ty (8 [N, Yysh, Yo | 15 | 15 M, Yish Yo | B 1 15
2, ~3; 2,3 [-1A3|V23 | |2, -5 2,8 (1 2, -4:3,2 [-1AZ[ 12 2,~%;3,2 [-1IAN21NZ
3,%1,~2 { V373 (1A3 3,32, -3 | INZ{1/V2 3,8:2, -3 | 1V2| 142
2, -1 1, -2 3, -2 1, -2
MYy, Y| 8 10 A, Yy, Yy |10 A, Y2, ¥y 6 15 | 15 M, Yishy, ¥y |15
~i.32 - 2, -3:2,-111
1 _4_.2 1 /378 1/\/’3’ 1’_4_;1’_%_ 1 1, 3 3,5 1/‘/’5 1/'\/-2_ 1/\/’6‘ y T3¥ 4y —3
L 2 2, 1,2, 1| <1/ 0o |v2/3
2,-3;1,-21 143 V275 273 773
3,3 1,-4 | 143 | 1NZ{1IANE
2,-% 1,-%
My Y%, 1 15 15 Ms Y3k, Yy |15
L -4 2, -3 -1N2 [1M2 1,-51;1,—5& 1
2,_%;1,-1 A2 [IANZ
6 8
TABLE IG. (, ¥, 3,1, )i7)-
3,2 4,1
M, Yy, Y| 27 Ay Yk, ¥yl 27
39§;19$ 1 3|%;21% 1
2,1
8§ 3
TABLE HE'(MY‘ »zyz,»“y)- Ay Y, V5| 8 27 ] 2,0
2,~3: 1,5 |V275| V375 A, Yiing, ¥yl 27
i 45 3,3:2,3 [V3/5| V275 3,3:3,-8]1
M, Y30, Y, |15 A5 Yisdg, ¥y [ 15 3,0 1,0
2, 2 2. -1
331,58 |1 3,52, -3 |1 X, Y, Y] 8 37 |, Tom, G| 1 8 27
2.1 3, -2 2, -%:2,5 115 2/VE 1, -4 1,;. 1A6| 2/Z715 V3710
* 1)
3,% 3, -%|2/5 |-145]||2, -4 2,4 143 14TE V35
My Ysh, Y| 3 15 A, Y0, ¥y |15 il ) i / ’23 ’: /V/_ ,/%_J N
3,23, -2 [1N2|-V2/5 110
2,-3:1,3[1/2 | /3/2 2,32, -3{1 . o Vel V10
3,42, -1 [v3/2{-1/2 ’ >
MYk, Yy |27 | N, Yk, Ty 8 27
1 _z s _s 2,-%:3,-2|1 1,-?;2,% Y2751 v375
. M 2, -3.3, —2|V3/5|-vV2/%
Ay Yishg, Yy | 3 15 My Yish, T [ 15 3, ~2 ’ >
4. 2 4. s
1,-51,8 ANZ | INE 1,42, -3 1 T Y, 27
2,~5:2, -5 |INZ |-t AT 1,-£;3,-3| 1
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TABLE ITH.(, 5\, |5)-

4,2 2,% 5,2
M, Yishy, Yy |24 My Yidg, Yo 15| N, Py, Yy | 24
3,%;2,1 |1 3,2:2,1 |1 3,%2;3,0 |1
3’%
My Y, Y, | 6 15 24
2. 25i 21 | VE/TO|-1NE | 22T5 TABLE UL (Y, 3 | 2) -
3,%;1,0 |-1n10| tANZ| VIS 17272 hy
3,%;3,0 V375 1IA3 |-1NT5 3,2 1,2 ‘ 4,1
- M Yk, ¥ (27| [N, Ysa, Yol 10|, ¥k, Vo 10 27
A __ 2,1;2,1 |1 2,1;2,1 |1 2,1;3,0 | -1ANZ|1/VZ
My Y32, Y| 3 15 3,0; 2,1 IVZ | INE
2,-%;2,1|1/2 V3 /2
3,%5;3,0 [vV3/2 |-1/2 ‘ 2,1
4, -1 N, Vi, Yo 8p 8 | 1o 27
MR AT o4 1,0;2,1 |=1/2/5 | 1/2|-1/2| 3/2/5
2, -13:3.0| 13 |VEE 2,1;1,0 {-1/2V5 [-1/2| 1/2 | 3/2/5
5.2.2, 1| 273|173 2,1;3,0 |~3/2V5 | 1/2| 1/2 |-1/2V5
3,0: 2,1 3/2¢5 | 1/2] 1/2 | 1/2V5
2"%
My Yk, Yy 3 8 15 24 3,0
1,-42,1[-1/2 VI/10 |-1/2 145 'NLYish, Ve 8 8p 10 10 27
2,-%:;1,0| V3/4 1/2v10 | v3/4 V375 1,0; 3,0 15 0 |-1/2 |-1/2 |V3/10
2, —213;3,0 —\/§/4 3/2/10 5/4V3 |~1 AT 2,-1;2,1 ~v3710 1/V6 ING|-1AB]ING
3,22, -1 v3/2/2(3/2V5 |-1/2v6 |~v2/i5 2,1;2, -1 (/3710 -1A6 |-1A6 | 1A6|1ING
3, -1 1,_;_ 3,0;1,0 15 0 1/2 1/2 {V3710
Ay Yih, ¥y | 15 | 24 N, VM, Y, | 6 24 3,0; 3,0 0 VIR |-148 | 1AB| 0
1, -%:3,0 |-vZ/3[1~3 1,14_;1,0 v275| V375
2,-%;2, -1 1A3(v2/3| 12,-1;2, -1|v3/5|-v2/5 ‘ 1.0
> T M, Yishy, Yy 1 8p 8p 27
}‘I’YI;)"Z’;Z o 1,0;1,0 [-1/2v2 |—1A/5 0 3V3 /210
P 2, -1;2,1 1/2 1IAT0 [IA2 ] VB/2/5
2 2,1;2, -1 (~1/2 ~1AT0 |12 | -VE /25
3,0;3,0 V3/2V2 | V35 0 |-1/2v/1T0
5,0 4, -1
AL Yishe, Yol 27 A Yiihg, Yy | 10 27
3,0;3,0 |1 2,~1;3,0 [-1A2[1WNZ
3,0;2, -1 | IAN2Z|1NZ
2, -1
MY, 8 8 | 10 27

1,02, -1 (=-1/2V5 |-1/2{-1/2| 3/2/%
2,-1:1,0{=1/2V5 | 1/2| 1/2| 3/2/5
2,-1:3,0| 3/2V5 | 1/2 |-1/2| 1/2V5
3,0;2,-1|-3/2/5 | 1/2|-1/2 |-1/2V5

3, -2 1, -2
)‘1’Y1;7\'2’Y2 27 )‘19Y1;)‘29Y2 10
2,-1;2, —1] 1 2,-1;2,=1]|-1

2046 J. Math. Phys., Vol. 17, No. 11, November 1976 Haacke, Moffat, and Savaria 2046



10 3
TABLE I13. ('} % |-
5,;. 3,;.
A, YA, Yy |15 A, Yk, Yyl 15
4,1;2,1 |1 4,1; 2.1 [1
4’% 2!%
A, YA, Y| 15 15 A, Yishg, Yo | 15
3,0; 2,5 |-1/2 |V3,2 3,0:2,1/3| 1
4,1;1, -2 Vy3/2]1/2
3:—5 1’ —'%
My Yishg, Yy | 15 15 Ay Yish, By |15
2,-1; 2,2 (-1NZ|INE 2,-1;2,3 |1
3,001, -2 | 1NZINTD
21 ";— 1: ";1
A, Yi5h, Vo 15 15 Ay Yishy, ¥y {157
1,-2;2,3 [-V3/2(1/2 1,-2;1,~-2(1
2,-1;1,~-2| 1/2 |V3/2

TABLE TIK. (1}, o1, |ar)

TABLE I L, (

8 |u.)
MY MY, lar)

Il

M, Vi, B | 21 ALYk, Yy 24 A Yy, 1| T5)
4,1; 3,2 4,1;3,§ |1 4,1;3,3 | 1
5 3,2
M, Yish, Y| 21 24 AL YA, Y| 15 24
3,0; 3,2 [V3/5(-v2/5 3,0; 8,2 | -1A43|V2/3
4,152, ~3|vZ/5| V375 4,1;2, -3 | V27313
]’% 45 _%
M, Yh, Y, |15 ALYih, Y, | 15 21 24
3,0; 3,% 2,-1;3,% |- 16 [V3/10 |- 2T /15
3,0;2, -3 [-1~N3|V3/5 1/¥15
4,151, -4 | W2 INTO | vB7E
21_%
A Y, Yy 24
2,-1;8,% |-v273| 173
3,0;2, -1 | 173 ﬁ
3, -%
A, YN, Y, 15 | 21 24
1, -2;3,2 1/VZ | 1AT0 |-V275
2,-1:2, -3 -1N3|V375 [-1AT5
3,001, ~% | 146 |V37I0 | 22715
1, -4 2
3

ALY (A, Y, |24

AL YiM, 1y

2,~1;2,~-3%

4,8 5,%
)“l!Yl;M!YZ 24 )‘19Y1;)‘2:Y2 24
4v1;11% 1 4s1;2v—% 1

39% 4’ _%
>‘1:Y1§7\2,Y2 6 24 }‘1,Y137"2’Y2 24

. 2

3,0;,1,2 [1A45] 2/ 3,0,2, -3 |1
4,1;2, -3 |25 145

21"?1? 3’—:':'
My Yishg, ¥y} 6 24 Ay Yishg, ¥y |24
2,-1;1,2 V275 | V375 2,-1;2,-3]1
3,0;2,-% W3/5|-V2/5

1’ _3- 2: "%
Ay Yishg, Yy 6 24 AL Ysn, Yy |24
1,-2;1,2 (V875 V275 1,~-2;2,-411
2,-1;2, -1|v2/5|-v3/5

1

* T3

21
1,-2;2, -3{VZ75
(V375
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TABLE IM. (7, |55

4,5 5,4
A, Yy, ¥y | 42 A Yishg, ¥y [42
4,151,7 4,1; 2,3 |1
3,;‘- 6,1
Mo Yisho, B | 15 42 Ay Yishg, ¥y |42
3,001,L [143] VE/3 4,1;3, -2 |1
4,1;2,3 |v2/3l -1/v3
4,%
My Yishg, Yyl 15 42
3,0;2,3 |1INV6| V5/6
4,1;3,-2|/576|-1/6
2,%
ALYk, Yy 3 15 42
2,~1; 1, [1NT0 | 1NVE | VETS
3,0; 2,3 |v3710| 146 |-2T/15
4,1,3,-2|V375 |13 | 1415
5,—% 3, ~2
Ay Yishg, Xy X Y13hg, Yp] 15 y)
3,0;3,-% 3,0, 3,2 | V273 |-1/73
2,-1;2,21M3 | V273
1, -%
AL Yish, Y| 3 15 22
1,-21,; 10| 12| 1B
2, -1;2,3 V275 0 |-v3T5
3,0;3, -2 [VB/T0[~-14Z| 15
M, Y, Y, [42
2,-1;3,-%
AL Yisn, Yy | 15 42
1,-2;2,3 |INZ| 142
2,-1:3, -211/v2 |-1/V2

TABLE 1N, (% .}

)
vEy prlar)

2048
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5,2 3,2 6,1
N, YN, Yy 35 A, Yihg, Yo 27 My YN, Y, |35
4,1;2,1 |1 4,1;2,1 |1 4,1;3,0 |1
4,1
M, Y1k, Yy 10 27 35
3,0;2,1 1/2 -1/2V2 | V5/2v2
4,1;1,0 {-1/2/2 3/4 v5/4
4,1;3,0 V5/2V2 | V5/4 |-1/4
2,1
My, Yish, Yy | 8 27
3,0:2,1 |1V 245
4,1; 3,0 |25 | ~-1//5
5,0
ALYk, Y| 27 35
3,0;3,0 |—-1/2 [V3/2
4,1;2, =1| v3/2|1/2
3,0
A, Yoy, ¥y 8 10 27 35
2,-1;2,1 [-v2715 |IA3|-1/5 13
3,0; 1,0 1/¥5 0 v3/10 | 142
3,0;3,0 |-v2/15 143 3/2/5 |-1/2/3
4,1;2,-1| 22/15|1V3 | -1/2/5 [-1/2/3
1,0 4, -1
N, YN, Y] 8 27 Ml Yiih, Y, | 27 35
2,-1;2,1 V275 V3/5 2,-1;3,0 |—1ANZ|INZ
3,0;3,0 |v3/5|-v275 3,0; 2, ~1 1INZ | INE
2, -1
M, Yk, Yo | 8 10 27 35
1, -2;2,1 |—V2/5|1/2 -3/2y10 | 1/2v2
2,-1;1,0| IA5|1/22 | 3/4/5 3/4
2,-1;3,0 |- 145 |1/2¥2 | 7/4/5 |-1/4
3,0:2,~1 | 1INB{INE |—1/2V5 [-1/2
3, ~2 1, -2
Ay Yish, Yy 27 35 ||, Yisn, Yy | 10 35
1,-2:3,0 [~v3s2l1/2 || 1, ~2;1,0 [INZ | 142
2, —1;2, -1]| 1/2 |V3/4jf2,-1;2, -1[IN2Z |F1VE
2, -3
A Y1ihg, ¥ | 35

1,-2;2,-1{ 1
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TABLE 110,(,

10 10 | "
1¥; Yl Ay

).

7,2 5,2 3,2
AL YN, Y, (28 A, ¥ish, Yo |35 Ny YN, Yo |27
4,1;4,1 |1 4,1;4,1 [1 4,1; 4,1 TABLEHP.(A:% ﬂzw)'
1,2 6,1
M, Yisk, Y| 10 Ay Y0, Yo | 28 35 43 52
4,1;4,1 |1 3,0,4,1 |[IAZ |-1A2 As Yiihy, 1 |64 Mo Yishe, ¥y | 64
4.1:3,0 1Nz | 142 4,1;1,2 |1 4,1;2,1
4,1 2,1 3,2 6,1
My Yk, Yo | 27 135 | I, ¥in, %, | 10 | 27 Y, Y, V5] 27 | 64 N, Vi, ¥, | 64
3,0; 4,1 -1~ 12| | 3,0;4,1 |-1A2 LA 3,0;1,2 |V3/7| 2A7 4,1;3,0 |1
4,1; 3,0 IAZ |IANZ 4,1; 3,0 1IA2 [IAZ 4,1;2,1 | 2T | =V37/T
5,0 4,1 2,1
M, Y3k, Y5 | 27 28 35 M, Yiih, By 27 64 My Yiih, Yy 8 217 64
2, -1;4,1 | V3/T0 [LA5 |-142Z 3,0:2,1 \VZ/7| V577 | |2,-1;1,2{145 | 3/2/35| VI/7
3,0:3,0 |—v2/5 W3/5] o 4,1;3,0 |vV5/7|-V277 3,0;2,1 V75| 1A35 {—2A7
4,1;2, -1 | V3710 IN5 | 1AE 4,1:3,0 [VZ/5 |-4A35 | AT
3,0 7,0 5,0
M, Yisky, Yp | 1 27 [ 35 My Yiihg, Y, | 64 Mo Yy, Y| 27 | 64
2,-1;4,1 | IA3[-1NZ|1AE 41,4, 211 3,0,3,0 |1N7 | V877
3,0;3,0 |-1A3| o |[V273 4,1, 4, -1 |VE77 |17
4,1;2,-1 | 1A3| IN2L1ING
3,0
1,0 Mo Yish, Y| 8 27 64
Mo Yiite, Yo 27 2,-1;2,1 |1/V15| 4¥35 | vi0/aD
3,0:3,0 | 1 3,0:3,0 |2AT5| 3A35 |-vT0721
_ 41 4,1; 4, -1 |[VE7F |=VT77 | 1A0T
M, YN, Y | 10 27 28 35
1, -2;4,1 |-1/2| 3/2V5 |1/2V5 [-1/2 1,0
2,-1;3,0 | 1/2(-1/2/5 {3/2v5 |—-1/2 My ¥k, Vi 1 8 27 64
3,0;2, -1 |-1/2{-1/2/5 {3/2V5 | 1/2 1, -2;1,2 11410 | Vv2/5| 3V3/16| 2435
4,1;1, -2 | 1/2| 3/2/5 |1/2V5| 1/2 2,-1;2,1 |[1A5 N5 |-Y37/35 [-3/T/35
2, -1 3,0; 3,0 |V3/10 0 |-v57/17 | 23735
ALY, Y, | 27 | 35 4,1;4,-1|V275 |—vZ/5| V6735 |~1A35
2,-1;3,0 |-1IANZ |INZ 6, —1 4, -1
3,012, =1 | W2 12 MY, Y 64| [, Tir, Vo] 27 | 64
3, -2 3,0;4,—11 2, ~1;3,0| V27| V577
M, Y0, Ty 27 28 35 3,0, 4, -1 | V577 |-v2/T
1,-2;3,0 | V3/T0|1N5 |1ANZ 2, -1 5, -2
2,-1;2,-1|-v2/5 |Vv3/5 | 0 WS 57 " N V.Y, (6
3,001, ~2 | V3/T0[1AE | 12| -2 21 (15| o3| B[z, —1:4, 1] 1
1, -2 2, -3 2,-1;3,0 (VZ/5| 1A35 | —2AT
Ay ¥ishg, Yo | 35 M, Yish, Y, | 28 35 5,0.4, -1 |[VZ/5 |~ N3 | 14T
2,-1;2,-1] 1 1,-2; 2, =112 {142 '
2,-1;1,-2|1~V2 | 1NVZ 3, -2 4,-3
1, -4 A, Yih, Yy | 27 64 M, Y3k, Y | 64
M, Y%, Y, | 28 1,-2;3,0 [VB77 ! 247 1,-2;4,-1| 1
1,-2;1,-2| 1 2,-1;4,—1|2/7 |-V377
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TABLE III. Phase factors involved in the symmetry properties of SU(3) singlet factors.

—

7\2 A 61 €,

3 3 -1

_ 6 1

3 1 -1 -
8 1

8 3 -1 -
6 -1
15 1

3 8 -1
10 1

3 3 -1 -
15 1

6 6 1
15 -1 -
15 1

6 1 1
8 -1 -
a7 1

8 3 1 -
6 -1 -
15 -1
24 1

8 1 1
8p 1
8p -1 -

b b e bk b b e b b e b b bk b b el e ek ek b el ped

10

10 -1 1
10 -1 1
27 1 1
3 15 -1 1
15’ 1 1
3 6 -1 -1
24 1 1
6 15 1 1
21 1 1
24 -1 1
6 3 1 1
15 -1 -1
42 1 1
8 8 1 -1
10 -1 -1
27 -1 1
35 1 1
10 10 -1 1
27 1 1
28 1 1
35 -1 1
10 1 1 1
8 1 1
27 -1 -1
64 1 1

TABLES IVA. —~IVM. SU(3) singlet factors ( “‘&1 “l;ézl Jz). SU(3) singlet factors are tabulated for the following expansions:

IVA: 15® 15=1+15p+15+20” + 45+ 35+ 84 IVH: 20’ ®15=2+ 20+ 20]+ 20} + 36+ 60 + 140"

IVB: 20 ®15=20+ 20" +120+ 140" IVI: 20'®20"=6+10+10+50+64p+645+70+126

IVC: 20®20=50+ 84" +126+ 140 IVJ: 20" ®20°=1+15,+15,+20" +45+45+84+175

IVD: 20®20=1+15+ 84 +300 IVK: 20" ®20" =4 + 20" + 36 + 60 + 140" + 140"

IVE; 20®20" =64+ 70+126+ 140 IVL: 20* ®15=15+20" +45+ 45+ 175

IVF: 20Q20' =15+45+84 + 256 TVM: 20" ®20" =1+15+20" +84 +105+ 175

IVG: 20 ®20" =36+ 140" + 224
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TABLE IVA. (,! lu;zzl:z). :
-/  — W _______——————————

6,2 3,2 8,1
1,2 15H9, 22 84 B, Z1;M, 2y |35 Uy, Z1ibig, Zs 20" is
3,1;3,1 1 3,1;3,1 1 3.1:8.0 Y e
15,1 8,0;3,1 1/V2 1/V2
Uy, ZsHe,Z, 45 84
3,1;8,0 -1/V2 1/V2
8,0;3,1 1/V2 1/V2
3,1 27,0
WZ iy, 2, 15p 15 45 84 B, 21300, 2Z 34
1,0;3,1 1/3v2 | -1/Y% -1/V3 2/3 8,0;8,0 1
3,1;1,0 1/3V2 1/V6 1/V3 2/3
3,1;8,0 -2/3 1/V3 -1/Y86 1/3v2
8,0;3,1 2/3 1/V3 -1/V6 | -1/3V2
10,0 10,0
P, 215,25 45 P12 1309, 2, 45
8,0;8,0 1 8,0:8,0 1
8,0
b1, Z 50,2, 15p 15p 20" 45 45 84
1,0;8,0 -1/3V2 0 1/V% - 1/2 -1/2 V5/3v2
3,1;3,-1 1/V6 1/2V2 -1/2v2 —V3/4 v3/4 V5/2V8
3,-1;3,1 1/V6 -1/2V2 -1/2V2 v3/4 -V3/4 V5/2v6
8,0;1,0 -1/3V2 0 1/V6 1/2 1/2 V5/3v2
8,0;8,0 0 V3/2 0 1/2V2 -1/2V2 0 F
8,0;8,0 V'5/3 0 V5/2V3 0 0 -1/6 D
1,0 15,-1
B1aZyshe,Z,] 1 15, 15¢ 84 1,2 131,25 45 84
1,0:1,0 -1/V15 v2/3 0 4v2/3V5 3,1;8,0 -1/V2 1/V2
3,1;3,-1 1/V5 -1/v8 1/V2 v2/15 8,0;3,1 1/v2 1/V2
3,-1;3,1 |-1/V5 1/V6 1/V2 -v2/15
8,0;8,0 2v2/15 2/3 0 -1/3V5
6,—1 3,-1
b1 Z 3,24 207 45 AT AR 155 45 84
3,-1:8,0 -1/V2 1/V2 1,0;3,-1 1/3V2 1/V6 -1/V3 2/3
8,0:3,~1 1/V2 1/V?2 3,-1:1,0 1/3V2 ~1/v6 1/V3 2/3
3,-1;8,0 2/3 1/V3 1/V6 -1/3V2
8,0;3,-1 |~2/3 1/V3 1/V6 1/3V2
6,-2 3,-2
B, Z15Mg,2Z, 84 Bi,Z4349,2, 45
3,-1:3,-1 1 3,-1;3,-1 1
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TABLE IVB. (% | 2.

15,4 15,3 35,2
B, Z 43k, 2y 120 B, 24389, 2y 140" By, Zy309,2, 120 |
10,%;3,1 1 10,%;3,1 1 10,%;8,0 1
27,3 10,3
B, 23,2, 140" 12,2, 20 120 140”
10,%;8,0 1 6,-%;3,1 -o/V71 3/V14 ~1/V8
10,%;1,0 1/Y721 e/t V273
10,%;8,0 4/¥21 1/V14 ~1/76
8,% 24,-%
[-‘41,21;“2,22 20’ 140" “I’ZﬁuZ’ZZ 120, 140"
6,-4;3,1 1/V6 V5/6 6,—14;8,0 v3/2 -1/2
10,%;8,0 V576 -1/V6 10,%;3,~1 1/2 V3/2
15,~% 6,—~%
U, Z 3 kg,2, 140 B, 239,29 | 20 20’ 120 140"
6,- 18,0 1 3,-4;3,1 |-4/3v7 |-1/3 v5/14 -V3/3V2
6,—%;1,0 |-1/3v21 2/3v3 v10/21 v10/3v3
6,-%;8,0 4V5/3v21 VB/3V3 | V2/21 ~2v2/3V3
| 10,%;3,-1 | 2V5/3V7 |~V5/3 1/V14 1/3v2
§’ _i
TR TR 20’ 140"
3,~4;3,1 1/V3 ¥3/3
6,-1%;8,0 ~¥2/3 1/V3
15, § 6,-}
Ui Zy3ie,2, 120 140" i, Zy5h, 2y 140"
3,- $:8,0 1/v2 1/V2 3,-§:8,0 1
6,—4;3,~1 1/V2 -1/V2
3,‘? Sa—i
My, Zy39,Z,) 20 20’ 120 140" 1,250, 2 3 120 140"
1,-3;3,1 2/v21  |-1/V3 1/V7 -1/V3 1,-$:8,0 1/2 v3/2
3,-1;1,0 5/3v21 2/3V3 2/V7 2/3V3 3,-§;3,-1 V3/2 ~1/2
13,- 38,0 |~4vB/9vT | 2V2/3V3 | 1/V14 -5/3V%
6,-%;3,~1|~4v2/3V7 [-v2/3 V3/14 1/3V2
15‘? é’- 1‘?
u 2515, 2, 20 120 By, Z 30,2, 120
1,-4;1,0 V3/7 2/ 1,-4:3,-1 1
3,—4;3,~1 -2/v1 V377
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TABLE IVC. (% ,2%,|2%).
28,3 35,3 27,3
1,2 32,2 84" by, 24380, 2Z, 140 By1,Zy502,2, 126
10,%;10,% 1 10,4;10,% 1 10,3;10,% 1
1-—1% 21’%
ul,Zi;uz,Zz 50 #1,Z1;P’-2,Zz 84" 140
10,%;10,2 1 6,—%;10,% 1/V2 -1/V2
10,%;6,-% 1/V2 1/V2
24,3 15,2
AT 126 140 B, Z 4589, 2Z, 50 126
6,—%;10,3 -1/V2 /72 6,-4;10,3 -1/V2 1/V2
10,%;6,-% 1/V2 1/V2 10,2,6,—% 1/V2 1/V2
15", -4 15,-%
A 84" 126 140 By, Z k2,2, 50 126 40
3,- 10,3 1/V5 V3710 |-1/92 3,-3;10,4 1/V3 -1/¥2 /v
6,-4,6,-% |v3’5 |-V2/5 0 6,-1;6,-3 |-1/V3 0 2/3
10,%,3,- § V5 WVE710 1/72 10,%;3,- 2 /Y3 1/V2 1/V6
6,~%
b, Zy589,Z, 126
6,—%;6,—2 1
10,~ 3%
11,2138, 2, ] 50 84" 126 140
1,-%10,% [-1/2 1/2V5 3/2V5 ~1/2
3,~%6,-3 1/2 3/2vs  [-1/2v35 -1/2
6,-%;3,-% -1/2 3/295  |-1/25 1/2
10,51,-3 4 172 1/2V5 3/2v5 1/2
3 -5
8,~% 6,-2
Be,Z509,2, 126 140 B1,Zq309,2Z 84 126 140
3,- §;6,-% -1/V2 1/V2 1,-%6,-31 [1/V5 V3/to |-1/V2
6,-%;3,- § /42 /2 3,-~%3,-2 [V3/5 ~V2/5 0
6,—%:-,1,—42 1/V5 V3710 1/V2
3,-2 -1
2 0
M1, Z 50,2, 140 11,2 519,29 4" 140
3,-§:3,-1 1 1,~$3,~2 1/V2 -1/V2
3,—51,~ 4 1/v2 1/v2
1,-2
B1yZ1;He, 2y 847
_2.1 -2
1,-%1,~2 1
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TABLE IVD. (,% .3, | k).
10,3 24,2
1,2 30,2, 300 e, Z 300,25 300
10,%:1,% 1 Llo,%;ﬁ,g 1
6,2 42,1
B, Z g5 Hq,Z 84 300 Wi, Z ke, Zy 300
6,-;1,2 -V3/2v2 V5/2V2 10,%;6,~ % 1
10,3, V5/2v2 V3/2v2
15,1 3,1
11,2500, 2, 84 300 VAT 15 84 300
6,-211;;§,§ -1/2 v3/2 3,-31,3 /v -1/V2 V5/14
10,%:8, 1 v3/2 1/2 6,-4;3,2 —2v2/21 1/2V3 v15/2V7
10,%;6,3 v10/21 v5/2V3 V3/2v7
64,0 27,0
1,254y, 2, 300 W, Z45H9,Z, 84 300
10,%,10,-% 1 6,~%;6,% v7/2V8 1/2V2
10,%;70,- 2 -1/2v2 Vi/2v2
8,0
1, Z 39,2 15 84 300
3,- 43, 1/v21 ~V5/2V3 ¥15/2V7
6,-4:6,% —V5/21 1/73 v3/7
10,%,70,- % V577 1/2 1/2V7
1,0
W1 210,29 | 1 15 82 300
1,-%1,3 |-1/2/5 3/2V7 -3/2V5 V57297
3,- 3,3 V3/2v5 |-5/2v21 | —1/2v15 | ViB/2vT
6,-1:6,5 [-V3/10 1/V42 7/2v30 | Y15/2V14
10,3;70,-3| 1/v2 V5714 1/2v2 1/2V 14
a2, -1 15,-1
By, Z 3 M9, 2y 300 By, Z4309,Z 84 300
6,~%;10,- % 1 3,-§:6,% -1/2 v3/2
6,—%;10,- 2 V3/2 1/2
3,-1 24 -2
[TV A 15 84 300 Ky Z13Hy,29 300
1,—%;5,% 1/v7 -1/v2 V5/14 3,~$10,-% 1
3,—72-,3,:} - 2v2/21 1/2V3 Y1s/2v7
6,-%;10,-2 ¥10/21 V5/2V3 va/2v1
6,-2 10,-3
Be,Z13M9,Z, 84 300 B Zy5Ho,Zy 300
1,-486,3 —V3/2v2 V5/2v2 1,-$;70,- 3% 1
3,- %;E;% V5/2V2 V3/2v2
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TABLE IVE. (,% 2%,|.%).

35,8 27 10,3
By, Zy3H,Z, 140 By, Z1340,2, 126 B1,Z1309,2 70
10,%;8,% 1 10,3;8,3 1 10,3;8,2 1
8,3 21,3
“1,21;“2,22 64 ul,Zt;uz,Zz 140
10,%;8,4 1 10,3;6,-1 1
24,% 15,3
11,Z1:b0, 2, 70 126 140 W 64 126
6,-1:8,3 1/2 -1/2V2 V5/2v2 6,—%;8,% 1/V5 2/V5
10,3;3,- % -1/2v2 3/4 V5/4 10,%;6,-% 2/V5 -1/v5
10,3;6,- 3 V5/2v2 V54 -1/4
6,2 3,2
B1,Z1389,Z, 64 70 B1,Z1509,2, 64
6,— ;8,4 -1/V3 V2/3 6,~1;8,% 1
10,%;3,-% V273 1/V3
15,-3% 15,-%
w1, Z 0y, 2, 126 140 By, 2159, 2, | 64 70 126 140
6,-4:6,-3% -1/2 V3/2 3,-48,% |-V2/15 1/V3 -1/V3 1/V3
10,%;3,- 2 v3/2 1/2 6,-%;3,-1| 1/V5 0 V3/10 1/V2
6,—4;6,—% |-V2/15 1/V3 3/2V5 —1/2V3
10,%3,-3 | 2/2/15 1/V3 -1/2V5 -1/2V3
6,—2 3,-3%
By, 238y, 2y 64 126 B, Z1509,2 64 70
3,~ 18,4 ¥2/5 v'3/5 3,—25;8,% -v2/3 1/V3
6,~4;6,—1 V3/5 -V2/5 6,~%;3,—4 1/V3 v2/3
10,-% 8,-%
1,245, 2, 126 140 By, Z300,2, | 64 70 126 140
3,-$:6,-12 -1/V2 1/V2 1,-%8,4 |-V2/5 1/2 -3/2V'10 1/2v2
6,-%;8,- 1/V2 1/V2 3,-%3,-3| UV5 1/2V2 3/445 3/4
3,—5;6,-% -1/V5 1/2V2 7/4V5 -1/4
6,-%:3,-2| 1/¥5 1/V2 —1/2v5 -1/2
5 33
6, 3,-4
By, Z309,2, 126 140 Wy, Z 39,2y 70 140
1,-%;6,-% -V3/2 1/2 1,-%;5,-% 1/v2 -1/v2
3,- %;3,- 2 12 V3/2 3,-4;3,-% 1/72 1/¥2
3,~1
' 2
By, Z510,2, 140
— 9.3 - %
1, 1;31 1 1
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TABLE IVF. (% %% | 2.
24,2 6,2 42,1
By, Z43H, 29 256 By, L5y, 2y 84 By, Ly, 2y 256
10,%:3, % 1 10,%;§,§ 1 10,2,5,% 1
15°,1 15,1
By, 24 319,2Z5 256 By, Z 509,29 45 84 266
10,%;3,% 1 6,-1;3, 2 ~V3/14 1/¥10 2v6/35
10,%;3,% ~YVT V375 -3/V35
10,%:6,% 3/v14 Y3/10 ¥2/35
3,1 35,0
Wi, Zy5H9,Z, 15 84 1,230, Z, 256
6,—%;3,2 -1/V6 V5/6 10,3;8,-% 1
10,%;6,% V5/6 1/V6
27,0 10,0
B, 21589, 2Z, 84 256 BisZ kg, Z, 45 256
6,~%;6,% 1/V5 2/V5 6,-3;3,3 -1/V7 V6/7
10,3;8,-4 2/V% -1/V3 10,%;8,-2 VE/T /37
8,0
B2, 2, | 15 45 84 256
3,-53,} |-12/3 ~3/27 1/v6 V3/7
6,—%;3,% |-v3/4 —1/4V7 Y3/2vy2 | V377
6,—%;6,% V5/4V3 3V5/4VT | 7/2V30 v3/35
10,%3;8,~2 | V5/2v2 | -v15/2v14|1/2V5 ~v2/35
1,0 24,-1
Ky Zyste,Zy 15 84 Wi, Z g5k, 2y 256
3’_-7‘5‘;&% -1/V3 NOYE) 6,—%;8,—-% 1
6,~%,6,% a7y 1/V3
15,-1 6,—1
1,23k, 2y 84 256 By, Z4309,2, 45 256
3,~3;6,3 V275 V378 3,-2;3,3 V277 V577
6,~%;8,~% V375 -v2/5 6,—%;8,— % V57 V27
3,-1 15,-2
B, Z13Me,Zy | 15 45 84 256 1.2 1312 256
~43,2 0 1-1/2 —3/2V7 1/V5 2v2/35 3,-2:8,~3 1
3,—§;s,é -1/2 1/297 1/V5 - 3V2/35
—%8.% 1/V6 V3/14 2v2/15 V3735
6,-%;8,-3| 1/V3 -V3/7 1/V15 -V6/35
6,—2 3,~2
by, Z 309, 2, 84 256 AT A 45 256
1,-%6,4 V3/5 V275 1,-43.4 -V3/7 2/
3,-3:8,~ 3 V275 ~v3/5 3,-%8,-% 2/V7 V37T
8,-3
By, Z 34,2, 256
1,-%;8,-4 1
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TABLE IVG. (,%, 2| 2.

42,1 15,% 3,%
#1,Z13H9, 29 224 B, ZyHe. 2, 140” K1 21589, 24 36
10,%:6,1 1 10,%;8,1 1 10,%;6,1 1
35,% 27,3
B, Z 34,2 224 Bi,Z ik, 2y 140" 224
10,%;8,0 1 6,— ;6,1 1/V3 V73
10,%;8,0 V373 -1/V3
10,% 8,3
#1,Z1342,Z5 140" B2 13He, 2y 36 140"
10,%;8,0 1 6,-5:6,1 1/2 ¥3/2
10,%;8,0 v3/2 -1/2
1,% 21,- %
Hy, 213k, 2y 36 B, Z43H9,2, 224
6,—4:6,1 1 10,32.6,—1 1
_ 24,-% 15,-4
B, Z (300, 2Z, 140” 224 B, Zii8y,Z, | 36 1407 224
6,-%;8,0 1/V6 V5/6 3,-486,1 1/V10 1/V2 V275
10,%3,6,~1 V576 -1/Y6 6,—1;8,0 V3/10 1/V6 —2v2/15
10,%3:6,-1 | v3/5 -1/V3 1/¥15
6,—2 3,-1
TR 140" 1,2 ;19,2 36 140"
6,~%;8,0 1 3,;?;?5,1 1/v2 1/V2
6,—%;8,0 1/V2 -1/V2
15',~2 15,~2
Uy, Z 389,24 224 By, Z509,2, 140" 224
6,-%:6,—1 1 3,-%,8,0 1/v3 NEYEY
6,—4;6,~1 V2/3 -1/V3
6, -} 3,-%
B, Z0309,Z, | 36 140" 224 Bi,2 50,2, 140"
1,—29;6,1 V3710 1/V2 1/V5 3,j;8,0 1
3,-%8,0 v2/5 0 -v3/5
6,—4;6,1 V3/10 -1/V2 1/V%
10,-4 8,—29
B1,Z4309,2, 224 1,2 3My, 2, 140" 224
3,-$:6,-1 1 1,-28,0 1/V2 1/V2
3,-§;6,-1 1/V2 -1/v2
6,-%
b1, Z130,,Z, 224
1,-2;6,-1 1
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TABLE IVH. (2% 1% | ).

15,1 6, 3,1
B, Z 43,2, 140" By, Z 509,22 60 Hy,Z 130,25 36
8,%;3,1 1 8,%;3,1 1 8,%:3,1 1
27,3 io, % 10,3
Ui, 2 310,Z, | 140% #,Z1340,2, | 80 1,2 309,2, 20 140"
8,%;8,0 1 8,%:8,0 6,-%;3,1 -1/V3 273
8,%;8,0 V273 1/V3
8,4
B, Z3He,2Z, 20} 20} 36 60 140"
3,-1;3,1 3v3/4V26 ~V2/13 1/442 -3/4V2 3V5/4V6
6,—1;3,1 —-17/4V78 -V2/13 3/4V2 3/4V2 V5/446
8,%;1,0 1/2V39 1/¥13 -1/2 1/2 V5/2Y3
8,%;8,0 —5/4Y78 2v2/13 3/4/2 -1/4V32 V5/4v8 F
8,%;8,0 ¥65/4v6 0 Vi/ad2 V57472 -1/4% D
1,% 24, %
K1, Zq502,2, 4 36 b1, Zy3My,Z, 140"
3,-4:3,1 -2/V5 V5 6,~4:8,0 !
8,9,8,0 1/V5 2/V5
15,~%
1,2 0,2, 36 60 140"
3,-%:8,0 1/4 —Va/2v2 3/4
6,—1;8,0 3/4 V3/2v2 1/4
8,3;3,-1 -v3/2V2 1/2 V3/2V32
6,—1
1, Z 1y, 2 20 20} 207, 60 140"
3,~§;3,1 -1/3 11/6V13 -2/Y39 -1/2 V5/3v2
5,-1:8,0 1/V3 -V13/4V3 0 -V13/4 V5/2v6
6,-4;1,0 -2/3V3 -7/3V3% -1/3v13 1/43 J10/3V3
6,-32:8,0 -V5/3V3 -5V5/12V39 4v5/3¥13 —V5/4Y3 1/6V6
8,2:3,-1 V2/3 17/6V36 272739 1/242 V5/6
3,-1
B2 iy, 2,y 4 204 207 36 140"
3,-3:3,1 1/V35 ~1/V39 ~2/¥13 V3/10 1/V86
3,~%;1,0 -2/3V5 2/V39 -1/3V13 -V2/T5 V273
3,-%:8,0 -v2/3V5 /2778 4v'2/3v13 11/4V 15 1/ 4V3
6,—%;8,0 -V275 ~V13/2Y%6 0 v3/445 1/4V3
8,3;3,-1 2/415 ~3/2/13 4/+39 —1/2v10 1/2V2
15,-2 6,-2
B2 519,2, 60 140” b1, Z 13,2y 36 140"
3,-$;8,0 -1/V2 1/V2 3,-4:8,0 V3/2 1/2
6,-4;3,~1 /2 1/V2 3,-4:3,-1 212 T3z
3,-3 8,-3 ) 1,-2
Ui Zgskg, 2, | 20 20/ 204 140" Ui, Z g, 2y | 1407 | 11 Z k902, 20 |
3,-2.1,0 |—2/3V3 4/3V39 | -5/3V13 4/3V3 3,~%3,-1 1 J 3,-2.3,~1 —_1]
3,-%,8,0 [-2v2/3V3 17/3V78 | 4v2/3V13 |-1/3V6
3,-%,3,-1| 1/V3 1/39 2/v13 /Y3
6,-2;3,-1 |-V2/3 -11/3V26 2v2/39 1/3v2
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TABLE IVL (%, 2% [ 5.
27,2 10,2 10,3
i, 21300, Z0 126 B, Zy50,4, 50 KiZyiba, 2, 70
8,3;8,3 1 8,284 1 8,%;8,% 1
8,3 1,3
By, Zy309,2, 64p 645 By, Z 509,29 10
8,%:8,% 0 1 F 8,%:8,4 1
8,%;8,% 1 0 D
24,1
KMy, Z 509,25 70 126
6,—1;8,% 1/V2 /Y2
8,3;6,~1 ~1/V32 1/V2
15,3
by, Z 130,25 50 64p 645 126
3,-%:8,2 -1/2 -1/2vV5 1/2 3/2v5
6,-1;8,3% 1/2 3/2V5 1/2 1/2V5
8,3:3,-% 1/2 N -1/2V5 N -1/2 3/2V5
8,3;6,~% 1/2 -3/2V5 1/2 -1/2V5
6,3
1.2 1302, 2, 10 64p 64p 70
3,-4;8,% 1/2v3 -V5/2v3 1/2v3 V5/2V3
6,~%:8,3 -V5/2V3 ~1/2V3 V5/2v3 -1/2V3
8,2.3,-% -1/2V3 V5/2V3 1/2v3 V5/2v3
8,2.6,-% V5/2v3 1/2v3 V5/2V3 -1/2V3
3,%
Bi,Z4309,Z, 6 10 64p 64p
3,-%;8,4% 1/2V5 1/2 1/2 3/2V5
6,-4:8,% -3/2V5 1/2 -1/2 1/2V5
8,3,3,-% 1/2v5 -1/2 -1/2 3/2v5
8,2.6,—% 3/2V5 1/2 -1/2 -1/2v5
15 ,-%
1,2 it 2y 126
6,—3;6,~2 1
15,-%
By, Z 300, 2, 50 64p 645 70 126
3,-§:8,4 -1/V6 V3/10 -1/V6 1/V6 1/V5
3,-%;6,~% -1/2 -1/V5 0 -1/2 v3/10
6,~1;3,-4 1/2 -1/V5 0 1/2 v3/10
6,—4;6,~1 1/V6 0 -V273 -1/V8 0
8,%:3,-3 1/V6 V3/10 1/V6 -1/V6 1/¥5
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TR AR 10 64 645 126
3,~$;8,% 1/2 1/V10 V2 V3/2V5
3,~-4;3,-1% -1/2v2 ~1/V5 0 3v3/2V10
6,~%1;6,~1% V3/2v2 ~V3/5 0 —1/2v710
8,3:3,~% -1/2 -1/V10 1/V32 -V3/2/5
3,-%
B,Z 30,24 6 10 64, 64 70
3,-48,3 V3/10 -1/V3 1/V8 1/Y30 -1/V8
3,-%4;3,-% 1/v10 0 0 v2/5 1/V2
3,-%4;6,-% -3/2V5 1/V6 1/V3 2/V15 -1/243
6,—4;3,-% -V3/2V5 ~-1/V8 ~-1/V3 2/Y15 -1/2V3
8,4;3,-4 V3/10 1/V3 ~-1/v8 1/V30 -1/V6
10,-%
By, Z 309,25 50 126
3,-%;6,-3 -1/V2 1/V2
6,-4;3,-3 1/v2 1/V2
8, -%
Wi, Zy3H9,2, 64p 64p 70 126
3,-4:3,-% 1/2V5 -1/2 1/2 3/2v5
3,-3;6,—% —3/2V5 -1/2 -1/2 1/2V5
3,-3;3,-} 1/2V5 1/2 -1/2 3/2V5
6,-4;3,-3 3/2V5 -1/2 ~-1/2 -1/2V5
1,-% 6,~3
[ 10 70 B, 21302, 25 126
3, g;ﬁ,w -1/42 -1/v2 3,-$3,-2 1
3,-4;3,-% 12 -1/v2

(11,2 1509,2, 70
9.9 58 —
3,-33,~2 1
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TABLE IVJ. (/% 2%.| 2.

15,2 6,2 3,2
B, Z g2y 175 B1,Z (3H9,2 84 Wi Zi5iy,2, i5
8,3;3,% 1 8,1:3,2 1 8,%:3.2 1
71,1 15,1
B Z il 2, 175 TN 45 84 175
8,3;6,1 1 6,~1;3,3 -V3/2v2 1/2 V3/2V2
8,%:3,i 1/4 -V3/2V2 3/4
8,%,6,4 3/4 V3/2V2 1/4
6,1 3,1
B, 25,2, | 207 45 175 Wi Zike, 2, | 15 15, 15 84
3,-1:3,8 |[-12 1/2v2 V5/2V2 3,-%;3,3 0 -1/2 1/2 1/V2
8,3:3,% ~-1/2v2 | 3/4 ~V5/4 6,-%;3,2 -1/V2 1/2v6 Vi/avz | -1/2Y3
8,3,6,% V3/292 | VB/4 1/4 8,23, 1/2 —V3/4 V3/4 SEYPYP)
8,3,6,4 1/2 5/4V3 V3/4 1/2V6
27,0 10,0
B, Z 10,2, 84 175 K1, Z (300,25 45 175
6,—3;6,% 1/V2 1/V2 3,-4;6,1 1/2 v3/2
8,2,8,-% 12 1/V% 8,1;8,-% V3/2 -1/2
10,0
U, Z ) e, 2y 45 175
6,—4;3,4 -1/2 v3/2
8,%.8,~% V3/2 1/2
8,0
Ui, Z15H9,2Z, 15, 15, 20" 45 45 84 175
3,-4;3,2 -1/4 ~5/8V3 ~V3/4 -3/8 3/8 V5/4V3 v15/8
3,~%;3,1 1/8 9/16vV3 -V3/8 3/16 -3/16 —V15/8 3V15/16
3,—4;6,% 3/8 ¥3/16 V3/8 9/16 7/16 V15/8 V15/16
6,-%;3,4 -3/8 -v3/16 -V3/8 7/16 9/16 -V15/8 -V15/16
6,—%:6,2 -V5/8 7V5/16V3 V15/8 —3V5/16 3v5/16 -1/8V3 ¥3/16
8,3;8,-% 3/4V6 ~7/872 3/4V2 -V3/8V2 V3/8v2 -5/4V2 V5/8v2 F
8,3,8,—-% V15/4V% V5/8V2 —V5/4V2 ~V15/8V3 Vi5/8V2 | —1/4V2 -3/8V2 D
1,0 24,1
Wi Zyshe, 2y | 1 15, 15, 84 B 213002, 175
—$:3.3 3/2¥15 | -1/2 1/V3 -2/V15 6,-%;8,— 2 1
3,-%:3,7 (-V3/2¥5 | 1/2 0 -V3/5
6,—4:6,% |-V3/10 [-1/2 -1/V6 -1/V30
8,3,8,-3 V275 0 -1/V2 -1/Y10
15,-1 6,—1
B2y, 2, 15 84 175 Ui Z i3k, 2, 20" 45 175
3,-4:6,% V3/2v2 1/2 v3/2v2 3,~-%3,2 -1/2 ~1/2V2 V5/2v2
3,-%4;8,-3% |-1/4 -V3/2v2 3/4 3,~%;8,~-% 1/2V2 3/4 V5/4
6,—3;8,-32 3/4 -V3/2V2 -1/4 6,-~1;8,~32 V5/2v2 | —V5/4 1/4
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3,-1 15,~2
B2y, 2y | 15 15, 45 84 [T APTTAY 175
3,-%3,% 0 1/2 1/2 -1/V2 3,-2;8,~% 1
3,364 |~1/V2 1/2v6 ~-V3/2v2 | ~1/2V3
3,-4;8,% 1/2 -V3/4 ~V3/4 -V3/2V2
6,~%;8,~31-1/2 -5/4V3 V3/4 -1/2V6 _
6,-2 3,-2
B, Z 50,2, 84 | U, 2509, 2Z, 45
3,-38,~-1 -1 3,-58,~% -1
TABLE IVK. (% 27 [2).
ﬁ,% 15, 6,4
By, Z130e, 2y 140/ [ 84,2530, 140” B, Z4319,20 60
8,2:6,1 1 8,3:6,1 1 8,2.8,1 1
3, 27,3
U, 21309, 2Z5 36 B, Z1509,2, 140’ 140"
8,3;8,1 1 6,~%:6,1 1/V3 v2/3
8,5;8,0 V273 ~1/V3
10,3 10,3
e, Z 300, 2 60 140" 1, 21509, 2 140"
3,-1:6,1 v2/5 375 8,2.8,0 1
8,%;8,0 ¥3/5 -V2/5
8,%
B, 2 30,2y 20/ 36 60 140"
3,-%;6,1 V3/4V32 3/4V2 VE/4v2 3V5/4V6
6,-%;6,1 —-3V5/4V6 V5/4V2 3/4V2 -V3/42
8,%:8,0 3/4V2 —V3/4V2 3V5/4v6 ~V5/42 F
8,%:8,0 V5/4V2 3v5/4V6 ~V3/4V2 ~-3/4V32 D
1,3 24,—%
TR ARSI 4 36 B, Z s te, 2o 140’ 140"
6,~%:6,1 -V3/5 -v2/5 6,~1;8,0 v2/3 1/V3
8,%;8,0 V275 ~v3/5 8,%:6,~1 1/V3 —V2/3
15,-%
Ui, Z 34,2, | 36 60 140’ 140"
3,-4;6,1 1/2 V3/10 1/Y5 1/2
3,-4:8,0 [~v3/4 1/2Y10 V3/5 | -V3/4
6,-%;8,0 v3/4 3/2V10 ~-1/¥i5 | -5/4V3
8,3;6,~1 |-v3/2v2 | 3/2V5 ~V32/15 1/2V6
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TABLE IVK. (Continued).

6,-4 5,—211
B, Z 39,2 o 20’ 60 140" By, Z 139,24 20’ 36 140"
3,-1;8,0 -1/4 -V5/4 -V5/2V2 3,-48,1 |-1/V5 -1/V2 -1/2v5 -1/2
6,-1;8,0 —V5/4 3/4 -1/2v2 3,-%:8,0 | 1/V5 1/2v2 | -3/4V5 -3/4
8,%;6,-1 V5/2V2 1/2V2 -1/2 6,—%;8,0 |-1/V5 1/2v2 | —7/4¥5 1/4
8,3;6,—1 | v2/5 -1/2 -3/2v10 1/2V2
5 _5
15",-3 15,-2
B1,2Z 1300, Z 140’ By, Z 3,2 60 140’ 140
6,—3;6,—1 1 3,-3;8,0 V3710 2v2/15 1/V6
3,-4:6,~1 -1/¥10 V275 -1/V2
6,—%;6,—1 V3/5 -1/¥15 -1/V3
= -5
6,1 5.-4 :
Ui, Z4300,2 36 140" B, Z 300,29 20" 140"
3,-4;8,0 -1/2 -v3/2 3,-3:8,0 -1/V2 -1/V2
6,~%:6,—1 -V3/2 1/2 3,-%:6,-1 1/V2 -1/v2
10,-2 8,-%
by, Zy3ky,2Z, 140 b1, Z1389,2, 140"
3,-3;6,~1 1 3,-%;6,-1 -1
2
TABLE IVL. (}%, 1% | %)
15,2 3,2 24,1
By, Z13H0,2, 175 B, 213,29 45 B, Z g5y, 2y 175
6,1;3,1 1 6,1;3,1 1 6,1;8,0 1
15,1 6,1
Ui, Z 509,24 45 175 b1, Z 1309, 2Z, 20" 45 175
6,1;8,0 -V3/2 1/2 6,1;1,0 -1/3 ~1/v3 v5/3
8,0;3,1 1/2 V3/2 6,1;8,0 -V5/3 V5/2v3 1/6
8,0;3,1 1/V38 1/2 V5/2V3
3,1 27,0
.2 13H09,2, 15 45 B1,Z13H9,2 175
§,1;8,0 -V3/2 1/2 8,0;8,0 1
8,0;3,1 1/2 V3/2
10,0 10,0
B1,Z4309,2, 15 175 B1,Z1389,2Z 45 175
§,1;3,-1 -1/V2 1/V2 6,-1;3,1 1/V2 1/v2
8,0;8,0 1/V2 1/V2 8,0;8,0 -1/Y2 1/V2
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TABLE IVL. (Continued).

8,0
B Z by, Zy 15 20" 45 45 175
6,-1;3,1 3/4V2 -1/2 1/4v2 3/4V2 V5/4V2
6,1;3,—-1 3/4¥2 1/2 -3/4V2 —1/4Y2 V5/4V2
8,0;1,0 -1/2V2 0 1/2V2 -1/2v2 VB5/2V2
8,0;8,0 0 1/V2 1/2 1/2 0
8,0;8,0 -V5/4 0 —V5/4 V5/4 1/4
1,0 24,-1
b1, 2Z4509,2, 15 B, Z 30,2, 175
8,0;8,0 1 6,~1;8,0 1
15,-1 6, ~1
TRVARTTIW A 45 175 B, Z15ke,2Z, 20" 45 175
6,-1;8,0 V3/2 1/2 6,~1:1,0 1/3 1/V3 VB/3
8,0;3,-1 -1/2 v3/2 6,—1;8,0 —v5/3 V5/2v3 -1/6
8,0;3,~1 -1/V3 -1/2 V5/2V3
3,-1 15,-2
Wy, 239,25 15 45 My, Z 30,2, 175
6,—1;8,0 V3/2 1/2 6,—1;3,~1 1
8,0;3,~1 -1/2 v3/2
3,-2
B1,Z1309,2 45
6,—1;3,—1 1
TABLE IVM. (3%, 2% | %).
is',2 15,2 6,2
K1, Z 159,24 105 BisZ1sMy,Z 175 Ry Z 319,25 84
6,1;6,1 1 6,1;6,1 1 6,1;6,1 1
24,1 15,1
B, Zq3He, 2, 105 175 1, Z 39,2 84 175
8,0;6,1 1/v2 -1/V2 8,0;8,1 -1/v2 -1/V2
6,1;8,0 1/V2 1/V2 6,1;8,0 1/V2 -1/V2
6,1 3,1
By, Z 309,29 20" 175 1,2 50,2 15 84
8,0;6,1 ~1/V2 1/V2 8,0;6,1 -1/V2 -1/V2
§,1;8,0 1/v2 1/V2 §,1;8,0 1/V2 —1/V2
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TABLE IVM. (Continued).

27,0 10,0
e, Zy3g, 2o 84 105 175 B, Zg3t2, 2 175
6,-1;8,1 -1/V3 1/V8 -1/V2 8,0;8,0 1
8,0;8,0 1/V3 V273 0
8,1;6,~1 ~1/V3 1/V6 1/V2
10,0
B1,24389,2, 175
8,0;8,0 1
8,0
Ui, Z 3 ba, Zo 15 20" 84 175
6,—1;6,1 V5/4 -V3/2v2 1/2v2 V3/4
8,0;8,0 -V3/2V2 0 0 V5/2V2
8,0;8,0 0 1/2 V3/2 0
6,1;6,—1 V5/4 V3/2v2 -1/2V2 V3/4
1,0 24,~1
M, Zy5H, 2 1 15 84 M1, Z 309,25 105 175
6,~1;6,1 ¥3/10 1/72 -1/V5 6,—1;8,0 1/V2 —-1/V2
8,0;8,0 -V2/5 0 -v3/5 8,0;6,—1 1/V2 1/V2
6,1;6,-1 V3710 -1/V2 -1/¥5
i5,-1 6,—1
u1,Z 50,2, 84 175 B, 21 509,2, 20" 175
6,-1;8,0 1/v2 1/V2 6,—1;8,0 -1/V2 1/V2
8,0;6,—1 -1/V2 1/V2 8,0;6,—1 1/V2 1/V2
3,-1 15 ,-2
H1,Z1302,2, 15 84 K1, Z1585,Z5 105
6,~1;8,0 1/V?2 1/V2 6,—1:6,~1 1
8,0;6,—1 -1/V2 1/V2
15,-2 6,—2
B1,Z (509,Z, 175 b1,Z 130,25 84
6,~1;6,-1 1 6,—1;6,—1 1
TABLE V., Phase factors involved in the symmetry properties
of SU(3) singlet factors,
Fhy Ko [ N Ny
15 15 1 1 1
155 1 1
15, -1 -1
20" 1 1
45 -1 1
i5 -1 1
84 1 1
20 15 20 -1 1
20’ 1 -1
120 1 1
140" -1 -1
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TABLE V. (Continued) *Supported in part by the National Research Council of
Canada.
For a comprehensive review of SU4) and SU(8) schemes of

20 20 gg» —i i hadron physics, see:J,W. Moffat, “SU{4) and the New
1286 1 1 Hadrons,” lectures at the McGill Summer School of Physics,
140 -1 1 June 1975 [to appear in Proceedings of the McGill Summer
- School of Physics, June 1975 (to be published)].
20 20 1 -1 -1 ’G.S. Abrams, invited talk at the SLAC Symposium on Elec-
15 -1 -1 tron—Photon Interactions, August, 1975 (to be published in
84 -1 -1 Proceedings of the SLAC Symposium on Electron—Photon In-
300 1 1 teractions, August, 1975).
20 20’ 64 1 1 3J.D. Bjdrken and S. L. Glashow, Phys, Lett. 11, 255 (1964).
70 -1 1 4V, Rabl, G. Campbell Jr., and K.C. Wali, J. Math, Phys,
126 o 1 16, 2494 (1975). .
140 i 1 ‘D. Amati, H, Bacry, J. Nuyts, and J. Prentki, Nuovo
Cimento 34, 1732 (1964). In this paper, the 20’* in the ex-
20 20’ 15 1 -1 pansion of 20’® 15 should read 20/, whereas the 140” in
45 -1 -1 20’ *® 15 should read 140" *,
84 -1 1 In Ref. 5, the SU(3) content of SU{4) representations up to
256 1 1 84 are given. Note that the representation 60 contains a 15
20 20” % 1 1 and a 6*, not a 15* and a 6, at Z=3%.
140" -1 1 "L.C. Biedenharn, J. Math, Phys. 4, 436 (1963); G.E. Baird
224 1 1 and L..C. Biedenharn, 4, 1449 (1963); 5, 1723, 1730 (1964).
8J.W. Moffat, Phys. Rev. 140, B1681 (1965).
20° 15 3 1 -1 %s, L. Glashow, J. Iliopoulos, and L. Maiani, Phys. Rev.
20 -1 1 D 2, 1285 (1970).
204 1 1 103, W, Moffat, Phys. Rev. D 12, 286, 288 (1975).
205 -1 -1 113, Okubo, Phys. Rev. D 11, 3261 (1975).
36 -1 1 23,J. de Swart, Rev. Mod. Phys. 35, 916 (1963).
60 -1 1
140" 1 1
20’ 20 6 -1 -1
10 1 1
10 1 -1
50 -1 1
64p 1 1
645 -1 -1
70 -1 -1
126 1 1
20’ 20’ 1 1 1
15, 1 1
15, 1 1
20" -1 -1
45 -1 1
15 -1 1
84 -1 -1
175 1 1
20’ 20" 1 -1 1
20" 1 1
36 1 -1
60 -1 1
140’ 1 1
140" -1 -1
20" 15 15 -1 1
20" 1 -1
45 1 -1
15 -1 -1
175 1 1
20" 20" 1 1 1
15 -1 -1
20" 1 1
84 1 1
105 1 1
175 -1 -1
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Green’s functions for a face centered orthorhombic lattice*

J. Hoshen and R. Kopelman

Department of Chemistry, The University of Michigan, Ann Arbor, Michigan 48109

(Received 14 October 1975)

Diagonal and off-diagonal matrix elements of the Green’s functions for a face centered orthorhombic
lattice are presented in terms of integrals of complete elliptic integrals of the first and third kind. These
Green’s functions are also applicable to structures like that of the benzene crystal (space group D},

interchange symmetry D,).

I. INTRODUCTION

Lattice Green’s functions proved to be a powerful tool
in the determination of impurity states in crystals.
Considerable difficulties have been encountered in
numerical calculations even for simple types of Green’s
function matrix elements. ! Analytical expressions
simplify the calculation of the Green’s function matrix
element, however these analytical expressions are only
available for the simplest type crystal energy disper-
sion relations. Extensive use has been made of the com-
plete elliptic integral of the first kind for the derivation
of the diagonal matrix elements of the Green’s function
of square and rectangular lattices, >3 Green’s function
diagonal and off-diagonal matrix elements were given
in terms of complete elliptic integrals of the first,
second, and third kind by Hoshen and Jortner? for
square lattices for the energy dispersion relation
2p cos(x) +4q cos(x/2) cos(y/2), where p and g are in-
termolecular interaction parameters. Diagonal matrix
elements of Green’s functions for the three-dimensional
cubic lattice can also be expressed in terms of integrals
of complete elliptic integrals of the first kind. ® Expres-
sions for the Green’s functions of products of complete
elliptic integrals are available for fcc and bec lat-
tices, * Horiguchi, Yamazuki, and Morita® derived
Green’s function expressions for orthorhombic lattices
in terms of complete elliptic integrals of the first kind.
In Sec. II of this paper diagonal and off-diagonal
matrix elements of the Green’s function for face cen-
tered orthorhombic lattices will be presented. These
matrix elements will be given in terms of integrals
of complete elliptic integrals of the first and third kind.
The expression derived in Sec. II will be applied in Sec.
III for a numerical calculation of the Green’s function
matrix elements for some dispersion relations,

It should be noted that the lattice Green’s function
for the face centered orthorhombic Green’s functions
derived in this paper can be applied to benzene crystals
belonging to the Di2 space group which contains four
molecules per unit cell, The application of these
Green’s functions for isotopic impurity clusters in the
benzene crystal will be given elsewhere. ’

Il. DERIVATIONS OF THE GREEN’S FUNCTIONS
MATRIX ELEMENTS

In this section, expressions will be derived for the
diagonal and three off-diagonal matrix elements of the
Green’s function for face centered orthorhombic crys-
tals, The off-diagonal matrix elements correspond to
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the three nearest face centered neighbor molecules. The
energy dispersion relation for this system is

h{x,v,2)=4Acosx cosy + 4B cosy cosz +4C cosz cosx,
(1)
where
-r<zsT,

-rT<xsg, -wv<ysnm,

A, B, C are the interaction parameters between a

molecule at the origin and the three face centered
molecules, respectively.

The four Green’s function matrix elements are given
by

f)= 35 -,,zdyI "Zf e ®
®/2
&(E)= Zl-sf/ dyexr)(zy)f dz L E—"P—-hﬁj";‘f")
®)

R e "
GB)= 55 j:,/z o) [ asome) [ iy,

4)

(5)

It should be noted that the integration limits over the
y variable can be changed. Thus the following expres-
sion would hold for Egs. (2)—(5):

2[opdy [1dz [1axF,y,2)= [ dv [ dz [ axFix,y,2),

(6)

where F(x,v,z) represents the integrands in Eq. (2)~
(5).

Equation (2)—(5) can be recast in the following form:

:Trzf dy f dzIy(y, z), (7)

g1(E)== £ dycosyfo-dzli(y,Z), (8)
2 r/2 4

gZ(E):Ff dy cosy f dz coszly(y, z), 9)
0 0

9 /2 r
ga(E)zﬂ—zj; dy f dz coszl(v, 2), 9"
9
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TABLE I. Setting signs for A, B, and C.

Setting signs for:

Given B, C* A B c
B>0, Cc>0 A B C
B>0, C<0 —-A B -C
B<o, C>0 ~A -B C
B<0, C<0 A —-B -C

*The sign of A can be either positive or negative.

where
I(v,2)
B Lf' dx exp(inx)
~onJ., E~4(Acosxcosy+ Bcosycosz +C cosx cosz)’
(10)
and n=0,1,

The integral I, can be easily evaluated by a complex
contour integration. When the density of state function
for the energy dispersion Eq. (1) is nonzero, I,(y,z)
should be treated as a special case. In this case E is
substituted by E — ¢, where ¢ is a2 small positive num-
ber, ¢ is set to zero when the limit of 7,(v, z) is taken,

Substituting # = exp(ix) in Eq. (10) and integrating
over the unit circle in the complex # plane we obtain

L(y,e)=tim L § el 1)
where

x =4(Acosy + C cosz),

1 =4B cosy cosz,
1,(v, z) has a real value for

(E-pny=y (12)
and is given by

L(v,2)= &/ o, (13)
where

¢=1 and wu,=u" for E>yu,

E=— and u,=u" for E <y,

A’ is given by

A':lin;[(E— ie = )= )12 (14)
u* are represented by:

ut=lim ol pE A7 (15)

€ =+ X

It should be noted that for the case represented by Eq.
(12) it is immaterial whether the limits are taken before
or after the integration of Eq. {11), since we deal with
two poles, neither one of which is located on the unit
circle for e = +0,
The situation is different for
(E—p)* <y (16)

The two roots u* lie on the unit circle for which e —~ +0,
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so that the limit is determined after the residues of
Eq. (11) are calculated. The limiting process is de-
scribed in Appendix A. The complex integral I(y, z)
is given for this case by:

Lv,z)=tu"/a,

where £¢=-1, and #* and A are given by Egs, (15)
and (14), respectively. Hence for the complex /,, ¢ is
independent of v and z.

amn

At this point it becomes necessary to assume certain
relationships between the interaction parameters, A,
B, and C, Without loss of generality we can assume
[Cl>1B| > |Al. This can be done because the disper-
sion relation (1) is symmetrical with respect to x, v,
and z, In addition, we may assume that C>0 and B> 0.
When B or C (or both) are negative they can be set
positive according to Table I. This setting leaves the
Green’s functions invariant.

Equations (7)—(10) can be recast in the form

B fr/Z f gdz
- A, ’
_2 | EE
= 2J; dvcosxf XA'
—f dv cosy dz
¥ cosy b 4{Acosy + Ccosz)

9 [11‘/2
== dy cosy f
L 0 0

(18)

£1(E)

g(E —4Bcosycosz)dz
4(Acosy + Ccosz)a’ '’

(19)
=2 [ dyeos f Leosecz (20)
0
2 cosz( E
g3(E)= 7[ f Scoszlt “) N
3 zf d f cosz dz
7 J Y s 4(Acosy +Ccosz)
E A B 1
=Ego(5)—5g1(5)—zgz(5)- ac " (21)
The Green’s functions matrix elements, Egs. (18)—

(21) are real for the inequality Eq. (12) and complex for
the inequality Eq. (16). g5(E) is given in terms of g,(E),
24(E), and g,(E). Thus we shall limit the discussion only
to those three Green’s functions matrix elements.

Substituting { =cosz in Egs. (18)—{21), the g;(E)}

functions, i =0,1,2, can be expressed in the form
jovr /2 d\’ (22)
where
1
Hi(v)= [ w)ar (23)
and the u;({) are given by
w0 (t) = f—i , (24)
2B(cos™y)E(p - 1)
uy{t) = 720 3)_5'”12 , (25)
2
n(t) = 2GS, (26)
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TABLE II. Boundaries forRR,

——

A<0 A<0 A>0 A>0
C>B-A C<B~A C>B+A C<A+B
Boundary Case (i) Case (ii) Case (iii) Case (iv)
A 4A-B-0C) 4(A-B-0) 4(A-B~C) 4(A-B-C)
Ay -4C -4C —-4C -4C
A, 4(B-C-A) 0 4(B—A-C) 4(B-A-C)
A, 0 4(B-C-4) -4AB/C —44B/C
A —4AB/C —4AB/C 0 4(C-A-B)
Ag 4(C-A-B) 4(C-A-B) 4(C-A-B) 0
A, 4C 4C 4C 4C
Ay 4(A+B+C) 4(C+A+B) 4(C+A+B) 4(C+B+4)
where For the R, Cases: (i), (iii), (iv),

p=-Acosy/C, p,=E/4Bcosy,

A=[16(C% - B*cos®)(t- 1)t + 1)t~ y)(t - 5)]L/2, (27)

and y and § are

_E+4Acosy

Y= 4Bcosy - 4C (28)

_ E~4Acosy

" 4Bcosy +4C ° (29)

The following relationships hold for y and §: When
E>y then 6>v, when E <7 then y> 6, where

y=-~4ABcos’y/C. (30)

By utilizing Egs, (28)—(30), it can be shown that for
the real part of g,(E) £ is independent of z, and depends
only on y and is given by

£=sgn(E - 7).

(31)

The integrals over y of Eq. (22) take different forms in
each of the nine R; energy regions. The R, regions for
i=2,3,...,8 are defined by A; > E> A, 4, R, is defined
by E<A; and R, is defined by E > A,;. The A; are the
boundaries of these regions. There are four cases for
these boundaries, and they are specified in Table II.

The g;(E) can be represented in term of the integrals
Vi(y4, ¥,), where the V; are defined by:

Vi (53, = [ B (5) dy (32)

where
0<ys<yj <7/2.

The index I denotes six energy regions §,, specified in
Table III, for which H,(y) assumes a different form for
each of the six regions. Hence Eqs. (22) are given as
follows:

For the R Cases: (i), (ii), (iii), (iv),

£:(E)=Vvi®(0, 1/2). (33)
For the R, Cases: (i), (i), (iii), (iv),

&i(E)=V{P(0, y;) + Vi®(y,, 7/2). (34)
For the R, Cases: (i), (ii), (iii), (iv),

&i(E) = Vi®(0, y,) + ViV (3, 7/2). (35)

2069 J. Math. Phys., Vol. 17, No. 11, November 1976

g(E)=V¥(0,7/2). (36a)
For the R, Case: (ii),

&i(E)=Vi5(0, 3) + Vi ( 3y, y3) + V¥ (35, 7/2). (36Db)
For the R; Cases: (iii) and {iv),

g:(E) = ViP(0, y3) + Vi (35, 7/2). (37a)
For the R, Cases: (i) and (ii),

gi(E) = V9(0, ) + V¥ (y;, 7/2). (37b)
For the R; Cases: (i), (ii), and (iii),

g:(E)=V{3(0,1/2). (38a)
For the R Case: (iv),

g(E)=V{P(0,9) + Vi¥ (34,99 + Vi¥ (35, 7/2).  (38D)
For the &; Cases: (i), (i), (iii), and (iv),

g:(E)=ViP(0,3,) + Vi¥ (3, 7/2). (39)
For the Ry Cases: (i), (i), (iii), (iv),

£:(E)=Vi¥(0, y5) + ViV (35, 7/2). (40)
For the Ry Cases: (i), (i), (iii), (iv),

&(E)=V{P(0,71/2). (41)

The vy, ¥z, ¥3, ¥4, and y; are
ylzarcos;}%—fﬁ% , (42a)
Y2 :arcosg_—%% , (42p)

TABLE III. The §; regions.

S, regions  Definition of energy Relationships for v
regions™® and 6
51 E>a §>1; —1>y
Se a>E>b 1>6>—1>v
53 b>E>r 1>6>y> =1
S r>E>¢ 1>y>6>-1
55 c>E>d Y>1>8>-1
Se E<d y>1; —1>6

*a=4(A+B) cosy +4C; b=—4(A +B) cosy +4C; c=4(B — A) cosy
-4C; d=4(A—B)cosy - 4C; r=—4ABcos’y/C; a>b>r>c>d.
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TABLE IV. The Y parameters of Eqs. (57) and (58).

S, regions Y Y
Real part Imaginary part
Range 1 Range 2
1 1 -1 -1
2 1 -0 -1
3 —y —yt —of
4 -6 — ot —v#
5 -0 -6 -1
6 1 -1 -1

P*¥see the footnotes to Table V.

- EC\l/2
y3=arcos<m> R (42¢c)
C-E
y3:arcosm , (42d)
E-4C
Y5 =arcos 77w . (42e)

It should be noted that Vi’(y,,v,) and V& (y,,y,) are
real and have no imaginary component.

In order to carry the integration of Eq. (23) for H;(y)
[or rather H{*(y)], we have to separate the real and
imaginary parts of H;(y). This can be done by defining
u{ (¢) functions, where:

w )=, «3)

yin_ = 2Bcosty(ps = t)

ui (t)" WZC({)— t)A" B (44)
t

ug (t) = 2LE0SY (45)

A
where A” is given by
A" =[16(C* - B2 cos®y)(t - 1)t +1)(t - y)(6 - t)]'/*
=iA (46)
and A was given by Eq. (27).
The following relation holds between u; (t), Egs.

(43)—(45) and u; (), Eqs. (24)—(26), for the imaginary
part of the Green’s functions:

ul (t) = - du, (t). @7)

Let us define two auxiliary functions W(t,,?,) and
W (¢, 1,):

Wity ty) :ftiz u,(t) dt 48)
and
t
Wity ) =], "ui 0 at, (49

where t,>fy, t;==1,v,5, and t;=7v, 5,1. The H{"(v)
are given for each of the §,; regions in the form

HO(y)=Wi(-1,1), (50)
H§2)(y):W,.(—1,6)+iW”(6,1), (51)
HP(y)=W,(y, 8) +i[W{ (= 1,7) + W/ (5,1)], (52)
H{P(y) =W, (6, y) +i[ W] (= 1,8) + W} (y,1)], (53)
HP(y)=W,(5,1) +iW/ (-1, 0), (54)
H®(y)=W;(-1,1). (55)

The W; and W/ functions can be expressed in terms of
complete elliptic integrals of the first and third kind, ®
and are given by

Wilty, ) = & /K (R), (56)
B cos® Y

Wilty, ) =~ E,f—c—g%;”—%,—)tl T(k, of, o), (57)

Wi(ty, 1p) = = £, feosyY T(k, of, o), (58)

where W, represents either W; or W;.

For Wy/=Wj, ¢,=1; and for W; =W}, £, =1 in the
regions ¢y, §y, S§3, but £, =-1 for the regions ¢4, (s,
S§¢ (see Table III), The parameter Y in Egs. (57) and
(58) is given in Table IV, K(k) in Eq. (56) denotes a
complete elliptic integral of the first kind with a
modulus %, The T functions in Eqs. (57) and (58) are
given in the form?®

T(k, %, F)=(1/a)(a? - B (k, o) + FK (k). (59)

TABLE V. Parameters for the imaginary parts of the Green’s functions.

s ; region k2

2 2 2

Range o} o o o
2 V2o ¢ 1 -98) 6-1) (1 -6)(p1+1) (1 -8)(p;+1)
8q 2 26 2(p, +6) 2(py+6)
} v+l §ly+1) (p1=8)y+1)  (p-6)G+1)
3 o _v 1 §+1 v(©6+1) (py=706+1) (p~-Vl+1)
€, —W 9 1-6 Y@ =9¢) (p=Ya-6) (p-v)0-6)
1-v 510 ~7) (py=00a -7y (p-8)1~7)
F 5+1 v +1) (p1 -V 6B+1) (p=¥E+1)
1 v+1 ¢y +1) (py~6)ty+1) (p~8)(y+1)
4 GE—W
€n—V 9 1-v 6¢ - (pr-o0)-v (p-060-7
1-6 Yy =96) (p1=-Ma-=6) (p-va-5)
5 =W 5+1 641 C+DHm -1 G+ p-1)
8q 2 26 2(p; - 6) 2(p—0)

T(1) parameters for W/ (~1,v); (2) parameters for W;”(5,1)
(see Eq. 52),
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(1) parameters for W/ (- 1,8); (2) parameters for W/ {y,1)
(see Eq. 53). V, W, €,, €,, gare defined in the footnote to
Table VI.

J. Hoshen and R. Kopelman 2070



TABLE VI. Parameters for the real part of the Green’s functions.

S, region f K ot o o o
4 q 2 _2_ 2=y _2p-7
1 (e, — W) G- W T—-v y=1 A=V +1) A-v(p+1)
2 1 f2\¥? =W 5+1 Y6 +1) ©+1)(p =7 B+1)(p—7)
T2 \g 8q =y Y=o ©—(p, +1) ©-Np+D)
4 8¢ 65—y ¥—$ 6= (p1+1) G-Yp+l)
3 TT{e, - M - W 5+1 TGRS (-7 G+Dip-7
4 84 v = S-v &y —56)(p1+1) y=0)(p+1)
4 e, - V-c, Y41 Sty+1) ESVITI) G+ D{p—0)
1 /- o\ 172 Ve 1-6 6-1) A —6)(p1+1) @ -8)(p+1)
5 TN\ g 8¢ 3 2(p; - 0) 2(p -0
4 2 26 2(p1 — &) 2(p—38)
6 e, - N V:qz; 1-6 61 L -6)(py+1) 1-68}p+1)

V=16{4+B) cos’y, W=16(4 -B) cos’y, g=8ABcos’y+2CE, €,=(E—4C), ¢,=(E+4C). ¢, = (E~4C)?, €,=(E+4C).

The modulus %, and the parameters of, of, o, and o}

and f are given for W, in Table VI and for W} in Table
V. II denotes a complete elliptic integral of the third
kind, It should be noted that the modulus 2 of W} is
the complementary modulus 2’ of W,

The following relationships hold for the parameters

of I (¢, @®) for W, and W, (real case):
0<af<k?, (60)
al>1, (61)

This is known as the hyperbolic case for II, where II
can be given in terms of the Jacobian zeta function Z,

The relationships for the parameters of I (%, o?) for
Wi and Wy are (imaginary case)
R<al<l, (62)
(63)

This is known as the circular case for II, where II can
be given in terms of the Heuman lambda function A,

2
aj <0,

. NUMERICAL CALCULATIONS

The Green’s function matrix elements g, g4, and g,
can be evaluated utilizing the integration formulas Eqgs.
(33)—(41). g3(E) can be simply determined from Eq.
(21), after g, g1, and g, are evaluated. The integra-
tions Egs. (33)—(41) as defined in Eq. (32) can be de-
termined numerically, There are no available analyti-~
cal expressions for these integrals. The integrand of
Eq. (32), H{" includes both a real and an imaginary
component for I=2,3,4,5 (see Table II). The H"
functions are defined by Eqs. (50)—(55) in terms of the
W; and W} functions, The W; and W” functions are given
in terms of complete elliptic integrals of the first and
third kind [see Eqs. (56)—(59)]. The various parameters
of Egs. (56)—(59) are displayed in Tables IV, V, and
VI. The complete elliptic integrals of the third kind can
be given in terms of Z or A; functions, ® The Z and A,
functions can be represented in terms of both complete
elliptic integrals of the first and second kind, and in-
complete elliptic integrals of the first and second kind.
All these complete and incomplete elliptic integrals
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can be calculated utilizing standard computer
programs. °

The integrations in Eqs. (33)—(41) are somewhat
complicated due to the existence of a logarithmic singu-
larity in K (k) for 2 =1. However, the singularity will be
located at one of the integration limits of Eq. (32), when
they occur. To avoid the singularities, a Gauss
quadrature was applied for the numerical integrations
of Egs. (33)—(41). It was determined that the singulari-
ties do not have a significant effect on the calculations.
This effect was explored by removing the singularity
from the integrand of Eq. (32) for Wy and W,. An
example of such a process is given in Appendix B, 1t
was found that the singularities could be safely ignored,
since removal of the singularities changed the final re-
sults by 0.1% at most.

Results for the computation of the gy(E), g((E), g.(E),
and g;(E) are given in Figs, 1 and 2 for the real and
imaginary parts of the Green’s function. The A, B, and
C parameters in Fig. 1 are taken from Kopelman and
Laufer, ! corresponding to case (iii) whereas the pa-~
rameters in Fig. 2 are arbitrary, and correspond to
case (iv).

A specific example for determining a Green’s function
matrix element is given in Appendix C, The complete
program for calculating the Green’s function matrix
elements for the various A, B, and C interaction pa-
rameters has been coded in FORTRAN, and is available
upon request from the authors of this paper.

APPENDIX A

Utilizing a binomial expansion of the radical A’ of
Eq. (14), and returning the term linear in ¢ we obtain
for the complex case of Eq. (15)

(E
u*:i{E—ig— pxi(xi= (E=- p)Ht/? (1 4 XlE_( (E—“L)Z)}

1 . €
= Q{[E - il - (E-wH'?) (11&2_—(5:7)2717!)}-
(A1)
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FIG. 1. Real and imaginary parts of the Green’s functions
matrix element g; (E). Bottom figures denote diagonal element
g4(E). Top figures denote off-diagonal elements

gi(E): —-- g((E), —g,(E), —-—g(E)} for interaction parameters
A=0,7cm!, B=0.9cm™!, C=4,1 cm"! (see Eq. 1).

To determine whether «* or #~ lies within the unit circle

the absolute value of the poles is taken:

E-ptix’— (E~-p)?
X

1¥

+| €
el =) o E= DT

=1- I:F(XT(EE_W‘D (A2)

Since ¢ is a positive number, lz*| <0 and l«~| >0,
Hence |u*| lies within the unit circle and contributes
to the residue.

It should be noted that the choice of ¢ to be positive is
required by the physical situation. The density of states
function p(E) given by!

1
p(E)= = Imgy (E) (A3)
must be positive, If ¢ is taken to be negative, #~ would
lie within the unit circle, and the p(E) would be
negative.

APPENDIX B

The effect of the singularities of the integral given by
Eq. (32), can be best illustrated by treating an example
of such an integral. Let us look at the imaginary part of
Eq. (37a) for i =0,

Imgo(E) = ImV{P(0, vy) + Im Vi {y,, 7/2)

y ey
=Jy fiEEDay+ [ fEE v,
f3 and f, denote the f parameters for regions §, and §,,
respectively. The values of f; and f; are given in Table

V. For y =y; we shall define f’:
f'=fs=/s

(B1)

(B2)
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The moduli %3 and %, are given by Table VI and for
v =7v3 both approach the value of one.

Utilizing the limit!

lkiglK(k):ln%, (B3)
we obtain for Eq. (Bl),
Img,(E) = [ [ /3K (ks) - ' In(- g)] dy
+ [ Sy - angldy + 1 [ 1nla ] ay,
{(B4)
where g is given in Table VL
For the limits
limkg=limk,=1, (B5)
y3 vy
the following expressions are obtained:
Lim( /3K (k3) - £ In(~ q)} =Lim[ 4K (k) = f' Ing] = 0. (B6)

v y3 y-vg
By utilizing Eq. (B6), we may observe that the singu-
larities have been removed from the first two integrals
of Eq. {B4). The singularity exists only for the integral
Jy=[7"?*Inlq| dy. However, this integral has an analyti-
cal expression

= (1/2)k |2CE| + [""*1n|1+p,cos’y|, (B)
where p, is given by
po=4AB/CE.
The integral
Iy :f;]"/z In|1+p,cosy| dy (B8)
is given by
gy :nln(—-—l i (12+p2)“2>- (B9Y)

G0
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FIG. 2. Real and imaginary parts of the Green’s function ma-

trix elements g; (E) [for notations see footnotes to Fig. 1] for
interaction parameters A =2 em-l, B-3 cm", and C =4 cm-t,

J. Hoshen and R. Kopelman 2072



APPENDIX C

The representation of the Green’s function matrix
elements ¢q,(E) for the crystal structure and interac-
tions, under consideration, are numerous and complex,
These representations change with the relative mag-
nitude of the interaction parameters A, B, and C, as
well as the interactions signs, and energy value E, A
specific example for determining the appropriate
representation, using the prescription given above
would be illustrative,

We shall assume A=2, B=3, C=4, and that we are
looking for the imaginary part of q,(E), where E=-10
(see Fig. 2), In order to elucidate the form of Img,(E),
we shall envoke the following steps:

(a) Utilizing Table I, we observe that the signs of
A, B, and C remain unchanged, because B> 0, and
C>0.

(b) Inspecting Table II, we find that Case (iv) is
applicable for our parameter set, and that A3 <E <A,
implying EcRy.

(c) The Green’s function matrix element Im g,(E),
which corresponds to Case (iv) and region R4, is given
by Eq. (36a). Hence,

Img,(E) =ImV3¥(0, 7/2) = [ ImH;* (y) dy. (¢} §

(d) The superscript (4) in Hi® of Eq. (C1) denotes
energy region §,, defined in Table III. ImH;*(E) is
expressed by the auxiliary function Wy given by Eq.
(53). Taking the imaginary part of Eq, (53), we obtain
for Eq. (C1):

/2
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2 (4 /2 {4
gy (E)= [, Wy (-1, 8)dy + [ Wy, )y,  (C2)
where y and & are given by Eqs. (28) and (29),
respectively.

(e) The Wy functions are given by Eq. (58) for which
£,=1. Thus, the Wy functions given by Eq. (C2) can be
represented in the form:

Wi (ty, 1) =fYai[(ad - (%', o}) + }K (") cosy.  (C3)

The parameters f and (¢’)?, for the region §,, are
displayed in Tables VI and V, respectively. Similarly,
the parameters of and o of Eq. (C3), for range (1) of
region §,, corresponding to the function W”(- 1, 6),
and for range (2) to the function W”(1,y), are given in
Table V. The Y parameters for ranges (1) and (2) of
region §, are given in Table IV,
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Automorphisms of the Lie algebra of polynomials under
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By constructing the one-parameter group of automorphisms generated by a typical derivation and
generalizing certain special cases arising, we find all the automorphisms of the Lie algebra of polynomials
under Poisson bracket. We introduce the notion of quasi-Hamiltonian equations, and investigate the effect
of transformations (g, p)—(a(g),a(p)) (a an arbitrary automorphism) on such equations. By considering
linear quasi-Hamiltonian equations with constant coefficients we obtain a conserved quantity for an

arbitrary (2 X 2) linear system with constant coefficients.

1. INTRODUCTION

Let F denote the collection of all real polynomials in
the 2n real variables (¢,p)=(g,,92, - + - 1 @psP1sD2)
.. .»p,), and define the Poisson brackel of elements
f,8€ F to be

of ,9g of  dg
Gobho= 5 (2L 22 3L 22).
’ }(q'“ j=1 aq]' apj apj aqj
This defines a Lie bracket on F and we shall also denote
the corresponding Lie algebra by F.

The restriction to polynomials in this work is for con-
venience. Many of the results will, with suitable contin-
uity hypotheses, extend to a wider class of functions, but
are then more tedious to state.

An automorphism of F is a bijective linear map
@ : F — F which satisfies

{a’(f), a(g)}(q',,):a({f:g}(q,p,) all f, gc F. (1)

Let autF denote the set of all automorphisms of F; it
can be verified that autF is a group under composition.
The automorphism property (1) does not imply that the
transformation

g,p) ~ (@, P)=(alg), alp) 2

(using an obvious notation) is canonical. The situation is
described by

Lemma 1: Let @ € autF, Then «(l) is a nonzero space
constant [we use space constant to mean independent
of (g,p), and constant to mean independent of (g, p) and
all parameters] but the transformation (2) is canonical
if and only if &(1)=1.

Proof: Since a € autF is bijective, it has an inverse.
Denote it by a-'. From (1) and linearity we find (here
and in the sequel i and j run from 1 to n)

5o @ =), pike = @l @(p g ) = (=0,
iy

%’ a(l)= {(1,' , a(l)}(a,p) = (Y({a'l(qi), 1}(q,D)) =a(0)=0,
i

implying «(1) is a space constant; a(1)# 0 now follows
from the fact that «(0)=0 and « is bijective.

Now (1) and linearity tell us also that

{ala)), alg;) ., = ala;, 45}, = @(0)=0, (3a)
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(3b)
(3c)

{alpy), a(p)bg.n=alp; yDila, ) = a(0)=0,
(), a(ptgm = 2Qas, by ligm) = @(6;;)=a(1) 6,
and these reduce to the canonical Poisson bracket rela-

tions, which are the conditions for (2) to be canonical,
if and only if @(1)=1, This proves Lemma I.

Remark: We show later (see Lemma 5) that o € autF
is uniquely determined by its effect on ¢,,p,.

It is convenient at this point to state the following
result:

Lemma 2: Let ¢ autF, Then for all f,ge F
{f,g}’(q,p):a(l)"{f,g}(g,p): 4)

where, in the right-hand side, f and g are expressed in
(@, P) terms,

Pyoof: See the Appendix.

Now if o = autF is time-independent, then transforma-
tion (2), even if not canonical, will nevertheless pre-
serve the Hamiltonian form of equations. [The effect of
(2) on (5a) and (5b) in the case when @ is time-dependent
is considered in Sec. 5B.] For suppose we have (here
and in the sequel a dot denotes differentiation with re-
spect to f)

« Ohlg,p,t)
q;= gp,f) )
1
__dnlg,p, )
i = aq,

for some (possibly time-dependent) k(q,p,t)c F, and
suppose « € autF is time- independent. Then

29; P,

of at ’
and thus

(;)i = {Qi’h}(q.p)

(5a)

(5b)

=a(1)+{Q;, h}(Q,P), using (4)

BR(Q,P, 1) 3 ,
——~——api —aPi[a(l) R(Q,P,1)]

and Py ={P;, i}g, = a(1) *{P;, 1}, p)

- alt)- [‘%f’—”] = - o Ll (@, ),

where k(Q,P,¢t) is hig,p,t) expressed in (@, P) terms,

frany a(l)
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and we have used the fact that «(1) is a space constant.
We have shown that Eqs. (5a) and (5b), when expressed
in (@, P) terms, are again of Hamiltonian form, the new
Hamiltonian being a(1)+ hig,p,t) expressed in (Q, P)
terms,

When a(1) =1 this reduces (cf., Lemma 1) to the
familiar result for time-independent canonical trans-
formations For this reason, as well as their algebraic
interest, automorphisms merit study. A useful source
of automorphisms is the following (cf., Helgason! and
Sagle and Walde?). Let D be a derivation of F, and for
each real ¢ define the map &, by

a, flg,p)=expiD)flg,p), all f€ F, (6)
where we interpret a, flg,p) to mean (a,(f))g,p); that
is, we write a,f or @,(f), whichever is convenient.
Then, if D does not depend explicitly on ¢, the set {a,}
forms, under composition, a one-parameter group of
automorphisms of F, that is: each o, aut F; «, is the
identity map on F, cxt; @y =g all real ¢,,¢,. It is
called the gne-parameter group of automorphisms gen-
evated by D. Furthermore, all one~-parameter groups of
automorphisms arise in this way. Now we have shown
(Wollenberg?®) that every derivation D of F has the form

D(f):c(f—Z_l g-) +{f,H}.p allfeF (7

for some space constant ¢ and some He F. [By rede-
fining H in (7) we could bring (7) to a form symmetrical
in the ¢’s and p’s, but it is more convenient as it
stands. |

In Sec. 3, we construct the one-parameter group of
automorphisms generated by a typical derivation (7),
and use certain special cases of these to motivate other
examples of automorphisms. Section 2 contains results
used in Sec. 3. In Sec. 4, we prove that the examples
of Sec. 3 exhaust all possibilities. In Sec. 5, we intro-
duce the notion of quasi-Hamiltonian equations, and in-
vestigate the effect of arbitrary (i.e., possibly time-
dependent) transformations (2) on such equations. We
consider linear quasi-Hamiltonian equations with con-
stant coefficients, and obtain a conserved quantity for
such equations. This yields, as a special case, a con-
served quantity for an arbitrary (2 x2) linear system
with constant coefficients.

2. SOME RESULTS ON VECTOR FIELDS

The results in this section are used in Sec. 3.
By a vecior field we mean an operator X of form
¢ a 0
X= Z; s s+ b, 0 —
& (a,(q,P) 7, b;lq,p) %, ) , (8)

where each a;, b, € F.

It is easy to verify that for all f,gc F

X(feg)=(Xf) g+ fo(Xg). (9
This in turn implies (see Helgason, ! Sagle and Walde?)
that for all real ¢

exp(tX)(f g) = lexp(¢X)f]- [exp(tX)g]  all f,gc F,

(10)

i.e., exp(tX) preserves multiplication. (We assume
exp(tX)f is defined for all ¢, f, That is, we omit prob-
lems of global integrability.)

2075 J. Math. Phys., Vol. 17, No. 11, November 1976

From now on in this section, and for most of the
rest of the paper, we will assume, for convenience,
that n=1. The results extend immediately in an obvious-
way to the case of general n. Let g=gq4, p=py,
g, =exp({X)g, p, = exp(tX)p. Repeated application of (10),
together with linearity, tells us that
exp(tX) flg,p) = flexp(tX)q, exp(tX)p) = flg,,p,) all fe F.
(11)
Lemma 3: Let X be a vector field. Then X is form-
invariant under the transformations (g, p) — lexp(£X)q,

exp(tX)p).

Proof: It can be verified that X, when expressed in
(4;,p,) terms, takes the form

~ il 2
X:a(q,,pt) 5_617 + b(q“.bt) Et_ .

In particular,
5(qt,pt):th:XeXp(tX)q
=exp(tX)-Xq since X and exp(tX) commute
=exp(tX)alq, p)
=alexp(tX)q, exp(tX)p] using (11)
=alg,,p,)-
Similarly, b(q,,p,)=0blg,,p,), and thus

X=alg, b)) 50+ bl p,) 5 (12)
q

op,

Comparing (8) (with n=1) and (12) we obtain the result,
This proves Lemma 3.

Remark: This result is no doubt well known, but the
author cannot recall having seen an explicit proof
before.

From (12), we obtain

. d
qt:;it—[exp(tX)q]:Xexp(tX)q:th:a(qt,pt), (13a)
pot:{% lexp(tX)p] =X exp(tX)p=Xp, = blg,,p,). (13b)
We have also

qy=q and py=p. (13¢)

Thus, by use of (11), the problem of finding the effect
of exp(f/X) is reduced to the (by no means trivial) prob-
lem of solving (13a)—(13c). It is worth emphasizing that
(10)—~(13a) and (13b) rely on the vector field property
(9).

3. CONSTRUCTION OF AUTOMORPHISMS

A. One-parameter groups

We now construct the one-parameter group {a!c ¥}
of automorphisms generated by a typical derivation (7)
in which ¢, H do not depend explicitly on /. Write (7) as

Df=cf+ Xf=(c1+X)f, (14)

where 1 is the identity operator on F and X is the vector

field
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Hap) 2 _[Wﬂ;qqﬂ] 2
Thus for all fe F
a " flg, p)=exp(tD) flg,p)
=expli(cl +X)] flq, p)
=exp(ct) * exp(tX) f(q, p) since 1 and X commute
=exp(ct)flg,, p) cf. (11), (15)

where [cf. (13a)—(13c)] g, = exp(£X)q and p, = exp(tX)p
are obtained by solving

. e}
q:= H(g;;,p ) ) (16a)
b= - cp, - Hnbd), (16b)
q;
¢o=¢ and bo=0b. {16¢c)
Since we can write (16b) as
d il
v [p, explet)]= e [exp(ct)H(g,,p,)] (16b’)
t
and (16a) as
(}t exp(- Ct)iz_ lexp(ct)H(g,,p,)]
)
- e et ) e

choose new variables (g,,p,)=g,,p, exp(ct)] and let

ﬁc(z;t,p:,l): exp(ct)H(g,,p,) expressed in (g,,p,) terms

=exp(ct)H[q,,p, exp(-ct)]. (17
Then (16a)’ and (16b)’ take the Hamiltonian form
= al;c(‘—]_tugt t)
q,=—3u2bb {18a)
g Py
= 2HJq,,p;,t)
b, = - ) (18b)
t 5q't
and (16¢) gives
¢o=q and p,=p. {18c)

Hence from (15)

a;C’H )f(q 71’7) = eXp(ct)f(qt ,Pt) = eXp(c‘t)f[Et )Et exp(-— Ct)]
all fe F, (15%)

where g,,p, are obtained by solving (18a), (18b), (18¢c).

In particular H(q,,p,,!)=a'>"’H(g,p), a relation which

does not seem either obvious or useful. An alternative

expression is given below, see (20’).

Thus finding a{°*"’ is reduced to the problem of
solving (18a)—(18¢). The Hamiltonian form of (18a) and
(18b) tells us that the transformations (g,p) — (g,,p,)
are canonical although, because of possible ¢ dependence
of H.(q,,p,,!), they do not necessarily form a one-
parameter group.

B. Examples and generalizations

(a) When H =0 the corresponding automorphisms are
given [cf. (15")] by
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aieflq, p)=exp(ct) fg,, b, exp(~ct)] all fc F,

where_q“t,ﬁt are obtained by solving (18a)—(18c) with

gc((;npp[):(): i.e., where 4t=(1_0=q and Et:j)():p.
Thus,

ale (g, py=-exp(ct) flg,p exp(—ct)] all f€F.

For example, from (17),

(19)

H(q,p,t)=exp(ct)Hlg,p exp(-ct)]= a{*" Hlg,p), (20)
i.e.,

H=a>"H, (201
[We do not make use of (207). ]

{(b) When ¢ =0 the corresponding automorphisms are
given by

a,""'fla,p)=flq,,p,) all f€ F,

where g,,p, are obtained by solving (18a)-(18c) with
H(q,,p,,t)=Hlg,,p,). In particular, it can be verified
that

(21

aled = d:mﬁc). ale,
For example if H(g,p)=3p?, then
I?Ic(cz9 ybes)=73explct) p, exp(-ct)P=3p7 exp(-ct).
Thus (we omit the details),
af " fig,p) =f{q+cpll - exp(-ct), p}, ¢#0,

=flg +1p,p), c=0,

and

aie"fq, p)
= explet) flqg + c=p[1 — expl~ct)],p exp(-ct)}, c#0,
=flg +1tp,p), ¢=0.

(c) The automorphisms (19) and (21) can be general-
ized. For it can be verified that if X is an arbitrary
nonzero space constant and v: (g,p)—~ (7,p) is an
arbitrary canonical transformation, then the maps
a, and «,, defined by

a,flg,p)=Mlg,p/N) all f€ F,
Qvf(q,p):ﬂg’/;) all fG Fy

are automorphisms.

(22)
(23)

Maps of form (22) have been used by Souriau, *
The automorphisms (23) are well known.

Composing (23) and (22) we obtain the automorphism

O, fg,p)= o o flg,p)= Mg, p/N) all fe F. (24)

4, ALL THE AUTOMORPHISMS

In fact, every automorphism of F takes the form o, ,
for some A, y.

The proof (formulated for the case of general ) is in
stages. First note that (Wollenberg,® Lemma 2) the
smallest Lie subalgebra of F containing the set S

={4:,4%,4:4,,4},pi} is F itself.
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Lemma 4: Let ac autF. If alg,)=¢g, and a(p,)=p,,
then a(f)=fall fe F.

Pyoof: From the automorphism condition (1)

% a(N=1a,, (Mg ={ala)), e (Phgm

:a({qi’f}(q,p))
—ol-2L -
= a(api ) all fe F. (25a)
Similarly,
3 _a L -
a, a(fl=a (aqj> all fe F. {25b)
Thus,
2
%, alg?)=0,

0
37, algs) =254,
7
algd)=q:+4d,,
where the d, are constants. Hence, from (1)

a({Q?,f}(q,p)) = {0‘(‘13), a(f)}(q,p) = {‘ﬁ, d(.f)}(q,p)’
ie.,

3 2
o (o )= G

=2q,a (5%) [using (25a)] all fe F.  (26)
Substituting f=¢,p,, 4ip;, 4,p;, respectively, into (26)
gives
alg, *q)=q;" “(qi):‘ﬁ,
alg; gD =q,* alg))=qj,
alg;*q;)=q;°alg,)=q.q;.
Similarly, we can show
alpi)=pji -
Now if a(f)=fand a(g)=g, then from (1)
G({f9g}(q,p)):{f’g}<q,p)

and by linearity, for all constants ¢,, c,
ale, f+e,g)=cal i+ calg)=c f+c,g.

Thus a(f)}=f for all f belonging to some Lie subalgebra
of F containing S, that is, for all fe F. This proves
Lemma 4.

Remavrk: It can be proved, from (7) or directly from
the derivation property, that if D is a derivation and
D(g,)=D(p,)=0, then D(f}=0 all f€ F. That is, a
derivation is uniquely determined by its effect on g,,p,.
However, we have not been able to show that this re-
sult implies (or is implied by) Lemma 4. Note that the
proof of Lemma 4 is similar to that of a previous re-
sult of the author (see Wollenberg,® Lemma 3) which
led to (7).

Lemma 5: Let @< aut F. Then « is uniquely deter-
mined by alq,) and alp,).
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Proof: Suppose the automorphisms @, and «, satisfy
a,(g;) = a»lg,),
a,(p;) = a,(p,).

Then a= ¢, ° @;' is an automorphism which satisfies
alg,)=q,, a(p;)=p;. Hence, by Lemma 4, a is the
identity map on F. Thus @, =«a,. This proves Lemma 5.

Remark: The situation is very different if only (1)
is specified. For let A be an arbitrary nonzero space
constant, then gl the automorphisms (24) satisfy «(1)
=A. In particular, a(l) is constant does not imply
that ¢ is independent of all parameters (e.g., time).
We can now prove the main result of this section.

Theovem 1: Every automorphism of F takes the form
a, , for some 1,7.

Pyoof: Let @< aut F, and let A= a(1). Then since, by
Lemma 1, X is a nonzero space constant, conditions
(3a)—(3c) can be written

{d(m)’ ‘ELQ.L)} ={al(p;), a(p;)}ig,m =0,
A A (qs0) '

{9’%;_)’ a(PJ)} =0y

(a,p)

which tells us that the transformation
- «
v:(g,p)—~(g,p)= (——)Eq) ,a(p)) @n

is canonical. Hence [cf.(24)], the map

&, fg,p)= M7,/ ) = a(1) f(g—g'{} , g—glfz)l) all fe F

is an automorphism. Since clearly @, ,(q,) = a(g,) and
a, ,(p;)=p,, Theorem 1 now follows from Lemma 5.

5. QUASI-HAMILTONIAN EQUATIONS
A. Motivation and definition

We return to consideration of the one-parameter
group {&{>*’} and examine the form (15’) takes when
expressed in (@,,P,)=(a,(q), a,(p)) terms and obtain
the equations satisfied by @,,P,. For convenience we
replace a;>" by a,.

Since @, = a,(g) =g, exp(ct) and P,=a,(p)=p,, clearly
(15’) becomes

a,flg,p)=explct) f{Q, exp(~ ct), P, exp(-ct)] all fe F.
(15"

The equations satisfied by @,, P, can of course be ob-
tained by expressing (18a), (18b) in (@,,P,) terms.

A more interesting method is the following, which
makes fuller use of the automorphism property:

. d
Q,= Fr [exp(tD)q]= D exp(tD)q
=exp({D)Dq since D and exp(tD) commute

= CYt[Cq + {q’H}(qvp)]
=ca,(q) +{a,g), a,(H)},,,, using linearity and (1)
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=cQ, + a,(1):{Q,, @,(H)}q,,p, using (4)
~cq, +_£(a§t_%—ﬂ' (28a)
Py
Similarly,
. g
P, = [exp(tD) p] = exp(tD)Dp = a [{p, H}(,»)
={a,(p), &, (B},
=a,(1) - {P,, at(H)}(Qt.Pt)
_ BHC(QhPtt)
SR T (28b)
where
H(Q,,P,,/)=a,(1)c a,(H) expressed in (@,,P,) terms

=exp(2ct)H[Q, exp(- ct), P, exp(-ct)]
from (15”)
and we have used the fact that at(l) is a space constant.
Also, from (18¢),

Q,=q and P,=p. (28c)

Note that by this method we derive (28a) and (28b)
without any reference to (15”) or (18a) and (18b),
although we do use (15”) to get a “‘ practical” form for
H,/(®Q,,P,,t). Equations (28a) and (28b) might thus be re-
garded as more fundamental than (18a) and (18b). How-
ever, (15') and (18a)~(18c) are more convenient than
(15”) and (28a)—(28c).

Now since, as is well known, Egs. (18a) and (18b) are
derivable from the variational principle

f ptqt q“pn ]dt—o all tZ)tiy

Egs. (28a) and (28b), which are (18a) and (18b)
expressed in (,, P,) terms, are also derivable from
a variational principle. To find it we just express the
integrand in (29) in (@,, P,) terms. We have

(29)

H(q,,p,,t)=explct)H] q,,p, exp(~ c1)]
= explct) H(Q, exp(~ ct), P,exp(- ct)]

=exp(- cH,(Q,,P,, ).
Thus,
[ﬁt(“ (qn,bt,t)
P 2L1q, exp(=ct)] - exp(~ cOH(Q,, P, 1)

=exp(-ct) P,Q, - [H(Q,,P,, 1)+ cP,Q,1}.
Thus, (28a) and (28b) are derivable from
5 ft‘Z exp(- ct){P,Q, - [H(Q,,P,,t) + cP,Q,]} dt

1

=0 all {,> 4. (30)

A similar computation shows that (16a) and (16b) are
derivable from

ajt’fzexp(ct)[pt&, - Hlg,,p))dt=0 all ;> t,. (31)
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These considerations motivate the following (formu-
lated for the case of general n).

Definition: The equations

q;=M/\q,p,1), (32a)
PiZN,'(({aP»t) (32b)
are called quasi-Hamiltonian if they are derivable
from a variational principle of the form
n
02 WOUE pa) ~Hig,p, DldE=0 all 1, (39
1 i=1

where w(f) is a nonvanishing function of t alone and #/
c F.

In such a case, (32a) and (32b) take the form

oH ¢
qi:—%#w, (332)
. I:L_ _ZW(q,P,t)
bi==" D 20, (33b)

these being the Euler —Lagrange equations arising from
(33). Thus (16a) and (16b) and (28a) and (28b) are quasi-
Hamiltonian. We get the usual Hamiltonian form if and
only if p(¢) is constant, but we can always reduce quasi-
Hamiltonian equations to Hamiltonian form, for by
writing the integrand in (33) as

n

(20 (up)g,) = wHiq,p, 1)

i=1
we see that the change to new variables.
(q,P)=(q, up)

will reduce (§3§) and (33b) to Hamiltonian form with
Hamiltonian //(g, P, {) given by

ﬁ @. b.)= uif (g, p,t) expressed in (2, 1:>) terms

=u(q, b/u, ).
(It is not the only possibility. See Sec. 5B.) For
example, (16a) and (16b) reduce to (18a) and (18b) this
way. However, as we see next, quasi-Hamiltonian equa-
tions are just what we need for investigating the effect
of time-dependent transformations (2) on equations of
Hamiltonian form.,

(34a)

(34b)

B. How they transform

We now return to the case n=1 and consider the
effect of transformations (2), with « an arbitrary (i.e.,
possibly time-dependent) automorphsim, on quasi-
Hamiltonian equations. By Theorem 1 every ¢ < aut F
is of form @, ,, with A= a(1) and v:(g,p) = (g,p)
canonical. Thus [also see (27)] we can write

(@,P)=(a, ,(g), &, , (p)=(0g,p).

Note that A, ¢, p may all depend explicitly on time, but
that, neverthless, the corresponding transformation (2)
is not much more general than a canonical transforma-
tion. Now the properties of arbitrary canonical trans-
formations are investigated by means of generating
functions (see Goldstein®, Chap. 8). A similar approach
is adopted here.

Suppose ¥ has a generating function T" (Its particular
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form is irrelevant here). Thus for any #(g,p,¢) there is
a function #(q,p,t) such that

pdq-Hlq,p,0)dt=pdq -H(q,p,t) +dT.
(For notational convenience we use differentials

instead of total derivatives.) As is well known //(g,p,?)
is given in each case by

H(Q’E:t)ZH(Q5P,t)+FZ'.

Thus for any u(t) (#0) and #(g,p,t)
ulpdg -Hlq,p,t)dtl= updg - uH(q,b,t) dt+ pdl
= updq - uH(g,p, D dt — LT dt + d(uT)

- - ar
=ppdqg - [w%’(q,p,tH T ur‘] dt+d(ul)

=uP-d<QT> - [uﬁ(q,p,tﬂé%(ul‘)] dt+d(uT)

>’|>«-
o)

PdQ—-f— [ Q+7\f/(q,i’,t)+%£— (ul‘)]dt

>|e

+d(uT)
=w[PdQ-H"(Q,P,t)at]+d(ul),

where
w=pu/r (35a)

and

, 13
/'/(Q,P,t)Z —u—ﬁ(ul“)]

expressed in (@, P) terms, (35b)

(Notice that A,T, v, u,/ determine p’,#’.) Thus, by
the usual arguments of the calculus of variations, (33)
implies

PQ+ K[//(Q,P,L‘)*’

>l e

5 ftiz w(O[PQ -H"(Q,P,0]dt=0 all ,> 4,

i.e., Egs. (33a) and (33b), when expressed in (@, P)
terms, are again quasi-Hamiltonian.

Remark: We have tried, so far without success, to
characterize the transformatlons (g,p)— (@, P) Wthh
preserve the quasi-Hamiltonian form of equations. The
difficulty seems to be that this condition does not, by
itself, determine the transformations.

Reduction to Hamiltonian form: To reduce (33a)
and (33b) to Hamiltonian form, all we do is set
A= a(1)]= u; the canonical transformation y can be
arbitrary (cf., remark after Lemma 5). Thus (34a)
is just one of infinitely many possibilities.

Effect on equations of Hamiltonian form: Suppose Egs.
(33a) and (33b) are in fact of Hamiltonian form, that is,
suppose ({¢) is constant. Then, by (35a), the trans-
formed equations are of Hamiltonian form if and only
if A[=a(1)] is constant {(as remarked previously, this
does not imply that ¢ is time-independent), in which
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case the new Hamiltonian is, by (35b),

HQ,P,1)= (UEL/(q,p 0+ ]
expressed in (Q,P) terms.

In particular, if a is time-in-independent, then

and
H(Q, P, )=

This result was derived, by a different method, in Sec.
1. When a(1)=1 both reduce to familiar results for
canonical transformations.

a(l)<H(g,p,t) expressed in (Q,P) terms.

C. Linear quasi-Hamiltonian equations with constant
coefficients

(This section is formulated for the case of general n),
We now consider quasi-Hamiltonian equations (33a)
and (33b) with = exp(- af) for some constant ¢ and #
time-independent and homogeneous quadratic in (g, p).
Equations (33a) and (33b) will then be linear with con-
stant coefficients, and it is convenient to express them
in matrix terms. Before doing this we show that there
exists for such equations a conserved quantity which is
homogeneous quadratic in (g, p).

From (34a) and (34b),
variables
(@, =g, up)=[q,p exp(-at)]
will reduce (33a) and (33b) to Hamiltonian form with
Hamiltonian
HG, 5,0 = uH(G,p/ 1) = exp(-at) Hlg,pexplat)]  (36)

{If @=0, then (33a) and (33b) are already in Hamil-
tonian form]. Now the explicit time dependence can be
removed from (36), by means of the canonical transfor-
mation (7,5) — (7', 5’) generated by

we know that the change to new

(q,P = qup )+ exp(- sat).

For this generates the transformation obtained (see
Goldstein,® Chap. 8) by solving

= o' =

pi:éa_;: 7+ exp(- }at),

= T =

q’izﬁ q,*exp{-zat)
i.e.,

7',0") =g exp(- Lad),

pexplbal)] =g exp(~3ab),pexp(-tat)]
and the corresponding new Hamiltonian is given by
—= = T = =
Hig,p,t)+ aa_t expressed in (g’,p’) terms

—exp(-at) Hlg" exp(3at), p’ exp(bat)] - a i; 9ipi

= n ==
=H(g’,p") - 3a Eq ‘ by homogeneity,
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Because the new Hamiltonian does not depend explicitly
on time, it is conserved. In {(g,p) terms it becomes

n

Wig,p,t)= [%/(qw—é?? p.lexp(-at)

(again by homogeneity}, which is of the form mentioned.
If a=0 it reduces, as expected, to #(g,p).

It is interesting, and does not seem at all obvious,
that W(g,p,t) can be described in terms of the coeffi-
cient matrix arising when the linear equations (33a)
and (33b) are expressed in matrix terms. To see this
let u denote the (2nx1) column matrix (§), let J denote
the (2rx2n) block matrix (_, ") where I denotes the
(nXn) identity matrix, and 1et prime denote matrix
transpose.

Now Leung and Meyer® have given the following ele-

gant characterization of linear Hamiltonian systems:
a linear system i =Au is Hamiltonian [and the (2n X 2n)
matrix A, whether constant or not, is called Hamil-
tonian] if and only if JA is symmetric, in which case
the Hamiltonian is — 3u’JAu. Thus Eqs. (33a) and (33b)
can be written

a\_ [0 O\[a}), Bl

b 0 al,j\p b

where B is a (constant) Hamiltonian matrix and #(g,p)

- %u'JBu, i.e.,
i =Cu (37)
with constant coefficient matrix
C= 0 0 + B,
0 al,
In particular,
0 0 0
-3 JCu = - 3u’ L u - su’JBu
-1 0 0 al,

= —%a( E q:b; +7£7’(q,p).
=1
Also, by the Hamiltonian matrix property, (JB) =B'J’
=~B'J=JB, i.e., JB'J=~J°B= B (this condition ap-
pears in Laub and Meyer” as a possible definition of the
Hamiltonian property), and so standard properties of
trace give us

trB=tr(JB'J)=tr(BJ*) =tr(~ B')

=—irB' =~trB,
i.e.,
trB=0,
so that
trC=na+trB=na
and thus
Wig,p,0) ={- s JCulexpl- (1/n)(trC)¢]

which is of the form mentioned. If trC =0, it reduces

to Hiq,p).

This discussion is useful if linear quasi-Hamiltonian
systems with constant coefficients abound, and can be
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easily recognized. From previous considerations a lin-
ear system (37) (whether C is constant or not) is quasi-
Hamiltoniamn if and only if the matrix

0 I,

is Hamiltonian, that is (we omit the details) if and only
if C satisfies

C'J 4 JC =(1/n)trC)J. (38)

It is not. clear how plentiful the solutions to this are.
However, if n=1, then every linear system (37)
(whether C is constant or not) is quasi-Hamiltonian, for
it can be verified that (38) is satisfied by all (2x2)
matrices C. [This can be explained by the fact that,
when 11=1, Egs. (32a) and (32b) take the form (33a)

and (3 3b) if and only if

o .
—:]El + R for some u(¢)#0,
“q1 P,

and this last condition is satisfied in every linear case
#t=Cu, whether C is constant or not. ] We can now
deduce:

Theovem 2: Let C be an arbitrary constant (2x2)
matrix, Then the quantity

W(g,p,t) =~ su'JCu] expl -

is conserved along trajectories of the system u=Cu.

(trO)t] (39)

The advantage of (39) is that it can be written down
imnmediately and does not require any knowledge of
trajectories of the system, or of eigenvalues of C; but
it is not yet clear if it will help us to decide the
cpualitative nature of trajectories of the system. If trC
:= 0 the equations are of Hamiltonian form and W(g,p,?)
gives the Hamiltonian.
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APPENDIX

Proof of Lemma 2: [The proof is modelled on Gold-
stein,5 p.254—255. Equation (A1) is Goldstein’s
equation 8.49.] We begin with the relation

{u, v} ~§J\ {u,Q,} L +{u, P} v
w,v ™ Uy @pi(q,n) 2Q, » £ kI g, 0 2P,
all u,ve F (A1)

which is essentially a formula relating partial deriva-
tives [i.e., it does not depend on the canonicity or
otherwise of transformation (2)].

Putting u = @, into (Al), we find that for allye F

v
{Qul}(q,p)—'z <{Q1!Qb}(q,p) +{Qz’ k}(q,p)apL )

:ZJ: a(1)8,, 55 ;P using (3a) and (3c)
v
= all)e —=—
=all g, (A2)
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Similarly, putting # = P; into (A1) and using (3b) and
(3¢) we find that for all v F

v
{Py, vhigpy =~ (1) - T (A3)
It is convenient to write these, for all fe F, as
of
{f! Q‘}(q,’):-d(l)"é*P_‘ ’ (A2")
of
U1 Pan=alD) 55 (37

Now put u=f and v =g into (Al), and we obtain

n a a
{f,g}(q.m =§1 ({f, Qk}(q,ﬂ) . .——agh +{f, Pk}(qm—-a?gk—)

- 3 of . %% of ag)
=a(l)- - ° =5
at) E ( AP, 20, ¥ oQy aPk

using (A2’) and (A3’)
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=a){f,gho,» allf,geF.
This proves Lemma 2.

Remark: In proving Lemma 2 we have used only the
properties {3a)—(3c), and not the automorphism
property (1).
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The trajectories of a scleronomic, holonomic particle motion in an otherwise general force field are
autoparallel curves in a linear connected, symmetric, “almost” semimetric space. The Riemann~ChristofTel
curvature tensor and its concomitants belonging to the dynamical affinity are defined, and the physical

meaning is discussed.

1. INTRODUCTION

Since the birth and success of Einstein’s general
theory of relativity there have been many attempts to
geometricize classical mechanics. When a field of
forces is given, the idea is to find such a geometric
structure for the configuration space that the path de-
fined by the time development of the system turns out
to be a geodesic line. In the case of conservative
systems the problem was solved by Douglas! and
Eisenhart,? who showed that the structure of a
Riemannian space is sufficient. The first one to con-
sider more general fields of forces was Lichnerowicz, ®
and he used a semisymmetric linear connection to de-
fine the geodesics. Vujanovic‘l"G presented the use of a
semimetric, semisymmetric connection. The geometri-
zation of classical mechanics with the help of a linearly
connected, pseudometric space of paths is given in two
recent papers. Some curvature properties related with
the connection and their physical implications are also
considered in these works, I?

In this paper we consider curvature properties in
linearly connected semimetric and almost semimetric
spaces of paths, whose geodesics are the trajectories
of classical holonomic, scleronomic mechanical sys-
tems. No restrictions are imposed on the nature of the
forces, except those of smoothness. We restrict our
consideration to one-particle systems, but the generali-
zation to many-particle systems is straightforward.

2. A GEODESIC FORM OF THE NEWTONIAN
EQUATION OF MOTION

The equation of motion in the coordinate system {g}
reads

mG*+{L ) =7, (1)

where f* is the force field and the dot (*) denotes the
time derivative. The kinetic energy of the particle is

T=3mgu, " d"; (2)
it follows that the force field can be written as

fr=f mg,, qsq"/2T, 3)
and the Newtonian equation of motion (1) is

i+ A -rgu/2T13* 9" =0. (4)

We see that this equation is identical with the geodesic
equation
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¢+ Iy, 3"y =0, (5)
if the coefficients of linear connection are defined by

r:w = {ulv} - d)lguw (6)
where

o*=7"/2T. M

Because of the kinetic energy 7' in the denominator of
¢* (7), and the very general nature of the forces f*, this
symmetric connection is only defined along real trajec-
tories, and so our space is a space of paths.

To a connection we can add an antisymmetric tensor
without changing the geodesics. So, the transformation

T}, —~T%, =T, +2¢, 6, (8)

does not alter the geodesic lines, and gives the connec-
tion I, used by Vujanovic!~® as a starting point. On
the other hand, the projective transformation

r?ﬂv~fﬁu:rzv+2¢)(u61\u) (9)

ives a connection I, which makes our space a Weyl’s
iy

semimetric, symmetric space. Moreover, this trans-
formation conserves the geodesics, but time no longer
remains a natural affine parameter.’

3. COVARIANT DERIVATIVE

On the trajectory of the particle we can now define
the covariant derivative belonging to the connection
T}, of a tensor of any valence. The definition is the

usual one, and we give only an example:
VvPMu = avPMu + rzp Pp)‘u + r:p PKPu - rﬁupmp . (10)

The covariant derivative of the metric tensor g, be-
longing to the symmetric connection (6) is

YV &= 28u2Pu0r (11)
Thus, we could call the connection (6) almost semi-
metric. The connection (8) is semimetric, for

%ug).x = 2¢ug).x' (12)

It is easy to show that the Newtonian equation of
motion (5) can be written in the forms

Vv, 5 =0 (13)
or

PV, ¢ =0. (14)

2082
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The covariant differential of a contravariant (covari-
ant) vector 2* (»,) in a displacement along a trajectory
from the point ¢* to the point ¢ +dg” is given by

oo* =dv* + T, v* dg* (15)
and
bv, =dv, - T v, dg", (16)

where d means the ordinary differential. If a vector is
displaced in such a way that 52f =0, the displacement
is said to be parallel.

When using the symmetric connection (6), the square
of a vector v* =+*v, changes in the parallel displace-
ment dg* along a trajectory as

d(v?)=2v"¢, v, dg*. (17)
In the usual vector notation this expression reads as
Aty =2{v +F) @ - d7)/2T. (18)

From the geodesic equation (5) we see that if the
velocity vector ¢* at a point is displaced parallelly
along a trajectory to another point, we obtain the ve-
locity vector belonging to that point. So, in the case
where v is the velocity vector, Eq. (18) can be inter-
preted as the power equation 7=P (P=7f=power).
The connection (8) gives respectively

d@*) =20 ¢, dg". (19)

For the velocity this gives the same result as before,
but in the different form d7T =f+d7.

It is worth noticing that some quantities, as for ex-
ample the velocity 4*, the kinetic energy T, the forces
f*, and the coefficients of the linear connection I'},
need not be globally defined as a function of position,
but only along a trajectory ¢* =g¢* (f). Nevertheless,
by considering a whole {continuous) family of trajec-
tories simply covering a neighborhood of the original
path ¢* (1), we can extend the domain of definition of
such quantities to make their partial derivatives mean-
ingful. This is the case naturally occurring later, in
the discussion of the stability of motion (Sec. 5). We
can obtain the family of trajectories in various ways;
we could, for example, take the trajectories starting
from a fixed point to different directions with the same
kinetic energy, or we could take the trajectories start-
ing with equal kinetic energies from the points of a sur-
face to the directions normal to that surface. We could
let the initial kinetic energies vary for different trajec-
tories, or, in the case of conservative systems, we
could require the total energies to be equal for all
trajectories, too. Since, however, the derivatives of
velocity previously used were essentially directional
derivatives in the direction of the trajectory, the
formulas (13)—(19) are independent of the way, how-
ever all this is done. In the further discussion this
will no longer be true,

4. CURVATURE

Possessing a family of trajectories, we can now de-
fine the curvature tensor on them as a function of posi-
tion by
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R, =20g, Tin + 207, o T (20

It is well known that if 7',," is an arbitrary tensor,
then )5 =T}, + T,," represents another connection,
and the relation between the curvature tensors of
these two connections is

R, V=R 2v[vTu nf+ zsvupTﬂkK
= 2T T (21)

where V, means the covariant derivative belonging to

the connection I'f,, and the tensor S,,” is defined by

Svup = r[pvul' (22)

After some calculation the symmetric connection (6)
gives

Rvu).szvukk-"gx[u[avl ¢K+{:]§} ¢u__ ¢V] ¢K]9 (23)

where K,,,," is the curvature tensor belonging to the
connection, whose components are the Christoffel sym-
bols {J‘q} obtained from the metric tensor. By introduc-
ing the tensor F,* as

FVK:av¢K+{;u} ¢U - ¢V¢K:VV¢K’ (24)

we can write the curvature tensor of the connection (6)
as

Ruuhk :Kuukx + Zg)t[u.Fu]K' (25)

By contracting the tensor R,,,* with respect to the
indices vk, we get the so-called Ricci tensor

Ru,=R. =K, +2g,.Fa" (26)

Another concomitant of the curvature tensor is formed
by contracting the indices Ak. This antisymmetric
tensor reads

Vo =R’
=K,u+ 284, F 0"
=28uuF 1"
=2Fpu- @7
An easy calculation gives the identity
2Rpun =" Vi, (28)

and in the terms of the vector ¢, the tensor V,, reads
Vul:auth— a).¢u' (29)

If the force field is a gradient field, and if the total
energies of the trajectories belonging to the family
(cf. the discussion in the end of Sec. 3) are equal, we
can prove that the tensor V,, vanishes identically. In-
deed, we can write

E=T+U(g, (30)
fu=-03,U, (31)
b, =- 3(E-U)'8,U, (32)
0, T=0,(E-U)=-23,U=f,, (33)

and Eq. (29) gives
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V=10, (fx/ZT) - Bx(f,,/ZT)
=(1/2T)(£2,.T + T3, f - £, T ~ Td, £,)
=(1/2T)(3,U3 ,U - 3, U, U)
=0. (34)

It follows that in this case there is a scalar field o{g*)
such that

¢, =-10,0. (35)

Conversely, we can write
200, =2T[0, 02— 0, 1+20,8,T7-2¢,0,T
=2T Vo + U/T)F0, T -F,8,T). (36)

Thus provided that V,, =0, we see that the force field
is a gradient field if and only if the vector fields f,, and
9,T are collinear.

Transvecting the metric tensor g“* onto the Ricci
tensor R,,, we obtain the scalar

R=R,,g"\ (37)
A straightforward calculation gives

R=K+2F* (38)
or

v, 0" =(R-K)/2. (39)

So, (R - K)/2 serves as a covariant source of the
¢* -field.

For the curvature tensor of the symmetric connection
(6) it is easy to verify the usual identities®

R =0, (40)

Ry =0, (41)

Ry == 290,801 0% (42)
and the identity of Ricci-Bianchi

VR =29, Ry =0. (43)

The previous procedure can be applied to the curva-
ture tensor of the semisymmetric connection (8), too,
but the presence of the torsion part makes the calcula-
tions more complicated.

5. THE STABILITY OF MOTION

The absolute derivative of a vector field v* (¢g"(¢))
along the trajectory is defined by

Dv* _ dq”

dar i
= ;)"'-4- r‘:‘p v q'". (44)

©
v, v
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Accordingly, the second absolute derivative along a
geodesic is given by

2,1
Pd?” =7* + 2T "
+[8,T - Thl + Th Tl 0*°g". (45)

If we are given two adjacent trajectories ¢*(f) and
g*(t) + €*(t), where € is the infinitesimal isochronous
displacement from the trajectory g,(t) to the trajec-
tory g*(¢) + €*(t), the paths fulfill the equations

*+Th(g") e =0 (46)

and

P HE+TL @+ g +e g +e]=0. (47)

By subtracting Eq. (46) from Eq. (47) and neglecting

terms of second or higher order in € and &, we get
Er+ (3,2 ) @4 g” + 2T ¢q* = 0. (48)

Writing the second absoclute derivative of €* along the
trajectory ¢*(#) and using Eq. (48), we obtain

DZEA Aok Loy
W -Rw“‘ q"e*q¥ =0. (49)

This equation is analogous to the Levi-Civiti!? equation
for the geodesic deviation in a Riemannian space: The
curvature tensor K,,,* of the Christoffel symbols is
merely replaced by the curvature tensor R,,,* based on
the coefficients of the dynamic connection (6).
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The bases of tensor spherical harmonics and of tensor multipoles discussed in the preceding paper are
generalized in the Hilbert space of Minkowski tensor fields. The transformation properties of the tensor
multipoles under Lorentz transformation lead to the notion of irreducible tensor multipoles. We show that
the usual 4-vector multipoles are theimselves irreducible, and we build the irreducible tensor multipoles of
the second order. We also give their relations with the symmetric tensor multipoles defined by Zerilli for

application to the gravitational radiastion.

1. INTRODUCTION

In the preceding paper, ! hereafter called I, we have
studied bases in the Hilbert spaces of complex tensor
fields on the unit sphere 52, embedded in the three-
dimensional Euclidean space ¢®. In this work, our pur-
pose is to give a relativistic generalization of these
bases for the Minkowski space «denoted by //i. We con-
sider Hilbert spaces / 2[$2(e)] of vth-order Minkowski
tensor fields on the unit sphere §%(¢) embedded in the
subspace & ¥(e) orthogonal to an arbitrary time like 4-
vector e.

In these Hilbert spaces we build the tensor spherical
harmonics and tensor multipole bases of the little group
of the 4-vector e, by the method expounded in I. These
two sets are orthonormal in. / %[ §%(e)] but only the tensor
multipoles are pairwise orthogonal in//~". By studying
the properties of the tensor multipoles under pure
Lorentz transformations, ‘we introduce the concept of
irreducible tensor multipales which transform according
to an irreducible representation of such transformations.

In Sec. 2, we define the spherical tetrads in the space
/% and from them we build the spherical basis tensors
which transform according to an irreducible represen-
tation under a rotation of the little group of e.

Section 3 is devoted %o rth-order tensor spherical
harmonics. First the spherical harmonics on the unit
sphere $%(¢) are derived. Then they are coupled with
the basis tensors through Clebsch—Gordan coefficients
to obtain the tensor spherical harmonics on the same
sphere. We also give some properties of the first- and
second-order tensor spherical harmonics.

In Sec. 4, the 7th-order tensor multipoles are deduced
from the tensor spherical harmonics by the orthogonal
transformation defined in I. Then the expansion of the
tensor product//®” in a direct sum of two-dimensional
subspaces invariant under a pure Lorentz transformation
allows us to introduce the notion of irreducible tensor
multipoles which form bases of these subspaces. In
particular, we sshow that the usual 4-vector multipoles
are themselves irreducible and we build explicitly the
irreducible tensor multipoles of the second order.

Finally, in two Appendices we give some results on
the canonical <lecomposition of a Lorentz transformation
and on representations of pure Lorentz transformations.
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Throughout the paper we use the summation convention
for repeated Minkowski and magnetic indices but we al-
ways write explicit summations over angular momentum
indices. The scalar products in/, /1 ®/K, and/Hh®" are
denoted by a single dot (.), a double dot (:) and (7), re-
spectively, e.g., a.b, i:T, t(.)T. For rotation ma-
trices, Clebsch—Gordan coefficients {CG coefficients)
an extensive bibliography is given in I.

2. TENSOR SPHERICAL BASES

A. Spherical tetrads

In the Minkowski space//i, we use the metric tensor
g, the components of which are g"=—-g't=1 (/=1, 2, 3),
Y=0for p#v (4,v=0,1,2,3) and ¢*’'=g" =g,,. We
also use the Levi-Civita tensor ¢, ,,, which is the com-
pletely antisymmetric tensor such that €,,; = 1. With
this tensor, the determinant of four 4-vectors is de-

fined by €,,,,a"8’c’d’ and it is denoted by {a, b, ¢, d}.

A tetrad {e} is a set of four 4-vectors e, (@=0,1,2,3),
forming a basis of //i, satisfying the orthonormality,
orientation, and closure relations

€ * €5~ Sups (D

{em s €8s Exs eﬁ} = €a876y (2)

&P, ® ey=g. (3
The spherical tetrad associated with {e} is the set of
four 4-vectors ¢, (j=0,n=0;j=1,n=-, 0, +) defined by

ed=e, el=oe,, (4a)

=5 (1/V2) e, tie,). (4b)

These 4-vectors are complex, they belong to the com-
plexification /), of /. They satisfy the identity

% .
e =(=1)e, (5)
where the symbol (*) means complex conjugation, and

the following relations corresponding to Egs. (1), (2), (3)
above

e el =(=1Y6,;6,, (6)
{63; e}m’ 8;, 011'}' == iEmnra (7)
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-

(- Werreel=g, (8)

e
"
<

where €,,,, is the spherical Levi-Civita tensor defined
in Eq. {4) of 1.

The spherical components @ of a 4-vector a on the
tetrad {e} are defined by

d=(-Vae, a=

aler*. (9

Ry
\
0

J

"

Then the scalar product of two 4-vectors can be written
with the spherical components

a-b=alpl+alb! + bl - aibl, (10)

In the following, when no confusion is possible, we
drop out the index of the unit timelike vector of tetrads,
e.g., we write e for e, or e,

In the rest frame of ¢, the time component of &}
vanishes and ef, reduces to the vector spherical basis of
the Euclidean space, i.e., e=(1,0), e,=(0,e,), see
Sec. 2 of I.

Let A be a Lorentz transformation of the restricted
group. By using the canonical decomposition of A with
respect to the 4-vector e, see Appendix Al, the trans-
formation law of the spherical basis 4-vectors reads

Aej=L,el.D’(R,)7, (11)

where the pure Lorentz transformation L, and the rota-
tion R, are defined in Eqs. (A2) and (A3).
In the tetrad {e}, the parity operator P is defined by
P=2®e--g- (12)

and it acts on the spherical basis 4-vectors according
to

Pel=(-1)el,

(13)

B. Tensor spherical basis of rth order

The tensor products eﬁ@ ef,i@ ce® ef,: form a basis of
the space /€ but under a rotation of the little group of e,

they transform according to the product of representations

D1(R)® D2(R)® -+ +® Dj*(R). The tensors of the spheri-
cal basis are built by coupling the tensor products of
4-vectors through CG coefficients such that they trans-
form according to an irreducible representation of a
rotation.

The rth-order tensors are built by a recurrence re-
lation from the {r — 1)th~order tensors and the 4-vectors
of the spherical tetrad

G kon lj,m)t’,'n’.'lmjzklm

For instance the second-order tensors are defined by

[imr"'fz’ﬁ“"‘r — rig &r. (14)

jofigR N
feve— <k1n,k2n2712m>e,;® € (15)

Often in the following, we shall denote for short these
tensors by £.7""" when no confusion is possible.

Let us consider some of their properties. They satisfy
the identity
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X r
Er = (- )T with K= &y, (16)
i=1

and the orthonormality relation
. r r
O ) = (= 1>"(U2 éfif:)(.ﬂl Gk,-k;) Ops- (17)
i= 1=

Under a Lorentz transformation A of the restricted
group, these tensors become

ABTET T (L& D (R T (18)
and the parity operator acts on them according to
PErEr = (D (19)

The spherical components 797" of an arbitrary tensor
T are defined by

Tk = (L DET( ) (20a)
<N fapo o faetea *
T= )5 Tk (20b)
Ry ook,
Jgeeei,

The tensors obtained for the maximal couplings (i.e.,
E;=1for i=1to » and j, =i for i =2 to ) are simply
denoted by #,,. They are completely symmetric, ortho-
gonal to e, and they have a vanishing trace?

hpesepgeonu,

(fr)ar T gy , (21)
tf,,-e:O, (22)

Furthermore the integer order representations of the
rotation of the little group of the 4-vector ¢, can be ob-
tained as

D(R)™= (= 1)t (¢ )R®H (24)

3. TENSOR SPHERICAL HARMONICS

A. Spherical harmonics on § % {e)

Consider the unit sphere $2(e) orthogonal to the unit
timelike 4-vector e. A point on §$ %(e) is characterized
by a unit spacelike 4-vector u orthogonal to ¢

wt=—-1, u-e=0. (25)

Hence, the tensor fields on §%(e) can be parametrized
by such a 4-vector « in a tetrad {e}.

The scalar fields on $%(e) form the Hilbert space
£ % 5%e)] with the scalar product

<fl,f2>: f (26)

52‘(8)

where the invariant measure dQ(x) on § %(e) is

I (u)fz(u) dQ(u),

dQu) = 26(z - €) 6% + 1) du.

The spherical harmonics of the 4-vector « in the
tetrad {e}, ¥ (u,{e}) =Y! (4}, are obtained from the
maximal coupling tensors ., by
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1/
_ZM] Ty (28)

Vo =(-1' [( am

They form an orthonormal basis in the space £ §$%(e)]
<Y£n’ va1:> = 6ll’émm' . (29)

Let A be a Lorentz transformation of the restricted
group, L, and R, the pure transformation and the rota-

tion of the canonical decomposition of A with respect to
e. Then, we have the identity

(L) - (Ned)=u-(Ryel)=u-e),D'(R)™,, (30)

i.e., the spherical components of the 4-vector L u on
the tetrad A{e} are also those of the 4-vector « on the
tetrad R,{e}. These relations are generalized to the
spherical harmonics according to

(u,{e) D' (RY™ ..

Y (Lau, Me}) =Y (u, Rylel) =

(31)

Under the parity operation, the transformation law of
the spherical harmonics is

Y: (Pu,le}) = Y (i, Ple}) = (= 'YL (u,{e}). (32)

In the frame where e¢=(1, 0) the time components of
the 4-vectors u and ¢! vanish and we have

Yi(u,ieh) = Y(u,{e}), (33)

i.e., the spherical harmonics on S2(e) are identical to
the usual spherical harmonics. For a brief review of
their properties the reader is referred to Sec. 2 of I.

B. Tensor spherical harmonics of rth order

The Hilbert space /2| §%e) )] of complex tensor fields
on the sphere §%(e) has the scalar product
(gl dw). (34)

o= [rw

As for the tensor fields on §2%, the rth-order tensor
spherical harmonics (TSH) on $%(e) are built by coupling
basis tensors and spherical harmonics through CG
coefficients

yir .k",f,(u) = (Imjm|JM) Y’m(u)t{,"' "R

(35)

By construction these TSH form an orthonormal basis
of the space /[ 2| $3(e)]

1, seek J T RTIATYT 4
<Y r 1’M)Y r r"{,,>

— (=1 (n okk)(ms )o,,,au,aw, (36)
=1
and they satisfy the identity

Y0 = (= DI ), 37

Let A be a Lorentz transformation of the restricted
group. The TSH of the 4-vector L,u in the tetrad A{e}
are related to those of the 4-vector u in the tetrad {e} by
Lyu, Mep) =187y "

yrirees (u, {eP D7 (R )M

(38)
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In the cases where A is a rotation R of the little group
of e, or a pure Lorentz transformation L, the preceding
relation becomes

ytir Ju,leh D (R, (39a)

W, Rieh) =Y

Y I (Lu, Lie)) = YV (u, e (39b)

Under the parity operation, the transformation law
of the TSH is

P9, Bl = (= DPF T e, (40)

where the sign (= 1)"*¥ is the parity of the TSH.?

By using 6 symbols and the notation £ = (2x + 1)}/2,

the scalar product in/1®" of two TSH reads

P00 = (1) (1L ) 18

xjA E 471 -1/2/k{ L }
x L g

XTMI M| o)y Vi (2e). (41)

This equation for J=J  and M M’ exhibits the geom-
etric properties of the TSH 1n/H " for fixed values of J
and M. The symmetry of the CG coefficients implies that
the TSH with d1fferent ji or k;, or with opposite parity
are orthogonal in/N®”, but the TSH with the same j;,
and parity are not. In Sec. 4, we shall define the tensor
multipoles which are pairwise orthogonal in//%”

C. Tensor spherical harmonics of first and second order

Let us consider the lower-order TSH. The first-order
ones are the 4-vector spherical harmonics, defined by

Y9 () = Qmjn| IMY Y () €., (42)
For J and M fixed, the possible values of j and [ are
ji=0, I=J; j=1, I=J-1, J, J+1, Hence one has four
4-vector spherical harmonics. The first one is propor-
tional to the timelike 4-vector ¢, while the three others

are combinations of spacelike 4-vectors. In the rest
frame of e, they are

Y7 %) = Yi(we =Yy, 0],
Y () =0, Y S (w .

(43a)
(43b)

The 16 tensors of the second-order spherical basis,
defined in Eq. (15), satisfy the symmetry relation

(tjr‘lklka)uu — (_ 1)j+k1+kz(t1"'kzkl)vu . (44)
All tensors with & =k, are either symmetric or anti-
symmetric according to the value of j but the tensors
with %, # k2, have no well-defined symmetry property.
The trace of these tensors is

tr(tmre) =g . pimre = Biyy 0500 (45)
All tensors but #)°° and /' have a vanishing trace.

The second-order TSH are built from these tensors
by

YRR () < (Umgn | TMY Y'Y () 1 %2, (46)
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By construction they have the same symmetry and trace
properties as the basis tensors, namely,

[Y”klsz‘{,(u) ]u v_ (_ 1)i*kl*k2[Yl jk?kl{,(u) ]uu , (47)

tr[ VM2 () = 6, 5105;:11:27%1 Y (o). (48)

For J and M fixed one has 16 TSH according to the
values of &y, %,, jandl. For ky=Fk,=7=0, the first one
is proportional to the tensor product e® e

Y7000 () = Y5 (e e.

For ky #ky, j=1, I=J-1, J, J+1, there are 6 TSH
which are the tensor product of a 4-vector harmonics
by e

VY () = Y (1) ® e,

YO (1) = e® Y (u).

(49)

(50a)
(50b)

For B =/k,=1 we have 9 TSH which correspond to the
9 TSH defined in the space /2(5?%), see Sec. 3 of 1.

4. TENSOR MULTIPOLES

A. Tensor multipoles of rth order

As for the Euclidean space, the tensor multipoles
(TM) of 7th order are orthonormal linear combinations
of TSH with the same j;, k; and parity. They are defined
by the orthogonal transformation

X‘J;""'k"‘{(”) :EM(]-” J)qule"'krﬂ(u), (51)
11
where the matrix elements are CG coefficients and are
defined in Eq. (66) of 1.

By construction the TM form an orthonormal basis

of L 5%e)]

', r r
Ko™y Xor ) = (= 7 <.“1 %z) <.“2 éjij'i>
i= i=

) (52)

uu'éJJ‘GMM’

and for fixed values of J and M, they are pairwise ortho-
gonal in /%"

r r
szr'”kﬁ}l(r. )XLT,'“k',{, =(- ¥ <E1 6kik;) (Ez 5 ii€>
X 61.1.1.1. 'eir(‘lﬂ)-l /22 (JAZ/};’)<JIJ.J— M } kO)

k

X(TMIM | Ten) Ye (), (53)

where the sign € is defined in Eq. (70) of I. Another
geometrical property of the TM is that their products
by the 4-vectors ¢ and u are either vanishing or pro-
portional to a TM of (¥ — 1)th order

(54)

X - o= By b,y Xirt R ),

j‘!‘j‘r-
Xt () cu= - 6krl(10j,_10’ GpOXirtrked (1) (55a)
Xiprmrlh ) s =% 0, 1(10j, 4 1|, )X 1] (),
u > 0. (55b)

Under a Lorentz transformation A, a rotation R of the
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little group of ¢ or a pure Lorentz transformation L,
the TM transform like the TSH

Xire i (Lyu, Alel) = % X (w, {eh DT (ROM,, (56a)

X{['"Z(u, R{G}) :X{f“';{,:(u, {g}—)DJ (RA)M'M N (56b)

Xir g (Lu, Leh) = L27xir " {eh. (56¢)

The TM have a well-defined parity® 7,

X0 b, PLeh = 0, X b v

with 7, = (= 1)"* for u >0, (- 1)7**% for u=0and
- (=17 for n<0.
By analogy with electromagnetism, we can call

(i) magnetic the TM having parity (- 1)7*

X{r with (= ¥ = (- 1) and X{r""* (¢ > 0) with (= 1)¥
=F1;

, namely,

(ii) electric those having parity (- 1)7, namely,

Xir' with (- 1) = (= 1)7r and X" (1 > 0) with (- 1)¥
=41,

B. Notion of irreducible tensor multipoles

Let L(kx) be a pure Lorentz transformation in the 2-
plane (e, u), see Appendix A2. In this subsection of the
Appendix, we show that the space N®" can be reduced in
a direct sum of two-dimensional subspaces which are
invariant under such a transformation. We call “irre-
ducible tensor multipoles” (ITM) tensor fields which
have all the properties of the TM as well in the space
L2[S%e)] as inM®" but which belong to these invariant
subspaces and which transform according to a single
representation B(nk) of L(k). Since these subspaces are
two-dimensional, the ITM will be defined by pairs, each
pair being a basis of the considered subspace.

Consider the transformation law (56¢) of the TM, it
involves the tensor product of transformations L(k)®".
L(x) is represented by the direct sum of 2X2 matrices,
B(k)#® 1, then L(x)®7 is represented by the tensor pro-
duct of matrices [B(K)tBI]®7 which can be reduced in a
direct sum of matrices B(nk) with 0 sn <7, see Eq.
(A14). By definition each pair of ITM, denoted by
X! 7(u,{el) withi=0,1 and 0<n < ¥, transforms accord-
ing to the representation B(nk),

XETIL (0w, Lk ef]= 2Bk X5, deD. (58)
i
Note that the invariant ITM, i.e., those transforming
according to B(0) =I can be defined individually.

To keep all the properties of the TM {i.e., ortho-
normality in / 2[$%(e)], orthogonality in/12", irreduci-
bility under rotations and well-defined parity} the ITM
must be linear orthonormal combinations of TM with
the same J, M and parity. In the following, we show
that the 4-vector multipoles X, %(«) are themselves ir-
reducible and we build the ITM of the second order by
using their geometrical properties and more precisely
their orientation with respect to the two 4-vectors e
and u.
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C. Irreducible 4-vector multipoles

The 4-vector multipoles are deduced from the 4-vector
harmonics by the orthogonal transformation

X360 =¥ %00, X4 =Y,
(59)

YJ+1 1 {,,(u)

YJ-l 1 R’l(“)

Xt )\ (-VUFD/S VTS
> () VI /d VIFD /T

Two of these multipoles are proportional to the 4-vectors
e or u while the two others are orthogonal to them

X3 = Yy(we, (80)
Xho(u) = Yo (wu, (61)
X ) - e=X () -u=0. (62)

This last equation implies that the multipoles X! are
invariant under the transformation L(k)} in the 2-plane
(e, 1)

XUL(Ku, Lk e = Xi(u, {e}). (63)

But Egs. (60) and (61) show that the multipoles XJ and
X%, transform according to B(x) and we can write their
transformation law
XYL (Ku, L(sh e By = 2 B(oY{X{(u, { €D, (64)
i
with =0 or 1 and summation over 7=0 and 1. The re-

lations (63) and (64) mean that the X’ j,(x) are themselves
irreducible for L(x).

By using the parity relation (57) we obtain that the
multipole X! is magnetic and the three others X{, X},
and X! are electric. By setting the indices ¢ for timelike
(proportional to e}, [ for longitudinal (proportional to ),
and / for transverse (perpendicular to ¢ and ), we de-
note the 4-vector multipoles by

EG =X, &, 5w =X},
(65)
Eu) =X150), M a0 =X500.

In the rest frame of e, these 4-vector multipoles can
be written in the form
6“}7 = [Y%(u), 0], (fl ;: [0) Y‘,{{(u)u]y
A RANATFE VI RS R AV
where the space components are the usual three-dimen-
sional vector multipoles.?

(66)

D. Irreducible tensor multipoles of second order

Consider the second-order TM X/®*2/(;), For fixed
values of J> 2 and M, we have 16 TM: for by =k, =]
= =0, the first one is proportional to ¢® e

X% () = Y (we® e. (67)
For ky#k;, j=1, u=-1, 0, +1, there are 6 TM which

are tensor products of a 4-vector multipole by e
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For ky=ky,=1; j=0,1,2; u=-=j4,...,+j; we have 9
TM which correspond to the 9 TM defined in the space
L25?, seeSec. 3of L.

Equations (A14) and (A15) show that we have to define
1 pair of ITM transforming according to B(2«), 4 pairs
according to B(x) and 6 invariant ITM. We denote them
by Z*i,(u) or Z% 5 (u) with the following conventions:

(i) the letter Z is/ or & for magnetic [parity (= 1)7*]

or electric [parity (- 1)7],

(i) the upper index x is s or a for symmetric or
antisymmetric,

(iii) the lower index n=1, 2 indicates the representa-
tion B(nk) by which the ITM transform,

(iv) the upper indices ¢ =0, 1 label each ITM in a pair,

(v) for the invariant ITM, the two indices » and ¢ are
omitted, while the index 71 gives their geometrical prop-
erties in/1®%: § for scalar (proportional to g), 7 for
transverse (orthogonal to e and ), / for longitudinal
[with components in the 2-plane (e, u)].

Then the transformation law of the ITM under a trans-
formation L(k) reads

L(® z% =5 BmK) 24, (692)
J

L(®rzil =223, (69b)
To build these ITM, we use the transformation laws

of tensors given in Eqgs. (A20), the geometrical prop-

erties of the VM and their transformation laws. The

2 ITM transforming according to B(2k) are electric,

symmetric, and traceless

a0 =V2TY W) [e® e +u® ul,
(70)
Sl =V2TYiu)e® u+u® e],

We have already seen that 4 pairs of ITM transform
according to B(x). These 8 ITM are also traceless and
in each pair both ITM are either symmetric or anti-
symmetric and they are either magnetic or electric

Tl =V2[e® X1,
(71
Tl =Vaue X W,

M =V2le®X 3T,
(72)
M () =V 2[u® X, 56 I,

where the symbol [ J* means symmetric or antisymmet-
ric part according to whether x is s or a.

It remains to define the six invariant ITM. The only
one with trace, called scalar, is proportional to the
tensor g and symmetric

PRAIES> SACI (73)
The two longitudinal invariant ITM are built by means
of the 4-vectors ¢ and u and of the tensor g. They are
traceless and electric, one being symmetric and the
other antisymmetric
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TABLE 1. The orthogonal change of tensor functions from the
tensor multipoles to the irreducible tensor multipoles. (The
indices J and M and the » dependence are omitted.)

= 1 1 1
£sP —_ 2 L] [xw
-l NCERN RN I
s 1 1
- 1 ey o1t
& 5 "I BN
s 1 3 11
Es : oz O ||%
[ st 1 1 7 7
52} 7 7| |5
o R U S U | YT
_é—L VZoVZ ] -
s0 r 1 1] ot |
- =||x
é ] VZ V2 { -
20 - 1 1
—_— XHD
! 7z Tz i
/s0 I _1__1 X101
{ \’7 \/’2_ *
/pal : 11 110
! Eelneil e
g X, M-y
gor Xy, M=x
£ -y, Mxg, oy
Sy =Yhe® e - u® u-—zgl, (74)
L M M
‘f T =V 2T Vi e® u—-ud el. (75)

The three last ITM are transverse, i.e., orthogonal to
the 4-vectors ¢ and x. They are the traceless TM X%}
and X! themselves; X% is electric and symmetric,
X4 and X} are magnetic, the first one being symmet-
ric and the second one antisymmetric.

Then, using the identities (38)—(47) of Ref. 5 one de-
duces the change of tensor functions from the TM to the
ITM. This change is given in Table 1.

For application to the gravitational radiation, Zerilli®
defined a set of symmetric multipoles on (/1,)%2 which
generalizes his set on (£3)¥?, see Eqs. (48) of I. The
relations between the Zerilli's multipoles and our ITM
are gathered in Table II. The Zerilli's multipoles have
good transformation properties under rotation and form
an orthonormal set in the Hilbert space. However, they
are not pairwise orthogonal in (/J’Jc)®’ and they do not
transform according to an irreducible representation
under a pure Lorentz transformation. Furthermore,
three multipoles «{%), «;4, %,y have nonvanishing trace
while only the ITM ¢, has a trace.

5. CONCLUSION

In this paper and in the preceding one (I) we have
achieved a study of bases of tensor spherical harmonics
and tensor multipoles for Euclidean space and
Minkowski space.

The tensor spherical harmonics are a direct generali-
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zation of the well known vector spherical harmonics.
By noticing that the coefficients of these linear combi-
nations are Clebsch-Gordan coefficients one easily gen-
eralizes the concept of multipole basis to arbitrary ten-
sor order.

For Minkowski space the transformation properties
of the tensor multipoles under Lorentz transformation
lead to the notion of irreducible tensor multipoles which
transform according to an irreducible representation
of the group of pure Lorentz transformations in a 2-
plane. These irreducible tensor multipoles can be used
to perform the multipole expansion of vertex functions
in arbitrary frames.*” The vertex functions depend on
two independent momenta which define the 2-plane of
the vertex. The coefficients of the expansion, called
form factors, depend on the square of the momentum
transfer and on the choice of a timelike reference 4-
vector in the 2-plane. The basis of irreducible tensor
multipoles yields form factors having very simple trans-
formation laws in changes of reference 4-vector in this
2-plane, i.e., pure Lorentz transformations.

APPENDIX

1. Canonical decomposition of a Lorentz transformation

For a given timelike 4-vector, any Lorentz trans-
formation can be split into the product of a pure Lorentz
transformation and a rotation of the little group of this
4-vector. ®®

Let ¢ be a timelike unit 4-vector and A a Lorentz
transformation of the restricted group. The canonical
decomposition of A is

A=L,R,, (A1)

where L, is the pure Lorentz transformation which maps
e on Ae,

(Ae+e)B (Ae.te-)

+ g e
e-Ae+1 2hew e,

(A2)

LA =g -
and where R, is the rotation of the little group of ¢ de-
fined by

(Ae+e)s (e-+A1e )
c-Aet1

Ry=LilA=A- +2¢x e . (A3)

From the preceding expression one deduces the identi-
ties

Ly1=AL,)A, (A4)

TABLE II. Relation between the Zerilli’s multipoles and the
symmetric irreducible tensor multipotes. (The indices J, A/,
s and the » dependence are omitted.)

0 y
at=yztEy+dE, +3E
2t €}

a =vETTEI-LE -
7)(0):510, b*é;

CO
d :/}7, R f:_é}
Bo=-y2! éL ! é;
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RA-I: (RA)-l. (A5)

2. Representations of pure Lorentz transformations

Consider the pure Lorentz transformation L, defined
in (A2) and u, v, w three spacelike unit 4-vectors such
that they form a tetrad with ¢ and that # belongs to the
2-plane (e, Ae). Then the transformation L, can be pa-
rametrized by the argument « defined by

coshk=e-Ae, sinhk=u-Ae, (A6)

and L(x)=L, reads
L(x)=[coshk(e® e+ =u® u*) - sinhk(e® u+-u® e+)]

=@ v =w® w-]. (AT

This is a sum of two operators: the first one acts in
the 2-plane (e, ) and the second one is the identity op-
erator in the 2-plane (v, w). In the basis (e, ), the first
operator is represented by the 2X2 symmetric matrix
B(K) = coshk sinhk ’
sinhk  coshk

(A8)

while the identity operator is represented, in any basis,
by the 2% 2 identity matrix /=B(0). The matrix elements
of B(k) are denoted by B(K)ji where the indices ¢ and j
take the values 0 and 1. If we write e’=¢ and ¢! =«, the
transformation law of these 4-vectors reads

1 :
L(k)e’ =3 B(r)ie', (A9)
i=0
The matrix elements can be defined analytically by
B(n),=5e™ + (= 1)e*] (A10)
and they satisfy the identity
B(- ®)%; = (= D¥B(x),. (A11)

The hyperbolic trigonometry allows to reduce the ten-
sor product of two B matrices in a sum of two other B
matrices. Let m and n be two arbitrary integer num-

bers, then we have
B(mk)® B(nk) =B[(m +n)x]® B[(m = n) k), (A12)

and the explicit relations between the matrix elements
are

B(mi)} B(nk)*, = 3 Bl(m +n)k])*,

+(- 1)“’3[(7” - n)K]i‘kj-;}, (A13a)

Bl(m +n)k]**;,, = B(mK)! B(nr)k, + B(mk)sz(nK)E, ,
(A13b)

where the sum on th_e indices is defined modulus 2 and
we use the notation 7 =0,1if /=1, 0,

A 7th-order tensor transforms according to L(K)®'.
That leads us to consider the matrix tensor product
[B(¥)®I]®7. This product can be reduced by means of
Eq. (A12), one obtains

r ayp(ny
[(Bwer® =9 & B, (A14)
n=0
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where a,(n) is the multiplicity of the representation
B(nk),
_ (L\onoper _ (1yono___(27)!
ar(”)-(z) Cren“(z) (r—n)!(7'+n)!'
Equation (A14) means that the tensor product/M®” can
be reduced into the direct sum of 22! two-dimensional
invariant subspaces and one verifies

2 a,(n) =271,
n=(

Among the globally invariant subspaces, those which
transform according to the representation B(0x) =1 are
locally invariant. Hence the numbers N, of invariant
tensors under the transformation L (k) is

N,=2a,(0)=C¥ = (27} /(1)?

(A15)

(A16)

(a17)
for instance Ny, =2 and N,=6.

As an example, consider the four second-order tensors
made by the tensor products t'!=e'® ¢’ (4,7=0,1). Un-
der the transformation L(x) of the tetrad |e}, they trans-
form according to

L(x)®2%Y = B(x)!,B(r)’, %, (A18)

From the reduction formulas (A13) one easily builds
the linear combinations of these tensors which are ir-
reducible, namely,

L®E(t + 1) = T B, (£ + 1), (A192)
-2

L(K)®2(tij_t77):ti!_t;j—a (Algb)

If one writes explicitly the matrix elements of B(x) and
the tensors ¢'/ as functions of the 4-vectors ¢ and u, one
gets

L(k)®2(e® e +u® u) = cosh2k(e® e + u® u)

+sinh2x(e® 1+ u® e), (A20a)
L(k®%e® u +u® e) = sinh2«(e® e + u® u)

+cosh2k(e® u+u®e), (A20b)
L(K)®2(e® e-~uu)=e® e —-udu, (A20¢)
LkP2e@u-u®e)=e® u—ud e, (A20d)

*Equipe de Recherche associée au C,N.R.S.
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The isotropic multigroup transport equation is solved in L?, p> 1, for both half range and full range
problems, using resolvent integration techniques. The connection between these techniques and a spectral

decomposition of the transport operator is indicated.

I. INTRODUCTION

Since Larsen and Habetler introduced a resolvent in-
tegral technique to solve the one-dimensional one-
speed isotropic linear transport equation,! this method
has been extended to study a variety of problems. In
particular, Bowden, Sancaktar, and Zweifel have ob-
tained a solution of the multigroup problem in Hilbert
space,®® and Larsen, Sancaktar, and Zweifel have ex-
tended the one-group results to L? spaces.*

The purpose of this note is to indicate how these ideas
can be combined to obtain a solution of the isotropic
multigroup equation in L?, p>1, for both half range and
full range problems. The analysis demonstrates that
the problem is reduced largely to estimating some re-
levant operator norms in the solution space L?(1) and in
the spectral decomposition space L?(N, o). These esti-
mates are carried out in Lemmas 2—8, and lead to the
representation theorem, Theorem 9.

We may point out that the elegant spectral analysis
of Hangelbroek?® to this problem does not appear to af-
ford an alternate approach, except for the two-group,
since, with the exception noted, it is not possible to
symmetrize the production matrix C and simultaneously
maintain the scattering matrix T diagonal. In Theorem
10 and the discussion preceding it, we indicate the con-
nection between the von Neumann spectral theory util-
ized by Hangelbroek and the resolution of the identity
obtained from the resolvent integrations.

Finally, Theorem 11 deals with the application of
these results to half space theory.
1. THE MULTIGROUP PROBLEM

Let us define the Banach space Xp(l) to be the space
of (equivalence classes of) Lebesque measurable vector
valued functions f from the real interval I={-1,1] to
€ with norm

e, ={ 5 [ aufutoie)

We distinguish the subspace of constant vectors X7 to
be functions fe X, such that, for each i, 1<i<n, f,(u)
is independent of u. In particular let

(&) (1) =0y

for 1 =j<n. Then fe X7 precisely if there are con-
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stants 4, 1< j<n, such that
n
f= 20 a,e;,.
=
On X; an inner product may be defined:
n
[f,g]= Efiél, f,ge X¢
i=1

By a solution of the (full range) multigroup transport
equation is meant a differentiable function ¥: ]R“’Xp(l)
satisfying

b w(x)s—E'P(x)JrCI

L g, 1)+ al) (1)

where Z is an n Xn diagonal matrix with positive entries,
C is any nX»n matrix with nonnegative entries, u in-
dicates multiplication by the independent variable in
X, (0

b ’

(uf), (p) = pf, (),

and q is the inhomogeneous source term, which we
assume to be a Holder continuous function q: lR—’XP(I).
We have written Y(x, £’) for ¥(x) evaluated at u’, and
in the remainder, we will omit the x dependence alto-
gether, writing $(u’). The solution of Eq. (1) is also
understood to satisfy specified boundary conditions,
typically [|$(x)ll, =0 as x =+,

The transport operator, or more correctly, the re-
duced transport operator, K, is the bounded linear
transformation on X, (1),

Kf=2"uf+ 370 - 200 [ du'w'f(w')
and its (unbounded) inverse is
(K1) ()= (1/ w280 — (1/ 0)C f ai £,

We may assume, without loss of generality, that Z;
z1, 1si<n, and [[Z-Y=1, and we shall do so. It is

also necessary to make the noncriticality assumption'®

det(Z -2C)#0.

The spectrum N of K as an operator on Xp(l) consists of
the interval 1, which is continuous spectrum, and of
point spectrum o,(K).

In Ref. 2, the Case transform F:f— A is derived for
f Holder continuous, where

Copyright © 1976 American Institute of Physics 2092



1 {A'I(v)flds s(uI—sE'l)"f(s)}

2miv
F{)(v)= —{A'l(u)j 1ds s(VI—sE")'lf(s)}-, vel, (2a)

1
Q' (v) L),
(2b)
Here the dispersion matrix A(z)=B+ T(z) and its de-
terminant Q(z)=detA(z) are given by
B=(2-20)C'S, T(z)= —fids s(zI—s=),  (3)
and the superscripts + indicate boundary values ob-
tained as z converges to Rez from above (below) the
real axis. The vectors a and B, are defined as follows.
Since ve OP(K) if and only if Q(v)=0, let us take B, to
satisfy
A(v)B,=0 (4)

for each ve o,(K). Then for any veog,(K), we may define
a by

a=A(v)B,

where (Ac)ij =cof;, A differs from the notation in Ref.
2 by a transpose.

In the above it has been assumed that Q*(v) does not
vanish on the interval 1=~ 1,1] and that » € 0,(K) has
multiplicity one. We shall also assume that

{—%(A(y)* +A()), vel,
F(V): 1 , ve UP(K) (5)

does not vanish on I, although we do believe that all of
these restrictions could be removed without difficulty

(see, for example, the treatment of a similar problem
in Ref. 6.)

The importance of the Case transform lies in the
completeness theorem and in its “spectral” behavior
under X. Namely, if
&, u)= f (vl - u= )+ AZy - WZHT (), vel, (6a)
(v, W)=

(vI - puzt)t, ve Op(K)’

(6b)
where P indicates a principal value integral is to be
taken and

ATy - u)jk: éjké(ojv - U,
then
f:chb(v,u)A(u)do(v) (m

for A= F(f) defined in Eqs. (2), and o(v) Lebesque mea-
sure on I, o(y)=1 for ve 0,(K). Moreover,

Kf= fN vd (v, 1)A(V)do(v),

Thus if we define F’: A—f by
F’(A)(u):f & (v, WAW)do(v)
N

2093 J. Math. Phys., Vol. 17, No. 11, November 1976

______[J’ ldS s(I -sZU(s), a] B,,ve op(K).

for A Holder continuous, then Ref. 2 proves the fol-
lowing theorem.

Theovem 1: On Holder continuous functions in Xp(l),

F'F=I and F'vF=K,

I11. OPERATOR BOUNDS

Equation (2a) makes sense pointwise if f is Holder
continuous: in order to extend F to all of XP(l), we in-
troduce the Banach space X,(N), where A< XP(N) if A
is Lebesque measurable on /C N, A is proportional to
B, at each ve UP(K), and

HAHp,rE {é fN Iul"(u)A,(V)"dV}l/p< w,

In other words,

—{ % lAi<u>|ﬂ+nrAn,}”’.
vEo,(K) i=1

?

A

For a proper extension to all of Xp(l) then, it is suf-
ficient to prove:

(i) F:H, ()~ X,(N) is a bounded, densely defined opera-
tor, where

H,()={f< X,(1) f Holder continuous on I}; (8a)
(ii) F':H,(N)—~ X, (1) is bounded, where
H,(N)=1{A< X,(N}| f HOlder continuous on I} (8b)
(iii) RanF is dense in X, (N).

As there has been, in our opinion, some continuing
confusion in the literature over these rather simple ob-
servations, we reiterate the following. In the trans-
formed space X,(N), the transport operator K acts sim-
ply as a multiplication operator. Hence transport prob-
lems can be related to problems involving the much
simpler, and necessarily normal, multiplication opera-
tor. However, unless RanF is demonstrated to be
dense in X, (N), there is no assurance that the solution
of a transport problem solved in XP(N) will be the image

‘under F of a vector in Xp(l). This is, of course, equally

true for the one group. If we consider, for example, the
uniform slab problem, where the function A4 is given in
Ref. 7 implicitly as the solution of a Fredholm integral
equation, then unless A is known to be contained in
RanF, it cannot be assumed that F'A = ¢ satisfies F¢
=A, and hence that it is the desired solution of the slab
problem. Note also that the boundedness of F and its
invertibility on a dense set is not sufficient to deduce
the invertibility of F on Xp(l), unless it has been estab-
lished that F’ is bounded.

The analysis of Ref. 2 hinges on the following theorem
concerning Hilbert transforms, which we quote in a
form useful for our purposes.®

Lemma 2: Let fe X,(I). Then the formula

1
glu)= ysls(ul—sz'l)"f(s)ds
defines almost everywhere a function g also belonging

to X,(I), and for a constant M, depending only upon p
and {274,

W. Greenberg and S. Sancaktar 2093



lell, <, 2],

Before proceeding to study F and F’, we collect some
important properties of the dispersion matrix.

Lemma 3:
(i) On X,(n),
AWY =AY = - 2mivZ?AL(v), (92)
where A (v),, =1if i=j and |v| < 0,, zero other-
otherwise.

(ii) T'(v) is continuously differentiable on I/T, where

T={: of'}r,, and I'*(v) defines a bounded operator
I on X,(1).

(iii) On X, (1),
AN W) = A-H ) = 2mi A (0) 2RA L (W)A (v)" (9p)

is bounded, and on its range, T is bounded.
(iv) On X, (1),

A Y)Y = A (v) = = 2A° M (V) T (V)AL (v)" (9¢)
is bounded, and on its range, I' is bounded.

(iv) first, If T:4—~C" is
X, (1) given by

Proof: Let us consider, (iii)—
a continuous map, then T:X, (1)~

(TH(k) = T(w)(1)

is bounded. Therefore, the problem reduces to studying
A(v) on X7 for fixed v in a neighborhood of the
“endpoints” T.

Let b=+ 07" or - 0;" be such an endpoint, and let
lim,_,, indicate a limit taken along v = bz de with ¢ =~ 0°,
SupposeM =N,NC, with N, a neighborhood of b such
that N, contams no other endpomts and €, = ={ze |
+ Imz> 0}. Since lim,_,, [lA(V)e,ll=x, we claim that

lim A~Y(v)e, =0.
vebzt

v-bt

For

b

Ave,=a,(V)e, + Be,

=(a,(N) + 3[Be,,e,))e, + (I- P,)Be,

where P,: y— 3[¢,e,]e, is the projection onto ¢, and o, (v)
~—+ o, and therefore, since A™'(v}{I - P,) is a continuous
function of v for v M;, we see that

At (v)e, = (a,(V) +3[Be,, e,])"

X (e, =A*(»)I - P,)Be,) 0

In other words,
Sple,} © Ker A1(b)*. (10)

A(v)* is invertible and, as we have noted, a continuous
function of v M} on the subspace (I - P,)XS. Since X] is
finite d1mens1onal X¢=RanA(b) + Sp{ei}, and this along
with Eq. (10) enables us to conclude that A~(d)
=1lim,_,, A"'(v) on X¢. Then, Eq. (10) and the continuity
and boundedness of A(v)*+A(y)" on (I- P)X, for ve M;
gives us directly that

2094 J. Math. Phys., Vol. 17, No. 11, November 1976

(AW + A@A T ) (Ap) £ (A(p)-

is also a bounded operator on X,.

A (v)

Equation (92) results immediately from the Plemelj
formulas applied componentwise to Eq. (3). Since A(v)*
is analytic off the real axis and continuous on [— 1,1\T,
the integration along [~ 1,1] between neighboring end-
points b,,b,c T may be replaced by integration along the
complex contours I'(8)= (b, + b, + (b, = b,)e?®), 6<]0,
+7]. From this the continuity properties of I" may be
deduced. Finally, we note that the analysis of A~'(v)
may also be applied to I'(¢) = A(v)* + A(y) to obtain the
existence of T'(v).

Corollary 4: H,(N) is dense in X,(N).
Lemma 5: F|H,(1) is bounded.

Proof: Using the Plemelj formulas for vel,

V()= 5= (A0 = A7) f " ds (v = sE(s)
+ %(A‘l(u)' -+ A"(v)')Zzu(VB )(v), (11)
where Vi is defined by

AVCARSITY

<1/0,,
(V,:f),(u)z{ 0

|u|>1/0,.

By applying T" to both sides of the equation, and in-
tegrating pth powers of each term over |, HF(f)Il,,r may
be estimated by a sum of norms. Thus, the norm ob-
tained from the first term on the right-hand side of the
equation is bounded by {IT(A™1) Z2A (A “llm,Nfll,, and
the second by ||Z{/*" 1/’||1"(A")‘I‘(A'1) 1l smce llag=1
and || V(= |/=-*-1/#||. Then the contr1but10n to IIF(f)Il,,'r
of the continuous spectrum is

(I|1«f)"9.r)oi

+ ||| T(Ay T(A"

s{r@atysrag A M,
D HIE]-

Iftve 0,(K), then for ¢ satisfying 1/p+1/¢=1, the
Holder inequality gives

\ L/:: ds s(vl - s M(s), a]
X{Z{;[:ds

where

<,

1/
“} " <2i/e sup
vCa(K)

voso, -1 al ,,) leallar

(V)—mf|v—s\
sel

and | |, is the g-norm on €,

lela={ 2 161} pegn

Thus, the contribution to IIF(f)Ilp,F of the point spectrum
is
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(IF ), € su 1 ..
” (ﬂ”p'r‘ N VIEGP?K)WZI l/ﬁ"a"[q]

1/p
X ( Z "Bv ”fal) ”f”P

VE%(K)

This completes the proof.
Lemma 6: F'| H,(N) is bounded.
Pyoof: We have from Eqgs. (6) and (7):

WEF AN = w B v(vl - uE) ALY dy + WEAV g TA) (k)
=1

v D

veo (xy MV~ uZ)1AV), (12)
»

The norm of the first term on the right-hand side is
bounded by

M, | A<, | T [ TAl,=n,| T 4],
and the second term by

Izt A,
The third term may be estimated by

{ 2 i 1dpL P]VA,(V)|"}UP

VEUP(K) t=1s 21

_
e uVO;l

2\ gy _1
s(?‘*'l) vE 0, LK) vd(v) “AH,,,r-

Lemma T: Let J,(N)={Ac H,(N)ITAc H,(N)}. Then
F:H,(I)—~H,(N) and F":J(N) = H,(1).

Pyoof: Since the Cauchy integral of a Holder con-
tinuous function is Holder continuous on the interior of
a Liapunov contour,® the only potential difficulty is at
the boundary points + 1\0,. A typical term in the
expression for F(f) is

n

1
2 ATy f_l ds(vl - sZ;0) ', (s)e,,

k=1l

which is explicitly Holder continous at v= 1\g, except
possibly for £=i. From Eq. (10), however,

A"(l/oi)*e,:O.

The second part of the lemma may be proved immediate-
ly from Eq. (12).

Lemma 8: RanF is dense in H,(N).

Proof: We first wish to reduce the transformation F
between Banach spaces X,(N) and X, (1) by subspaces
corresponding to the eigenspace of K and appropriate
topological supplements. Thus, let us define the bounded
linear forms p, on H,(I) by

o= [ ds sl -s3)(s), a]
for ve 0,(K), and let H,(1) be the submanifold
H()={fe H,)]|p,(H=0, ve o (K}
If 7, is an eigenvector of K with eigenvalue v, then

pv(y‘,: ) = 6‘,‘,,[).,(0[‘,).
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Since we may take
Y, (w)=wl-Zu)'8,,
whence, applying the identity

WI=sZ V)W —sZ ) =1/ = )(r =T (V! ~sz-H)!

13
for v# v’ and Eq. (3), the form on 7,, becomes (13)

p,(%,.) = f ds = [{(vI -3 - B+ G0, a]
1 -

= (AWA,, @] = - T (AWA L), =o.

(14)
We have used the fact that AA;: 0.

If the projection P is defined on Xp(l) by

27 (0, ®/p, (),

VEOP(K)

Pf=

and if P denotes the projection onto the subspace
X,(N),={AcX,(N)|A@)=0, vel}

of X,(N) along the subspace
X,(N),={Ac X,(N)|[A(v)=0, ve oK)}

then we assert that
(I-P)F' = F"(I- P).

To demonstrate this, we must compute the integrals
1

[ dss(vI-sZ P at (i - 527 A At +

- -1

+f'”:” dss(UI—SE_l)-IZ_sz-IA(S)

=Tn
for ve 0,(K) and Ac X, (N), " H,(N). With the identity
(13) and some rearrangements, these become

JLate=v) (= ZTAW) + ZT)AW

- flldt Ht - V)TZT()AQ).

Hence, for fe X, (N),,
o, (F'f) = fi it - v [ZAW)AR), &),

which vanishes by the same reasoning as for Eq. (14).

Now we are prepared to determine RanF. Since F:8,
- PX, (1), veo,(k), and F": X, (N), — (I-P)X,(1), it is
sufficient to prove F’ is one—one on X,(N),. Thus, let
us suppose F’(A)=0, Ac X, (N), " H,(N), and define

(Vo iIN)(2)= f_i v(vl - zZ-Y1A(v) dv.
Then the Plemelj formulas give

1Y (N + N)(2) = p‘l Wy - 25 AW) dv
and

1

Fnin (N* = N-)(u)=A(u),

Hel.
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Substituting these expressions into
1

P v(v - pZ)'A(v) dv + BV T A)(u) =0,

-1
we obtain

TiZ2V -1 b(N* + N¥) + V1T (N* =N} =0,
which, with Eq. (9a) and appropriate cancellations,
becomes

Vg-1(A'N* = A°N-) =0,

Hence, by Liouville’s Theorem applied to J(z)
= A(z)N(z), we conclude that A(r)=0.

IV. SPECTRAL THEOREM

Lemmas 5,6, and 8, along with the results of Theo-
rem 1, have as an immediate consequence the following
theorem.

Theorem 9: The transformation F: Xp(l)"X?(N) is an
invertible bounded linear transformation, and F~!'=F’,
Moreover,

FK=vF
is valid on X,(1).
We emphasize that Theorem 9, by diagonalizing the
bounded operator K, provides effectively a spectral
representation of K. This is most transparent in Hilbert

space language (p=2), where a new inner product may
be introduced on X,(I),

{f,g}: (Ff, Fg)a,r y
Here, (-,*), . indicates the inner product on X,(N) de-
rived from the norm |} ||, . Then if NCR,
{Kf, g} = (FKf,Fg), r = WFf, Fg), r = (Ff,vFg), r = {f, Ke}
whence K is self-adjoint, and a similar calculation
shows K is normal for NC €. Furthermore,

FK"= yFK"™ =+ ¢ o= y"F,
so, since N is necessarily compact, the map

K: K" p"

extends to the Gelfand transformation from the C* al-
gebra generated by K and K* to the algebra of continuous
functions on N with uniform norm. (Actually, by
Mergelyan’s Theorem, C* algebra is generated by K
alone, even when K is not self-adjoint. ")

These remarks can equally well be expressed in
terms of a spectral resolution for K. Recalling that the
Dunford integral was used to obtain

1
f:—l—.—j dzR(z,K)f:lim—l—r duiR(u - ie, K)
2ni Y 1

27

e~0* -

—R(u+ie,K)}f+L, 2o dz R(z,K)f
2mi uEup(K) l"u

_ f oo (1, V) F(),
N
one expects that
E(- 1,0 = [ dve(u,FD), wel, (15a)
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(EWEX W) =& (u,IFf)v), ve o,(K), (15b)

defines a resolution of the idenity for the normal opera-
tor K. This is indeed the case, the essential feature
being the fact that in X, K is similar to the sum of a
self -adjoint operator and a finite dimensional normal
operator on the span of {y,|ve C\IR}.

To see this, we recall that the spectral projections
can be obtained by the formula'?

1 b+o )
E((@,b)=lim lim = [, Bk =i, T) = R(i+ei, T))du
6+0% gugt 2TC (16)

in the strong operator topology, for T any bounded self-
adjoint operator on a Hilbert space, It is not difficult to
see that this formula extends to operators T which are
similar to self-adjoint operators. Further, for any
closed operator 7, if N, is a subset of the spectrum
o(T), and T is a rectifiable, simple closed curve con-
taining N, in its interior and o(T)\N, in its exterior,
then

E(NQ:Z—;Z—.I R(z, T)dz (17)
r

is the spectral projection corresponding to N,. Thus the
first of these formulas gives

€0 1

(E([—1,w])f)(u):lim,§—1,—(fwduR(u—ie,K)f
me -
+I.1duR(u+ie,K)f>

which reduces to Eq. (15a) by precisely the same steps
leading to Eq. (7), and the second formula gives Eq.
(15)

This analysis—in particular Eq. (16)—is valid in
X,(1). However, it may be extended to X,(I) by observ-
ing that M=X,(1) 1 X, (1) is dense in X, (1) for all p>1.
Then the boundedness of the projections E in p-norm
follows from the analysis of Lemma 6, as is evident
from Egs. (15), and the algebraic properties of the
spectral resolution are a consequence of the bounded-
ness of the projections and the density of M. In more
detail, since

E([— 1,(“’])E([— l,w']):E([— 1: w,])E(['_ l,w]):E([— 1,&)])

on M for w’> w, and the projections are bounded opera-
tors, we immediately obtain this nondecreasing proper -
ty on M=X,(I). Likewise, the validity of

KE =FEK

on M and the boundedness of K on X,(I) extends the
equality to all of Xp(l), The identity

E(-1,1D+ > EW=I

vc o (K)
CP

also results from these density arguments, or alter-
natively, directly from Egs. (15). Finally, the exten-
sion of (strong) right continuity

LmE(-1,x+0)=E(-1,AD
to Xp(l) may be seen easily by using the uniform bound

on the projections
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IE] <
We state these results in a theorem,

Theorem 10: The spectral decomposition of the
transport operator A in X, (1) is given by

K= fAdEA)+ 2 vEW),
veo, (K)

where E()) is obtained from Eq. (15a) and E(v) from

Eq. (15b).

V. HALF SPACE PROBLEM

The multigroup half space problem consists of the
transport equation (1) defined for all x> 0 along with the
boundary conditions

We, W) =1,n), O<ps1,

lim ¢(x, u)=0,
for a given boundary (vector valued) function f;, on the
real interval J=[0,1]Cl. Let us define the subspace
X?(J)CXP(I) by f(u)=0for —1< u<0if fe XP(I), so that

X, (0= X, &X,(N).

It is assumed that the given function f,€ X,(J). Then by
well-known arguments, the solution of the half space
problem is equivalent to the construction of a (non-
orthogonal) projection @ satisfying:

(i) (@B (uw)=1£(u), Ospust
(ii) (zI - K)'@f analytic in z for Rez < 0.

The second condition implies that @ is a projection onto

X, (N) = {J’ "B+ D E(u)}XP(I)
0 UEOP(K)
R{w)>0

and the first that @ is a projection along XP(I\J). The
notation R(v)> 0 signifies that either Rev> 0 else or
Rev=0, Imv>0. In Caseology language, these condi-
tions ensure that the negative frequency eigenvectors
& (u,v), v<0or Rer<0 are absent from @f for any f
S XP(J),

In Ref. 3, some recent results of Mullikin!® on a
certain matrix Riemann problem are utilized to con-
struct the projection @ on X,(I),

(Vo @)(- u):J-l " _ss X Y)Y (=s)Z2(V E)s)ds,
(18a)

(@) u)=£f(n), -1s< (18b)

where the matrices X(z) and Y(z) factor the dispersion
matrix,

A)=Y(-

and satisfy some additional analyticity properties. In
particular, X and Y are both continuous and invertible
as functions from [-1,0] to matrices on X¢, and there-

0<pu=<1,
u<0,

2)X(z2), (19)

fore X~'(u) and Y-*(u) are bounded as operators on X,(J).

To extend Eq. (18) to X, (1) from M =X,(1) N X, (1), it
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is only necessary to observe that @ is a bounded opera-
tor on X, (1). In fact,

letl, =< =] veetll,
su izl ] ey = e,

where Lemma 2 has been utilized, and [IX-Y|], |Y-')] are
computed only on Xp(l\J). Thus the half space theory
may be developed for X,(I). The factorization of Mul-
likin, Eq. (19), is presently only known for [|[Z-!C|| <3,

which, of course, limits these results.

From the viewpoint of expansion theorems, the opera-
tor of interest is the product F@, which is bounded on
XP(I) since each of the factors is. In Ref. 3, this opera-
tor is derived for Holder continuous functions f,

(FQf)(V):ﬁ (Xw) - xXYv) )f ds Y‘l( s)z?
X (Vo) (s)+ (X (w) + X v )Y'l( VZAV ()
for 0O<v<1, and (20a)

(FQE)(v)= Q,(lu) [J' 1ds Y"( SIZHVE)(s), a’] B,

for ve g,(K), R(v)>0, where a’ is defined by

a’' =X (v)8

(20p)

v

and X, is defined analogously to A .

Theovem 11: If [|Z-'C|| < 3, then Egs. (18) define a
bounded projection on X,(N) along X,(NJ). K" is semi-
bounded on QXp(l), and thus is the generator of a
holomorphic semigroup. Equations (20) for F@ are valid
(almost everywhere) for fc XP(I).
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A recent paper of Kasperkovitz and Dirl [J. Math. Phys. 15, 1203 (1974)] concerning the tensor
representation for compact groups is examined critically. The flaw which is found in the main theorem
fortunately does not affect the deductions which are made from that theorem.

1. INTRODUCTION

In a recent paper! Kasperkovitz and Dirl considered
the so-called tensor representation, which can be de-
fined for any compact group by a conjugating action on
its group algebra. This generalized earlier work of
Gamba and Killingbeck,?=® and overlapped with papers
of van Zanten and de Vries, and Backhouse, %7

An interesting problem which the authors of Ref. 1
examined is how one correlates group-theoretic prop-
erties with the occurrence of a full set of irreducible
representations in the tensor representation. Unfor-
tunately, the result which purports to settle this ques-
tion, theorem 2, is false. It is our first job in this
paper to give a counter example to theorem 2 and to ex-
plain the flaws in the supposed proof of it given in
Ref. 1.

Kasperkovitz and Dirl used theorem 2 to establish
certain results about the tensor representation for
double point groups (theorem 6) and for the groups SU(xn)
(theorem 9). Happily, in spite of the downfall of theo-
rem 2, both of these further results are true. This we
confirm in Secs. 2 and 3.

Finally, in Sec. 4, we show that the hypotheses of
theorems 4 and 8 require strengthening to ensure the
validity of their conclusions.

2. TENSOR REPRESENTATION

For a finite group G, the tensor representation 7' is
defined on the group algebra A(G) by g ~T,, where
T, a=gag™ for gc G, ac A(G). By identifying A(G) as
an algebra of group functions, the definition of 7 can
be made to work for compact groups (see Ref. 1). It
is evident that T provides a faithful representation of
G/Z(G), so it can only contain irreducibles (UIR) which
are trivial on the center, Z(G). Theorem 2 of Ref. 1
states that T contains all such UIR if G possesses a
faithful UIR, D?® say. In Ref. 6, there is mention of a
centerless group U;(3) whose tensor representation
fails to contain a particular UIR. This group is simple,
so all of its nontrivial UIR are faithful; the character
table is given in Ref. 8. We therefore have a counter
example to theorem 2.

There are two distinct errors in the proof of theo-
rem 2. We discuss the first as if the second does not
exist. The authors of Ref. 1 correctly deduced from
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Burnside’s theorem that the n-fold product (D* ® D**)"
contains all UIR of G/Z for large enough n, but erro-
neously concluded that A(G) carries them. The fallacy
is most easily appreciated in the finite group case. The
dimension of A(G) is finite if G is finite, so is exceed-
ed by the dimension of (D*® D**)" for some % (assume
dimD* # 1). It follows, for large enough n, that A(G)
does not carry all of (D*® D**)", so we lose the power
of Burnside’s theorem. The other flaw in the argument
is that the n-fold products of matrix elements Dj-‘i",;i(x)
D?‘z";z(x) «»+D§% (x), x= G, transform according to the
symmetrized xn-fold product of D* ® D** rather than to
the full n-fold product to which Burnside’s theorem
applies.

The above analysis is regrettably rather negative,
in that at best the counterexample indicates that faith-
ful UIR play no useful role in the theory of the tensor
representation.

Let us now turn to a reconsideration of theorem 6 in
view of its apparent dependence on theorem 2. This is
a finite task requiring the checking of UIR of the finite
double point groups in their tensor representations. We
recall that the frequency of a UIR D% in the tensor rep-
resentation of a finite group is equal to the sum of the
entries in the ath row of G’s character table. The proof
of theorem 6 given in Ref. 1 suggests that the authors
only had in mind the proper double point groups, these
being subgroups of SU(2). A character table check con-
firms theorem 6 in such cases. The improper double
point groups are subgroups of SU(2)XZ,. Again we con-
firm the theorem, but with the exception of those groups
where the inversion group Z, forms a direct factor. The
theorem breaks down for such groups G* =H* XZ,,
where H* is a proper double point group, because the
tensor representation gives a representation of
G*/Z(G*)=H*/Z(H*)=H, the point group of H*, not of
G=HXZ,, the point group of G*,

3. THE TENSOR REPRESENTATION OF SU(n)

In this section, we confirm the validity of theorem 9
of Ref. 1 concerning the occurrence of UIR of SUG) in
its tensor representation. First, we briefly review the
representation theory of SU(#).

It is well known that a complete set of UIR of U(x)
can be labelled by Young tableaux (YT) A= (A, Ay, ..., 2,),
A 22y =+ = 2 >0, Diagrammatically A is a shape con-
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sisting of rows of boxes, A, in the first row, }, in the
second row, ..., A, in the nth row, where the first boxes
in the rows form a vertical column. If we now restrict to
to SU(r) we find the equivalence (Ay, Ay, ..., ;)

~ =M =Ny, N0 =), SO to obtain a complete
label set for UIR of SU(z) we need only consider YT
with at most (n — 1) rows. If D* is the UIR of SU(#)
labelled by X then D™ has tableau A*

=y =X M =X, .00 A — Ay), Diagrammatically, to
obtain A*, we form a rectangle of nXX, boxes, remove
the YT A and rotate the remaining shape through 180°.

To decompose the Kronecker product D*® D* we
first set the tableaux A, i side by side and write a
fixed symbol, a;, in all of the boxes in the ith row of
#, i=1,2,...,n~-1. Thus, the rows of g are distin-
guishable but the individual boxes within a row are not.
Then we adjoin the labelled boxes of f to the YT A in
all possible ways consistent with the following rules:

(1) At each stage in the process the augmented array
must be a YT with at most » rows.

(2) Adjoin all boxes from the ith row before adjoining
any boxes from the ({+1)th row (i=1,...,n-1).

(3) No two boxes containing the same symbol can be
in the same column.

(4) Each final tableau must be such that if we record
the occurrence of the symbols ay, a;, etc., reading the
rows from right to left starting from the top, then at
every step in the count the number of a;’s > number
a;’s (i=1,...,n-1).

After compietion retain only one copy of each tableau
with a given distribution of symbols. Finally, reduce
all tableaux with » rows to tableaux with (# — 1) rows.
All possible tableaux resulting correspond to repre-
sentations in the decomposition of the Kronecker pro-
duct. A more detailed account of this theory can be
found in Refs. 9 and 10.

We also need to know which UIR are trivial on the
center Z of SU(n), these being the only UIR which can
occur in the tensor representation of SU(n). Z is the
group {wl, : w"=1}. Now a basis for D* can be formed
from linear combinations of (A + Xy +++++X, ) pro-
ducts of basis states for the self-representation of
8U(n), via the (\; +X;+++++x,,) tensor power. Hence
D* is trivial on Z if and only if A; + X, + A,_; =ng, where
g is a positive integer.

Recalling that the tensor representation of a compact
group G is equivalent to ®,(D* ® D**), summed over
all labels a of the inequivalent UIR of G, we see that
theorem 9 is a corollary of the following result.

Lemma 1: If D* is a UIR of SU(n), A +X + X, =ng,
g an integer, then D* is contained in D¥ @ D**, where
= ((n - I)Qy {n- 2)(1: vees2g, (1)-

Proof: Clearly p* = . We show that the YT
M=+ 0-2)g,0+m-2)g,..., +{®-2)qg, (n-2)q)
~ X is contained in the product of p with itself, Note that
the shape defined above has n(z — 1)q boxes as required.

Define an integer m by X; 24 if j<m and A;<gq if
j> m. Now label all the boxes in the ith row of p* with
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a fixed symbol g;, for all 4, and add these boxes to the
rows of g to form the YT [(n - 1)g, (k- 1)g, ..., (r - 1)q]
~0, This is done systematically by adding g blocks of
boxes from row i of u* torowsi+1,i+2,...,n of H,
for i=1,...,n-1. To obtain M’ we must remove the
extra boxes in rows m +1 to » and place these in rows
1 to m in such a way that the effect is as if we had
carried out the adjunction subject to rules 1-—-4, above.
We remove g boxes from row n, ¢ ~ X,y boxes from
row n—1, etc. Boxes labelled by a; are placed in the
first row until that row has Ay + (n ~ 2)q boxes. Boxes
labelled by a, are placed so as to fill the second row,
etc. Finally, we obtain A’ by sliding the boxes in rows
m+1 to n to the left to fill up the gaps., It remains to
check that we have not broken any of the rules. The
two which are not completely obvious are 3 and 4. In
fact, rule 3 is preserved in rows m + 1 to »n because

g ~X;<g~-2X;,. Also, promotion of a box to a higher
row in the tableau will not break rule 4, and of course
we arrange the promoted boxes in accordance with
rules 2—4, This concludes the proof.

We can, in fact, go a little further than theorem 9,
for as we now show, the UIR which occur in the tensor
representation of SU®#) do so with infinite frequency.
First we have

Lemma 2: Let D* be a constituent of D* @ D¥*, If u’
denotes the YT (uy+1, iig, ..., l,), then D*is also a
constituent of D* @ D¥*,

Proof: The YT p’ differs from p in having an extra
box in the first row. The YT p’* differs from p* in
having an extra box in each of its n — 1 rows.

We know that a certain sequence of adjunctions of g
to p* (note we multiply the other way round) leads to A.
We perform the same sequence of adjunctions of '
to p’*, except that for all #, if previously the last box
of the 7th row of g’ is placed in the sth row of B'*, we
now place it in the (s + 1)th row. This ensures that the
final YT has one extra box in every row, including the
nth, Finally, by reducing to » -1 rows, we obtain A.

It follows by induction anchored by the conclusion of
Lemma 1 that no irreducible constituent of the tensor
representation occurs a finite number of times.

4. SOME REVISED THEOREMS

In this section, we show that both theorem 4 and
theorem 8 of Ref. 1 require stronger hypotheses before
their proofs become acceptable. In both cases the
proofs only work for faithful representations. The im-
portant point is that if D is an n-dimensional unitary
(resp. permutation) representation of a group G with
kernel K, then D embeds G/K in U(x) (resp. S,). It
follows that D embeds G in U(x) (resp. S,) if and only
if K is trivial, that is to say D is faithful. With the
insertion of the word “faithful”, theorems 4 and 8 are
true. Furthermore, it happens that with the stronger
hypotheses, theorem 8 has a stronger conclusion.

Proposition: Let n be an integer and G a finite group
possessing a faithful n-dimensional permutation repre-
sentation ', Denote by Ext(G, ') the set of groups
G’ 2 G possessing an irreducible representation IT’

N. Backhouse and P. Gard 2099



such that I’ ¥ G=1'". Then Ext. (G, I'”) contains §,,,.
Furthermore, if we take the special case G=8,, then
S,.4 has minimal order in Ext(S,, ‘).

Proof: We noted above that I'™ embeds G in 8,, con-
sidering the latter as the group of all nX»n permutation
matrices. This representation of 8, is known to be
(#n]®[n -1,1] in reduced form. Now the branching laws
tell us that [x]® [n-1,1]=[r, 1]+8,, subducing from
S,.;- We have G embedded in 8,C8,,; and [#,1]¥G
=17, so 8,,,< Ext(G, II'™).

Now take the special case G=§,, so that I1‘”
=[n-1,1]®[x], and let G’ € Ext(S,, 1'”). G’ possesses
an irreducible representation I’ where I’ ¥ 8, =TI'",
By the Frobenius reciprocity theorem [#]# G’ contains
the n-dimensional irreducible representation II’. Also
we always have that [z] # G’ contains the trivial repre-
sentation of G’. It follows that |G’/S,!| =dim({x]4G")
zn+1. Hence |G’ = (w+1)n! = 18,,,1. Therefore, 8,
is of least possible order in Ext(S,, II'”). This con-
cludes the proof,
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A theory of the scalar quantum field on static manifolds is constructed using the language of Feynman
Green’s functions. By means of examples in which the manifolds are parts of Minkowski space, we show
how the “method of images” can be used to solve for the Green’s functions. In particular, we consider the
Rindler wedge and the space outside a uniformly accelerated conducting sheet. As an example in which the
manifold is nonstatic, we consider the region exterior to a conducting sheet which is accelerated
impulsively from rest to the speed of light. Finally, we study the steady-state part of de Sitter space where

we do not obtain a unique result.

1. INTRODUCTION

In general, a manifold cannot be covered by a single
coordinate chart. It is therefore of interest to consider
the problem of quantizing a field in a coordinate system
covering only part of flat space as a preparation for the
more general problem, For example, Fulling! has
considered the natural quantization of a Klein—Gordon
field in flat space using Rindler coordinates which cover
only a wedge of the complete manifold, The resulting
theory is not equivalent to the usual Minkowski space
theory. Quantization on a general manifold is therefore
a problem of the same nature as the construction of the
usual field theory in Rindler coordinates as if one had
no knowledge of Minkowski coordinates. It will appear
from our work how one is to recognize the theory ap-
propriate to a given manifold in the case when the
manifold is static.

We approach the problem by taking the Feynman
Green’s function as the basic object. Like any Green’s
function this is a global object, and must be defined
with boundary conditions appropriate to the physical
problem under consideration. A trivial example is the
Green’s function in electrostatics for an infinite plane
conductor, This has a singularity in the unphysical re-
gion corresponding to an image charge. We expect the
same sort of behavior for the Feynman Green’s func-
tion for a hyperbolic operator L on an incomplete
{space-time) manifold M. Suppose M to be an analytic
manifold which can be analytically extended to a larger
manifold M,. Given a Green’s function G for L on M
which satisfies

LG(x,xY)=5(x,x1) 1)

on M, one may analytically extend G as a function of

x to M,. There is no reason to believe that the result-
ing function will be a Green’s function on M,; in gen-
eral, it will have singularities in M;— M. We may
define a function as the difference between the left- and
right-hand sides of (1) when x lies in M- M:

p(x,xi):LG(x,xl)—G(x,xi). (2)

We observe that p represents a distribution of “image
charges” in M, - M since if L possesses an inverse G,
on M, then a solution of (2} is

Glx,x ) =Gylx, x1) + [ dvGylx, )p(y, x1). (3)
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In the Rindler wedge we find the Feynman Green’s
function for a scalar field according to the prescription
of Sec. 2 by imposing analyticity requirements in the
Rindler time coordinate, By exhibiting the Green’s
function in the form (3) it is shown that it does indeed
possess an image charge distribution in the unphysical
region, Conversely, by subtracting out the contribution
from this image distribution one recovers the Feynman
Green’s function appropriate to the complete manifold,
in this case, of course, the standard Minkowski space
Green’s function, but expressed in terms of Rindler
coordinates.

Seeking a solution for the Feynman function of the
form (3) provides, in fact, a powerful method of solving
field theories on restricted manifolds. We use this
method to solve the problem of a scalar field outside a
conductor moving with constant finite acceleration. We
are again led to a stable field theory, which moreover
goes over into that of the previous case as the accelera-
tion tends to infinity, This provides some insight into
the physical significance of the Rindler wedge. In both
cases we calculate the vacuum expectation value of the
energy-momentum tensor for a massless scalar field
in two dimensions and confirm the “conformal anomaly”
of Fulling and Davies® rather than the result of DeWitt. ?

As a last example in flat space, we consider the case
of a “conducting piston” which remains at rest until
time ¢ =0, after which it moves out with the velocity of
light, The Bogoliubov coefficients are calenlated and
shown {o give a black-body spectrum in the Rindler re-
gion. However, by causality, the acceleration of the
piston cannot influence the interior region, so we cannot
interpret this as a particle flux. The problem is dis-
cussed from the point of view of the energy—momentum
tensor and the effective Lagrangian.

Finally, we consider an example in curved space—
time, namely, the steady-state universe. It is known
that the creation of matter here cannot be both uniform
and in particle—antiparticle pairs for a realistic model
universe (from y-ray observations), so this example
is not chosen for its relevance to cosmology. Rather
it is an exactly soluble model in a curved manifold for
which, however, the solution is not unique.

In this paper we keep the mass of the field and the
dimension of the space arbitrary in order to examine
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the relation between the general case and the massless
theory in two dimensions, which is to be distinguished
as an exceptional case in view of the properties that it
enjoys with respect to conformal transformation. An
example of the pathology of the massless two-dimen-
sional case from our point of view is that the Feyman
function appropriate to the Rindler wedge diverges at
the boundaries of the coordinate patch and so may not
be sensibly continued into the unphysical region, where-
as in all other cases this may be done.

Two appendices deal with the calculation of the
Bogoliubov coefficients for the piston problem and with
the evaluation of certain integrals that would otherwise
disrupt the narrative,

2. FIELD THEORY ON STATIC MANIFOLDS

In this section we show how to translate the canonical
theory for the Klein—Gordon field in static manifolds
covariantly into the language of Feyman Green’s
functions.

Consider a manifold M endowed with a Lorentz
metric g and a global timelike Killing vector field 3/3t.
Let V be a vector field parallel to 3/8¢ but normalized
so that g(V,V)=-1,

Then associated with V we may construct a new
metric h on M by

hX, Y)=g(X,Y) +2g(X, V)g(Y, V)

with X and Y arbitrary vector fields. In coordinate
language the components of the new metric are

h,,=g.,,1tAV,V,.

The essential point is that, for A>1, h is positive
definite and therefore in terms of this new metric the
operator o-m® is elliptic rather than hyperbolic. Sub-
ject to appropriate spacial boundary conditions, it
therefore possesses a unique inverse G,. We shall see
that regarded as a function of x, G, is analytic in the
complex plane cut along the real axis from 1 to - .

G, may be analytically continued from A >1 to the value
corresponding to the physical metric A =0 either
through the upper half-plane, yielding the Feynman
function, or through the lower half-plane yielding the
negative of its complex conjugate. It will emerge from
the following that this construction yields the unique
Green’s function analytic in the lower half (# - Y% plane.
We could arrive at this same Green’s function by find-
ing a complete set of normal modes that are positive
frequency with respect to the Killing field 3/3¢ and con-
structing a Fock space in the usual way. In this latter
approach the analyticity property with respect to
(t-t')? arises from the evaluation of the vacuum expec-
tation value of a time ordered product of field opera-
tors. We prefer, however, to proceed by analytic con-
tinuation from a space of positive definite metric since
this emphasizes the role played by the global Killing
field.

Since M is static, coordinates may be chosen such
that the line element corresponding to g takes the form

ds®=— a*(X) df? + v, (%) dx’ dx*,

2102 J. Math. Phys., Vol. 17, No. 11, November 1976

where y;, is the positive definite metric induced on the
hypersurfaces orthogonal to 3/d¢. In these coordinates
the line element corresponding to h takes the form

ds?= (- 1)a? dt* + y,, dx? dx*

and the equation satisfied by the Green’s function
becomes

1 & ) n_ da_ (¢, th(xf x')
(x—18t2+E G,‘(x,x)_—y”2 o 1) , 4)
where E is the elliptic operator

(/508 (@ P2 %a,) - mi?,
i k

We shall seek a solution to (4) of the form

N s ¥ ds
Gy(x,x y=i(a-1)t/4 fo (4—7,.5_)1_/7
xexp[— (¢~ '} (1= 1)1/2/4s]g(s, x,%') (x>1).
(5)

A certain loss of generality is involved since (5) ex-
hibits the time dependence of G through a representa-
tion that is essentially a Laplace transform. This is
equivalent to the imposition of a boundary condition
since it is evident from (5) that the representation re-
quires that G, ~ 0 as t ~+«, It is also equivalent to the
assumption that G should admit an expansion in terms
of normal modes that are positive frequency with
respect to 3/at. 1t is therefore essential to choose the
Killing field appropriate to the boundary conditions
imposed by the problem under consideration. For ex-
ample, it may be that the points for which # ~+ = are at
finite distances, as in the case of Rindler coordinates.
The correct Green’s function is obtained if these points
are the trajectories of perfect conductors (mirrors) in
the space—time,

Substituting (5) into (4), we find

ad(t, t')5(x, x')

® ds 2 1
—(y— 1)1/4 __as__ n(-<_ L
=(-1 ,[0 (4ns)t/? gls, %, x )(as 25>

— #1\2(y 13172 bt
cesp (- L0 gy [ de

(l‘— t;)Z()\_ 1)1/2
xexp(— __——_~4S

Integrating by parts and using the relation

)Eg(s, X, X'),

expl= (= tPO=1)2/4s) i
lstf)n @ns)' /2 =(-1)""%(, ),
we see that g(s, X, X’) satisfies the diffusion equation
__1 g
B 5D as ©

with the initial conditions

£0,% %)= {105 o8, '), M

We assume that, subject to suitable restrictions on the
spatial metric y;, and spatial boundary conditions, the
solution to (6) is unique and that the large s behavior of
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the integrand is such as to converge the integral (5). We
observe that G, is, as anticipated, analytic in the com-
plex A plane cut along the real axis from — < to 1.

Using (6), we approach x=0 through the upper half-
plane to obtain

n_ o (3in\ [T _ds it-¢)?
Gx,x )_exp(4 >j(; @ns)i 72 exp[ s

}g(s, X, X').
(8)

It is evident from (8) that G is analytic in the lower
half (¢ - #')? plane.

Alternatively, if G is analytic in the lower half (¢ - #')?
plane and tends to zero as ({—#')? =« through the lower
half-plane, then the (f~#')* dependence of G may be
represented by a half-range Fourier integral. That is,
there will exist some function g(s, X, X’) such that (8)
holds. The uniqueness of this representation then
follows by substitution of (8) into the equation

(- MG, x") == b(x,x")/g"/?

and by the uniqueness of the solution to the associated
parabolic problem (8).

3. THE RINDLER WEDGE

Take n-dimensional Minkowski space with standard
coordinates (f,x,%,,...,%,4) and consider the co-
ordinate transformation in the x, ¢ plane

t=Esinh7, x=£fcoshrT,

In the new coordinates the line element is
ds?=- E2d7 +dg +dxd

and the transformation is regular in the wedge x > |¢],
which we shall call the Rindler wedge (region I in Fig.
1). The whole of Minkowski space, with the exception of
the lines x =z f, can be covered by four coordinate
patches of this type in an obvious way. We shall use
this later to coordinatise points in region II (Fig. 1)
and in regions F and P (Fig. 6). Returning to the
Rindler wedge, it is clear from the expression for the
metric that 3/37 is a global timelike Killing field and
the corresponding normalized timelike vector field is

gta/ar

We could at this stage proceed as in the previous sec-
tion in order to obtain the Feynman Green’s function
appropriate to this manifold. The calculation involved
is straightforward, and the solution to the associated
parabolic problem (6) turns out to be

n-2 hed
g(s, &, 5’,x,x’):4jd——5 exp[ik- (x—x")] f dv v sinhvr
(2m) 0

xexp[- vis (v = DK, (LK, (1E),

where we have set u = (k% +m?)1/2,

However, we shall require a knowledge of the normal
modes for the problem in Sec. 5 so we shall employ
them here in order to calculate the Feynman function.
The Klein-Gordon equation in these coordinates is

1 3? L1032 a 2ot
{ R ETAr TR axt ~ 7 (P=0
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FIG. 1, The (x,#) plate of
Minkowski space showing the
— Rindler wedge (I) bounded by
the lines x =+¢, The lines
¢ =constant are the trajecto-
ries of the Killing vector.

and a complete set of solutions that are of positive fre-
quency with respect to 3/97 is

Vi, (6) =[2/(27)"/?)(sinhav)! /2 exp(= iv DK, (1L E)
xexp(ik- x),

where K, (u&)=K_,,(1£) is a Macdonald function (Bessel
function of the third kind). With respect to the usual
inner product on 7 equal to constant hypersurfaces

C d ki
Vxu, Vrv)=fdx f Vi 37 Vi

these solutions are orthonormal: we have

(ka Vk'v’) (2” f Kiu I‘LE)K{V (“’E)(V+ V')

x (sinhvr sinhv’m)! 725(k, k)
= 8(v, v")5(k, k).

We can decompose the field operator ¢(x) with respect
to the Vy, as

«© d .
Px)= J; (—2;l;m 2(sinhvr)! /ZfdkKw(ui)
x{a,e exp(— ivT+ik- x) + alyexpivT—ik- x)}

(9)

with a;y, a,; creation and annihilation operators for
“Rindler particles.” The Feynman function is defined by

Glx,x")=#0| Top(x)o ()| 0), (10)

where [0} is the state annihilated by all the a,;. Since
a;, and a,, satisfy the usual commutation relations, we
have

(0] a,y@)ns|0) =(0] (@, Tine] | O) = B(v, v") 50k, k'), (11)

Using (9) and (11) in (10) we obtain
Gix,x") =i f @r )nsmhvw dv | dkK; (8K, (nE)
0

xexplik- (X- ')~ iv|7- 7|], (12)

This is analytic in the region RelT -7’1 >0, Im |7 - 77|
<0 [i.e., in the lower half (7~ 7’)? plane] as required.
To evaluate this integral, we need the relation?
K (w9K,, (1E) =3 [ drexpv)Ky(uyy), (13)
where 3 =£% + £2 + 2£¢' cosha.
Letu= |7~ 7'|. It will be convenient to suppose
initially that Im# <- 7; then we may interchange orders
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of integration and with the aid of (13) write (12) as

G(x,x'):z’f dxf é%sinhwu exp[—iv(u—x)]
-0 0

d"k
)@= explik- (X X) K, (uyy).
The v integration is straightforward and yields

f dv . -1
o 92 Sinhv exp{—ivlu—-2)] = E;m .

To perform the K integration, we use the integral
representation

© 2
)

and interchange the orders of the k and z integration.
Setting z = myi[y} + (x—x')2 1"V and % =} + (x - x*)?
we have

fé‘k),,—_z exp[ik- (X - x') 1K, (1)

_f”@ mo | /2 [ m (v+1>
— ), 20\2my, N PRE v

m \ /2
= (2_7T7—2> Kinay j2(mys). (14)

Thus for Imu <-1

g 27y,

: - dr m \ 272
G(x,x'):—z— f _‘——‘—< > K (n2) 72(Mya).

. =uf 7t

The integrand contains poles at #z iy lying below the
real axis, i.e., below the contour of integration. To
analytically continue to Imuz =0, we must ensure that
the contour of integration is deformed so as to remain
above the poles. Therefore, for Imu =0, we integrate
along the contour shown in Fig. 2.

The contribution from the pole at x=u +ir is

"t m
Gole,x") = 5q (217(20)“2)

where (20)!/? is y, evaluated at A=« +i7. Since (20)
is just the geodesic separation of x and x’ expressed in
Rindler coordinates, Gy(x,x’) is seen to be the Feynman
function for Minkowski space. So far we have

(n=2) /2

Kn2y /2 ((27”20)1/2),

1/2

. i - dx m \ /2
6 )=Gix)= 5o | G (o)

XK (ngy j2(my),
where
Y =yo(A=T)
=[g8+ 52 +2¢8 cosh(r - 7) + (x— x) /2

X u+in

FIG, 2. The contour for the )
integration.
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is the geodesic distance between the point (7, £, X) in
region I and the point (2, £/, X’) in region I, Thus we
can write

b dx N
Gylo)

Glx,x") =Gylo) - J s

= (7\ - T’)2 + ﬂz

the second term representing a contribution from an
image charge density - [(x - 7')* + #%]"! distributed on a
line Xx=x’, £=¢' in region I (Fig. 3).

The effective Lagrangian® is calculated from
lzéigi/zf Glx, x)dm®,

The ultraviolet and infrared (in the massless case)
divergences of G(x,x) may be isolated in the contribu-
tion from G(x,x) (except when m =0 and n=2):

T m \"/?
L1:meg1/2f x2+ﬂ2(§7;;) Kpjp(my)

(y = 2& cosh(x/2)).

It is of interest to compute the effective energy
momentum tensor, In two dimensions, where the
canonical and “new improved” versions agree, we have

(T, == ilim{a,, - 54,8 - m)} G, x").
X=X

Dropping the infinite term from G; and using the
integral representation of K (my), we obtain

1 T d ”ds(yz )
Ty = = — =L — 2
<5> 87 ImK2+W2£ s\ 2 m
(o)
X — _ A
expl\-m-s 43/
In the limit » — 0, this gives
1 T 1
T E = - T T = - ——
(T (1) 82 j:,, A+t coshia/2
The integral may be evaluated by residues since
© dx 1 1 f dx 11
Al cosh®/2 ~ 2mi o A—im cosh?)/2 "~ 3

with the contour C consisting of the real axis and the
line (= =+ 27¢, < + 27¢). Thus,

(T&Y ==(T,") == 1/247t2,
(T,") =(TS)=0.

This confirms the existence of a “conformal anomaly”
as found by Davies and Fulling. The origin of the
anomaly is clear enough in our treatment, We have
regularized the divergences of the theory by using a
representation of the form (3). In two dimensions this
is permitted only if we make the theory massive, there-
by explicitly breaking the conformal symmetry. What
we have shown is that the symmetry is not restored in
the limit »m — 0,

FIG. 3, The image charge dis-
tribution for the Rindler wedge.
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=iy FIG. 4. Coordinates for the

moving mirror problem. The
mirror is the surface £ =a.

y=(%‘z-9) g
0]

4. A MOVING MIRROR PROBLEM

The ¢ =const surfaces in the Rindler wedge are sur-
faces of constant acceleration. Choose £=a to
be replaced by a perfect conductor for the ¢ field such
that ¢ is required to vanish on £ =a which then becomes
a moving mirror (Fig. 4).

Let x=(7,¢,X)c I, x'=(7', &', X’) < II then the
Minowski space Green’s function for a massive scalar
field is

: (n=2)/2
1 W
Golx,x') = %<——2M) K (n2y j2(my)
with.
Yy =g+ £+ 288 cosh(t- 7') + (x— x')2

Using (14) with y, replaced by y, and the inverse
Fourier transform of (13), we can write

Go(x,x')-_—% J:m %f@%k)"—_zexp[— w(T—T1') +ike (x—x')]

XKy (L E)K, ().

If we require both x,x’ I then some care is necessary
to satisfy the requirement that G, be analytic in the
upper half % = (x — x’)? plane, with now * = ¢* + ¢

~ 2£&' cosh(T— 7)+ (X x’)%. To this end, we replace
the smaller of £ and ¢’ in (15) by £ exp(76) and analyti-
cally continue G, to 6=7. For 6 =7-¢ we have

Y =2+ £2 - 25, £ cosh(T~ 77) + 2iEe (8, cosh(T— ) = &)

(15)

which manifests the correct analyticity property. This
yields

not [Tav ([ _dk . )
Go(x,x):%f Z_;IW exp[-iv(T-7)

+ike (X = X)] XKy, (15K, (expln)pEe) (16)

as our expression in normal modes for the Minkowski
space Green’s function in the Rindler wedge.

We are seeking a Green’s function which vanishes on
¢=a. In view of the result of Sec. 3 let us assume that
this can be obtained by adding a contribution from an
image distribution p(v;x’) located in region II. Thus,
we take

Glx,x")=Gylx,x") + [ d™Gy(x,y)p(v;x’) am
with the boundary condition
0=Gylz,x") + [ d"yGy(z, y)p(y;x") (18)

for all z in the boundary £=a. This is an integral equa-
tion for p. Substituting for G, from (16) and noting that
the relation must be valid for all z in the boundary
gives

2105 J. Math. Phys., Vol. 17, No. 11, November 1976

0= K, (1E)K, (exp(im)na) + [ _dxexp(ivy) [,™ dn'n’
XKy, (na)K, (un")p(h, n'; £7).
Using the relation (valid for C> 0)

(19)

CHio

1
—_— . K ’? e ’
= dp L (un)Ky (') = 8, '),
we obtain the solution for p:
1 Cio
P, M E) ==~ E;T-z—ijdveXp(— V) fc.,-m dy p

% Ly (un)Ks, (0 E)K v (exp (in) na)
K (ua) )

Substituting for G, from (16) in (17) and using (19) to
eliminate p gives us G(x,x’) in the form

Gorx) =L 2 f Ty el iv(r= 7) + ik(x- %]

X f(v,k|E, &), (20)
where
F, K|, £ =Ky, (15K, (explim) i &)
_ KWK (puE)Kivlexplimua) (21)

Kiu(p’a)

Now the analytic continuation of K, (f exp(i6)) to 6 =7
is given by*

K (¢ exp(im)) = exp(nv)K,, (£) - i1y, (8).
This enables us to write

Kiv(“&))
Ky (pa)

(22)

f(V’ ki ‘E’ gl) =in [Kiu(“‘&)[iu(“'a) - Kiv(p'a)liv(“&)]'

(23)

Using this in (20) it is straightforward to check that
G(x,x') is a Green’s function for the Klein-Gordon equa-
tion vanishing on {=a.

The expression (23) for f(v,k| &, £’) has singularities
in the plane at the zeros of K, (ua). These singularities
lie on the real axis. To obtain the Feyman Green’s
function we must choose the contour for the v integra-
tion to avoid these singularities in such a way that the
resulting function be analytic in the lower half (7— 1/)?
plane, The appropriate contour lies below the poles on
the negative real axis and above those on the positive
real axis. (This will be verified presently. ) A possible
choice C: (- = explie), © exp(ie)) is shown in Fig. 5.

To perform the integration, we now show that the
contour may be rotated in the lower half-plane so as to
envelop the poles on the positive real axis, Using the
relation

74»(—){4-

FIG. 5. Rotation of the contour for the
v integration,

C
>
~—
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K!u(g) [ -fu(g) - Ilv(g)]a (24)

2 smhm/
we see that the expression K, (&)1, (pa) - K;, (ua)
xI;, (k&) is invariant under ¥ —— v as is the contour of
integration. This means that we may take (7— 77)> 0
in (20) without loss of generality.

For |v| large and iv#+ N (N=0,1,--+), we have
L, ()~ [T +in)]zo)",
Ku(©) ~ T G) (07 + D= iv) (50)"], 29
For — 7 +e¢ <argv <-¢ write iv=Rexp(iB), - smte<pB
1
< zwm—¢. Then
|PGv)| ~ (27/R)!/? exp[- R(cosB + sinB)|RR %,
L(=iv)= T 1

vsinhgy TEv) °
Using these asymptotic forms, we find

flv, kl £, £ ~~ (1i/2R) exp(~ iB)(E/ &5)E exp(iB)

—~0 as R—o,
By Jordan’s lemma, and the absence of zeros of K;,(ua)
in Imv <0, we may close the contour in the lower half
v plane to obtain the contour C’ (Fig. 5).

For a given k= ki, let v,, be the 7th zero of K, (ua).
Then the v integral in (20) along C’ is evaluated by re-
sidues to give

Gl,x')=i E/ 2 N, exp[—iv, i 17— 7| +ik. (X~ x)]

XKiv,k(“‘E)Kiurk(“g’),
where

Nrk = lllm{(v - Vrk)[liu(“a)/Kiu(“a)}}-
7]
Here we see explicitly the analyticity in the lower half
{T— 7’| plane. This expression could have been obtained
by starting from an expansion of the field operator in
terms of normalized basis functions

(27) ["'2’;2 K

There are now two interesting points to be made in
relation to this result. First, when x —x’, we find
G(r,x) is purely imaginary, thus the effective Lagran-
gian is purely real and we again have a stable field
theory (no particle production).

ug exp(—iv,,T+ik-X),

Second, we show that we regain the result of the pre-
vious case of the Rindler wedge by letting a ~ 0 (i. e.,
the acceleration of the mirror, a™!, — ).

Consider again the v integration in (20) round the
contour C’, On the part of the contour in the lower
half-plane we proceed as before with the expression
(23) for f(v,k| £, £'). In the upper half-plane we use
instead of (22) the equivalent formula

K; (G exp(in)) = exp(= nv)K,,(£) - inl_;,(2)

to obtain an expression for f. Thus

Glx,x')= 1;/(—2?;%_—2 exp[~iviT- 7| +ik« (X~ X")]

o explie)
()
x{ f %[ BT ()i (1 £

0
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+ K, (LE)K , (LE”) ""(“a)]

(na)
= expl=ic) d .
3 -/(; éi;[— K (W E ) (L ES)
+imK, (WEK , (g’ )K ((L;Zz))]}

The a — 0 asymptotic forms for the Bessel functions
I (na), K, (ua) are the same as the v —~ « forms given
by (25). The integrand on each part of the contour has
been chosen so that for @ — 0 the terms involving a
ratio of Bessel functions tend to zero. Taking this
limit and using (24) to combine the remaining terms
leaves

[i/(2m)™ f;)mdv4 sinhrv
Xj' dk K, (LE)K,, (uE ) exp[-iviT— 7|

+ik- (x- x')]

limGx,x") =
a=0

which is precisely the expression derived in Sec. 3 for
the Green’s function in the Rindler wedge. In an exactly
analogous way it may be shown that the image distribu-
tion for this problem goes over to that of the previous
problem in the limit a — 0

Consider now the two-dimensional massless case for
which we wish to find the vacuum expectation value of
the energy momentum tensor.

The renormalized vacuum expectation value of the
energy momentum tensor 7*, will be diagonal in
Rindler coordinates and satisfy 7%, =0. Thus we may
write

r,=pa5(7} 9).

On dimensional grounds the function p must be of the
form

a, £)=(1/tq(a/).

The divergence condition 7%, , =0 implies that ¢ is in
fact constant. We may determine the value of g by
taking the limit « —0. Thus by comparison with the re-
sults of the previous section we find

1 -10)
B
™= 24n£2( 01/ >

confirming again the anomaly of Fulling and Davies.

5. THE CASE OF THE IMPULSIVE PISTON

We consider a plane conducting piston perpendicular
to the x axis at rest at the origin for / <0, which for
¢ > 0 moves out along the positive x axis with the veloc-

FIG. 6. Showing the regions I, 1I,
F, P in the Minkowski x-f plane of
the impulsive piston; the motion of
the piston is shown by the thick
line,

P. Candelas and D.J. Raine 2106



ity of light (Fig. 6). In contrast to the previous ex-
amples, there is no longer a global timelike Killing
vector field, From this, and from the similarity of the
morphology of the conformal diagram to that of the re-
gion exterior to a collapsing black hole, ? one might
expect a flux of particles. However, a causality argu-
ment shows that the piston cannot influence the ex-
terior region and from this point of view one expects no
flux and a stable vacuum.

The mathematical situation is that at early times
(t <0) the Green’s function must vanish at infinity and
on the conductor at x =0. This is achieved if we de-
compose the field operator ¢ with respect to basis
functions appropriate to Minkowski time:

o (x) :? {w; 0)a, +upx)arl, (26)

where
() =[2V7/(27)"/%) exp (- i it coshK)
Xsin{xu sinhK) exp ¢k - x),

(We denote adjoint operators by an asterisk rather than
a dagger in anticipation of a matrix notation. ) At late
times (£ > 0), the Green’s function is subject to Rindler-
type boundary conditions, we decompose ¢ in terms of
the basis functions of Sec. 3:

¢ (x) =§ {0, )b; +vFx)bE. (27)

The “late time” basis functions v; are related to the
“early time” basis functions #; by a linear
transformation

vy= 27 {0 u; + B, utt, (28)
i
where o;; and B;; are the Bogoliubov coefficients for the
problem. The orthonormality of the respective sets of
basis functions requires the Bogoliubov coefficients to
satisfy the identities

a* =-BYa B\_({a B\[a -5\ /10
(— B o ></3* a*>_<3* a*)(— g o )‘(0 1 (29)
where we bave employed a matrix notation.

The Feynman function for the problem is

n_ lout| T (x)o (x’) |im
Glr,x)=1 {out!in

with |in) and |out) defined as the “asymptotic” vacua
annihilated by the a; and b;, respectively, Using (26)
and (27) in (30), we obtain

{out|bsaf |in)

{outliny ’ ©0)

Gle,x") =4 25 vy )t ()
ik
where x, and x. denote the later and earlier of the
space-time points x and x’,
In view of (28) and the identities (29), we have
a; = Z,: (bjaji + b}kﬁfi),
therefore,

8, out|in) = (out| [a;, a*]]in)
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(out | (b + b B )at |in)

a,{out|ba} |in)

2
k
2
k

and hence

(out | byaz lin) = (a3t

{out|iny L

Substituting this result into (30) yields (suppressing
indices)

g (o) =du* (x<)a-1v {x,).

Glx,x")Y=1v(x,)a
Using (28), we obtain the equivalent relations

Glr,x") =G x, x") +iu* ()™ Bu* (x") (31a)
= Goueli, ) = i (x)Bav (x"), (31b)
where

G (e, x" )Y =du*(x, )u(x,)
and

Gt 0, x"Y =10 (0, ) (%)

are the Feynman functions appropriate to a plane con-
ductor at rest and one with infinite acceleration,
respectively.

The Bogoliubov coefficients o and 8 are computed in
Appendix A and are found to be

= (1 — exp(= 2vm))1/22/m) 2 sinvk 5k~ k'),
(32)
Bu, ke = (€xp(2vm) = 1)1/2(2 /7)1 /2 sinvk 5(k + k).

It is trivial to verify that (32) satisfy the identities (29)
which, since @ and B are real reduce to

aa-BB=aa"- BB =1,
a'B-fa=af -pa"=0.

In order to proceed with our calculation of the Feyn-
man function we shall employ (31a) since the functions
u have a simple form throughout the manifold whereas
the functions v lose their simple form outside region I.

We see from (32) that
(a'i),(k.' =1 - exp(— 2vm))1/%32/n) 2 sinvK6(k - k')

and hence that

(07'8) gy, = 5(k+k')%/ dv exp(- vr) sinvK sinvK’
0

1 1
mHE-KY " g+ (K +K’)2} .(33)

The term to be added to G, is

=5(k+k’){

AG,, (x, x") =iu*(x) o™ Bu* (x")

dk .
- f(2n')"-2 exp[zk- (x— x,)]Agin(k|x1xly l, t’);
where

Agin(k]x’x’; t: t’)
=(i/n) [ dK [ dK'((7*+ K =K'V ] = [n% + (K + K')*])

xexp[ip (f coshK + 1’ coshK’)] sin(ux sinhK) sin(ux’ sinhK’)
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== G/4n) [ dK [ dK'([x® + (K = K] - [n2 + (K + K'Y2)Y)
x expliu (x sinhK +x’ sinhK’ + ¢ coshK + ¢/ coshk’)]. (34)

This integral is evaluated in Appendix B; we find that
forx’'el

Glx,x") =Gy, 2" + [ -+ 7 +ie) (n + 1/ = 27ri)t
- 0= P+ G ),
ie.,
G, x") = Gy(y) + |+ 77 = de) (1 + 77 = 2yt
- lo= T+ Gy ()

with y the geodetic interval between x and x’ and ¥ the
geodetic interval between x and an image point in region
11 labelled by &' and A.

For x’ € P we find
Glx,x") =Gy lx,x") + f_m [+ T+ A
== 72+ 211G, 7),

where in the case ¥ represents the geodetic interval
between x and an image point in region F labelled by
£/ and A (Figs. 7 and 8),

We appear now to have several methods by which to
calculate a putative particle flux. Directly from the
Bogoliubov coefficients (32), and the relation between
the a; and the b;, we may compute the number of
“particles” produced with quantum numbers (v, k):

<in‘ b;kkbvkl il’\) = (Bﬁr)vk. vk
=6"1(0)/[exp(2mv) - 1].

The presence of the term 51’ (0) reflects the infinite
volume of spacetime occupied by these quanta, Even ex-
tracting this factor, the spectrum gives rise to a di-
vergent integral over Kk because of the infinite phase
space arising from the infinite plane geometry. Let us
therefore restrict our attention to two dimensions where
this problem does not arise. In that case, the spectrum
is Planckian [a uniformly accelerating observer whose
worldline is £ =const would observe a frequency v as
corresponding to an energy £"lv and would conclude that
the spectrum corresponded to a temperature @ne) Y,
this is reminiscent of Hawking’s calculation,

Alternatively, we can calculate (in| T, {in) directly
from G,,. This is simplified by the following argument.
Since (in! T, 1in) is to be evaluated relative to the “in”
vacuum, in Minkowski coordinates it must be a function
of the x coordinate alone, Since also T,, must be in-
variant under arbitrary boosts parallel to the plane
x =0, it is of the form

FIG, 7., The charge distribution for
the impulsive piston when ¥’ is in
region [,

T,,=diag(~a,b,aqa,...,a)

with @ and b functions of x, The divergence condition
T",,=0 requires b to be constant. Now the vacuum ex-~
pectation value of T,, could be evaluated by letting a
certain differential operator act on G,,, viz.,

Ty=UmT,,.G,(x,x)
x=x’
before renormalization; after renormalization we have

Tuv = 1}{1}5} Tuv’ Gxn(?)’

where 7(x,x’) is the distance from x to the image point
of x” in the plane x =0. We see from this that 7,,— 0
as x — < so that the constant b is zero. Taking the trace
of the energy momentum tensor, we find

(n—1)a =—im*Gy(y)
and therefore

im*Gy(¥)

Tw=- n-1

= diag(~1,0,1,...,1).

Thus {T,,) corresponds to a pure vacuum polariza-
tion for an inertial observer, as indeed we expect from
the causality argument. Transforming to Rindler co-
ordinates we find a (7, £) component, (T'",) which is
nonzero, it follows that a uniformly accelerated ob-
server would see a flux, This flux has no relation to the
Bogoliubov coefficients, depending only on the vacuum
polarization of the conductor at rest, and vanishing for
m =0,

One can throw some light on the origin of the dis-
crepancy in the observations of inertial and accelerated
observers (without entirely resolving all the problems
raised) by noting that {(T,,) is a tensor under coordinate
transformations only if we normal order T, relative to
a given vacuum, The black-body spectrum above arises
from a normal ordering with respect to the Rindler
vacuum, which is perhaps natural for observers ac-
celerated for all time. Our calculation of the Green’s
function involves subtracting a vacuum energy corre-
sponding to Minkowski space in the discarding of
Gylx,x) and hence a normal ordering with respect to
Minkowski time. Whilst the Green function G{x,x’) is
given uniquely according to our theory by the boundary
conditions, the extraction of physical information from
G must be carried out with some care!

Finally we know from the Bogoliubov coefficients that
the in and out vacua do not differ by simply a phase and
we would expect this to manifest itself in the effective
Lagrangian. Indeed it does, for on the null plane x +¢
=0 we observe from the expression for Ag,, that
G(x,x) is infinite there (even after renormalization),

FIG. 8. The charge distribution for
the impulsive piston when &’ is in
region P.
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and this results in an infinite contribution to Im [/ ;dx
(in the massless case this is in fact the only contribu-
tion to Im [/ ; since Im/ ; vanishes when integrated over
the rest of the manifold).

6. THE STEADY-STATE UNIVERSE

We use the steady-state model to illustrate a soluble
problem on an incomplete curved manifold for which
the solution is not unique, In the case of the static
metric considered in Sec, 2 it was possible to represent
the time dependence of the Green’s function by an in-~
tegral of the form (5) in terms of the essentially unique
solution of an elliptic equation. However, the steady-
state universe is not static, so the time dependence of
the Green’s function is more complicated. If we attempt
to find a representation of the form (5) for the (¢ - #')
dependence of G, we find that g depends on time. Thus
g satisfies a differential equation in which there appear
derivatives with respect to time, and this will not have
a unique solution without the imposition of further
boundary (or initial) conditions. This is just the state-
ment that the incompleteness of the manifold allows a
certain amount of arbitrariness in the dependence of
G on £+ ¢, and this was not present in the static case.
We would expect this to be the generic situation, so that
in general a further physical principle is required to
determine a unique theory.

The steady-state metric in conformally flat form is
ds? = (1/Kn®)(~ dnt +dx?)

with x=(xy,...,%,4). K is a measure of the radius of
curvature related to the Ricci scalar by R=-n(n - 1)K.

The Klein- Gordon equation with the “conformal term”
included,

L(zbE(D—mz— i(Z:f>R>¢=O

becomes
8t md
— - + - =
(an2 v an) =0

with the replacement ¢

(K /tnytenii,

Choose new variables u=7n-17', v=5+7'. We know
that the Feynman function G is symmetric under n <~ 7n’.
Therefore, we decompose L into a symmetric and anti-

symmetric part under v« ——u, L =L,+ L_and require
L_G=0.

Explicitly this is

3% duvm? ]
[au v ) G=0

K@u? - v?
by seeking a solution of the form P@?®- %)@ (v) we find

exp[ix(u® - v%) + 2001 @® - o))/ 2Z, [A(u? = v?)]

is a solution for arbitrary A, with Z a solution of
Bessel’s equation and
al=m?/K - 1.

Let £ =v?—u?, y=v®+4? and seek a solution of L,G
=~ § of the form
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G(&,x,7)= [ flr,s) exp(=~isx)(s£)!2Z;(sE)ds  (33)
with 7% = (x~ x’)z. Explicitly L, is
2 82
_9 .l ___x T (34
“4X62+4xa§2 8‘58 T 43)( e v, (34)

Apply this to G, using L_G =0, replacing derivatives
with respect to £ by derivatives with respect to s, and
integrating by parts yields, as in Sec. 2,

L,:G:‘l/{ 2133/2}:_1.. 21_(35/2]:) Zf}gl/z
(o]
Xexp(-isY)Z,4(sE) ds + 4]- 2z's5/2
x exp(= isx)Z;o fE!/%]c. (35)

For the integrand to vanish in » dimensions we require

- 2153/2f+21 (s ’Zf)— ” (’r"'zg)
4yt 3y or/”
The appropriate solution is found to be

flr, s)=s""%% exp(2is7?)
in order to satisfy the analylicity properties below.

We now have to choose Z and C, such that the in-
tegrated term in (35) gives rise to a 5 function. It is
convenient to use a representation of the 5 function in
terms of the geodetic distance (26)!/? in the (n+1)
dimensional Minkowski space, in which the manifold
can be embedded, ® rather than the geodetic distance as
measured in the manifold. Calculation of ¢ in our co-
ordinates gives 1 - Ko = (x — 27%)¢!, which shows that
we require a representation of the 6 function as the
boundary value of a function analytic in the lower half
(x - 279 £7! plane of the form

n , . iexp(—inr/4)
5™ (n, ,V)=1;rg11 )241(@)3'””/ expli(r’ -

We write Z;,=aH) + abH{), since any Bessel func-
tion can be written in this form, and choose C :[0, «).
The contribution from s =0 to the final term in (35)
vanishes; for the contribution from s — < we use the
asymptotic form (£> 0)

")/ 4e].

HY ~(2/nse) P expli(st - n/4) +1a/2),
H ~(2/nsg)!/* exp[-i(st ~ n/4) - 1a/2].

Putting s =1/2¢ we find
a=-32/m) "V 2 exp[~in-1)n/4-710/2].

The coefficient b is completely undetermined since
it multiplies a term which is singular outside the
physical region 1,7’ > 0. In fact, this term represents
a 6-function singularity at the point (- n’, X’) antipodal
to (n’,Xx’), with arbitrary complex charge b. Taking
b =0, we obtain

Glx,x")=~ L(Z/n)("““/z exp[~iln~1)n/4 ~ na/2)
xf s"/22 exp(i2s¥? — isy)H{Y (sg) ds.

Using the relation
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0 2 1/2
H;a(SE)z(—*WS£> expli(st - 7/4) +ra/2]
L1 s 1
><2F0<§+za,§—za;——2i£s>

l, 10

and Goldstein’s integra we obtain

: KN e\ -1 -1_.
(J(n,n’,af):l(‘m)"/z(%) I‘(nz +za>f‘n2 —201)

_ _ o2
X2F1<n21+ia,n21—ia;g; X EZV >

Transforming back to the original field variables
(K1/2p)"/2-1¢ removes the term (£K/4)*/%*! and we ob-
tain the Feynman function appropriate to the complete
de-Sitter manifold, !

Taking b =1 we obtain again the result for the half-
space calculation of our previous paper. "

For general b, the addition to the de-Sitter Green’s
function in four dimensions, and with coincident points,
is

_ biK s 3 ~<,_,£ 1)1/2
AG_-—-—(4TT)21"(2+za)I"(2—za), a=\"7 -3 .

We have passed directly to four dimensions here since
this term is finite.

Using

3 [
L= 112G, ),

we obtain the addition A/ to the de Sitter effective

Lagrangian:
b 1 3, 3 . m2>
— ——— 7+ = _—
5 (4”)2ﬁ(2 za)I‘(Z—za)d<K .

Asymptotically, for m?/K -, we use

Al =~

TG +io)LE-io)~2r0’exp(-7a) as a—w

to find

b (m?\3/? T
Ima/,~ Im{ﬁ (—K—> exp <— ﬁ) .

Alternatively, for m*/K —0, we have ia ~3- m%/K and
expanding in powers of m*/K gives

Ima/f ¢~ Im{- (b/2)[7nz/(477)2K]}.

We require Ima/ {=Im/ > 0 in order that the vacuum
to vacuum transition probability, exp[-2Im [/ ,dx],
be less than unity, I (i) » is real and (ii) & is indepen-
dent of m%/K, (36) and (37) cannot both be positive. It
then follows that b must be real and there exists no
particle production. However, both of these conditions
can be broken: (i) the “conformal” addition to the ac-
tion — 1—12R¢>2 =K¢? is of the same form as the mass
term, so should be regarded as defining an effective
squared mass m?=m?®+ 2K which can be positive for
negative n?;

(36)

37)

(ii) the m*/K dependence of b is entirely arbitrary.
These conditions may be exploited to construct a A/,
such that

Im [ Afqdx>0
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in which models this may be interpreted as particle
production. These models are of course highly con-
trived, but illustrate the need for further physical input,
for example, the asymptotic state of the system. Such
considerations would be of importance in realistic
cosmological models. 12

APPENDIX A

In this appendix, we calculate the Bogoliubov co-
efficients o and B of Sec. 5.

We have
Uge(¥) =[2V7/(27)"'2) exp(- it coshkK)
x sin(x u sinhK) exp(ik - X)
and
v,5(x) = 2[(sinhvm)!/2/(27)"/*] exp(- ivt)K,, (1 t)
X exp (K - X)
with
b=+ w2,
In matrix notation a and 3 are determined by
vix) = au(x) + Bu*(x).
Setting a,y k= 0,56k~ K’)
and
Bk, e =Pox0 (B + k),

where &, and §,x are the Bogoliubov coefficients that
obtain in two dimension, (A1) reduces to

(sinhvm)'/2 exp(— ivn)K,, (1L£)
=7 J,” dK sin(xp sinhK)
{(A2)

Since the functions # and v are solutions of the Klein-
Gordon equation, (A2) will hold for all time if (A2) and
its derivative with respect to 7 hold for 7=0. Recalling
that x = £ cosh7 and { = £ sinh7 in (A1) we obtain the fol-
lowing equations:

(sinhvm)! 2K, (ng) =7t/? j:dK sin(£u sinhK){(a + 8),x,
v(sinhvr) 2K, (ug) =71/2 ]:szin(gu sinhK) £
xcoshK(a - B8),x.

X[, exp(~iut coshK) + B, exp(i ut coshK)].

These integrals may be inverted and the resulting ex-
pressions evaluated using the formula

f dE £K;, (1 g) sin(Ep sinhK)
0

R (2+x+z‘v> <z+x—w>
= = sinhKT\E— 2=

2+ra+iv 24+xr-iv 3, —sinh2K>.

><2Fi< 9 ’ 9 ' 97

When x=- 1 the hypergeometric function simplifies to
sinvK/v sinhK and when A =0 it simplifies to sinvK/
v sinhK coshK,

Thus, we obtain finally

0, =[1- exp(- 2vm) "V /3(2/m) 2 sinvK,
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B,x = lexp@um) = 11172(2/m) 2 sinvK
which establishes (32).

APPENDIX B

This appendix deals with the evaluation of integral
(34). We have

R -
Agu:_‘Tﬂf dK/ dK’

X[+ (K =K'V = (n? + (K + K'))]
X exp(i (¢ sinhK +x’ sinhK’ + ¢ coshK + ¢’ coshK’))

= -8-’; f af a0 +a)t - i +ah

+ ’ — ’
Xexp[iu(x sinh(A 2" )+x’sinh(/\ 2)‘)
4+ )\’ =7
+tcosh<h 2A ) +t'cosh(h 2)\ ))],

where we have set

A=K+K'| N=K-K'

There are four cases to be considered according as
x and x/ are located in / or P,

In the first instance, let us take both x and x’ in I;
then we may set
x=Ecosht, x’=¢"cosh7’,
¢t=¢tsinh7, # =¢'sinh7,

and

Agn= 8—27“/ dxf AN+ 78— 2+ 1))
+ 7 - ’
Xexp{iu [g sinh(A > . r) + g sinh(" - A r')] }

(B1)
In the ) integration displace the contour as shown
in Fig. 9. This yields

Agngiﬂf d;\/ dX'[(n = de)(n + 2mi)t = (A2 + 7)1

Xexp{— m [g cosh(x ; M, T) + & cosh(x‘; Xy r')]}

T it oyt [ A
~4n'/-wdx()\ ie)™ (A + 27i) . A

xexp{- £ [A' + 45 &+ £+ 2687 coshr + 7+ T'))]}

A2
FIG. 9. Deformation of the con-
tour of integration appropriate

to (B1).
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i (7 = dA
- ax’ 24 2-1/ ekl
471,/‘_«, M ™) s A

Xexp{— % [A + % (82 + £ + 288" cosh(a + 7~ T'))]},

(B2)
where we have employed the substitutions
A=exp(A/2)[£ exp(\'/2 + 7) + £’ exp(- 1'/2 + )],
A’ =exp(\/2)[Eexp(0/2+ T) + £ exp(~- /2= 7')].

Therefore,

Ag=(/2m) [ _dA[(\+ T +ie) L+ 77 = 2mi)!
= (= )+ 7D K ()
with
yy=[£+ £ +2£E cosh(r - DT/,

Now

dk ) ,
AGy, =f(2'ﬂ‘)r_2 exp[ik. (x-x")]Aag;,

and the integral may be performed as in Sec. 3 to yield
AGy,= [+ 7 +ie) (A + 77 - 2mi)t
= (= 7P+ 281Gy ()
with v as in Sec. 3.
I x' = but x € P then we may set
x=- ¢sinh7, x’'=¢'cosht’,
t=~- tcosh7t, t'=¢’sinh7’,

This parametrization may be obtained from the previous
case by making the replacements

£—ig
and
T T+in/2,
In (B1) we may make the replacements
£— Lexp(if),
T 7+i0
and continue analytically from 6=0 to 6=7/2,
The result has the same form as (B2) except that now
V=~ thexp(~ 2ie) + £'2 — 2££’ exp(— d¢) sinh (7 - X — ie)
=~ g2+ £ 28E’ sinh(7~ X) +4e[2£2 + 2£&’ sinh(T= A)].

(B3)
x and x’ are null separated when
- 2+ £ = 2£8 sinh(T- 1) =0
so that (B3) is equivalent to
Y=~ 7+ £~ 258 sinh(T- ) +ie. (B4)

We observe that our analytic continutation has resulted
in the correct prescription for the Feynman function in
integral (B2). y as evaluated from (B4) is just the
geodetic length between x and an image point located in
II and labelled by £’ and X,
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For the case x’ € P and x € I we make the replacements

£ — & exp(id’),
T =7 +if’,
and
A A +in/2
in (B1). Proceeding as before we obtain from (B2)
AG, (%, x") :f_: A+ 7P+
(= T+ 1) 1G (),

where we find in a manner analogous fo the previous
case that

P=£2 - g%+ 288 sinh(T~ \) +ie

is seen to be the geodetic length between x and an
image point located in F and labelled by £’ and A,

The final case when both x and x’ lie in P is dealt
with by making the simultaneous replacements
E—texp(i), & — & explio’),
T T+4i06, 7' +i6’

in (B1) and continuing both 8 and ¢’ to 7/2. This gives
an expression of the same form as (B5) with

¥ === £% -2 £E cosh(T- 1),
i.e., y is the geodetic length between x and an image
point located in F labelled by £’ and X,
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Consider the system of stochastic differential equations x'(t,w) = f(t,x(t,w),®), x(tpw) = xo(w), where
f(t,x(t,0),w) is a product measurable n-dimensional random vector function whenever x(t,w) is a product
measurable random function, and it satisfies the desired regularity conditions to ensure the existence of
solution process. By developing systems of random differential inequalities, a very general comparison
theorem in the framework of a vector Lyapunov function is developed, and furthermore sufficient
conditions are given for the stability of solutions in probability, in the mean and with probability one.

1. INTRODUCTION

The stability analysis of stochastic differential sys-
tems of Itd type and differential systems with- Markov
coefficients has been investigated by several workers,
and it has been documented in Refs. 1—~3. However, the
stability analysis of a system of differential equations
under nonwhite excitations is very far from the satura-
tion state. In fact, most of the stability study is devoted
to linear systems.3~% Recently, the stability analysis
has been extended to nonlinear random systems by
Khas minskii®!® in the framework of Lyapunov’s second
method. A good deal of stability results have been sur-
veyed in a recent monograph by Morozan.® The stability
results for random differential systems® are centered
around either the use of the single or scalar Lyapunov

function, or the use of the variation of constants formula.

Very recently, by developing very general comparison
theorems!*=!? for 1td type stochastic differential equa-
tions and differential systems with Markov coefficients
in the context of a single as well as a vector Lyapunov
functions and the theory of differential inequalities, suf-
ficient conditions are given for the stability and bounded-
ness of solutions of these stochastic differential systems
in a systematic and unified way. Furthermore, very re-
cently, the comparison theorems in Refs. 13 and 14
have been utilized by Ladde and Siljak'®*? to study the
connective stability of the large-scale stochastic sys-
tems in engineering and ecology.

In this paper, we develop the theory of systems of
random differential inequalities, and obtain a very gen-
eral comparison theorem in the framework of a vector
Lyapunov function and the systems of random differen-
tial inequalities. As indicated above, these extensions
have several advantages over a single Lyapunov func-
tion. In particular, a system may be unstable according
to a single Lyapunov function approach, but it may be
stable in the context of a vector Lyapunov function ap-
proach.'®*® In addition, very recently, ' it has been de-
monstrated that the concept of vector Lyapunov function
and the theory of differential inequalities seems to be
a promising tool for undertaking the study of “com-
plexity vs stability” problem in the model ecosystems.

This paper is organized as follows:

In Sec. 2, depending on the mode of convergence,
namely in probability, in the mean and with probability
one, we define various notions of stability. In Sec. 3,
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we formulate the basic theory of systems of random
differential inequalities. These results include the de-
terministic results'® as special cases. In Sec. 4, we
develop a very general comparison theorem for random
differential systems based on the vector Lyapunov func-
tion and the systems of random differential inequalities.
In Sec. 5, we give sufficient conditions for stability of
solutions in probability, in the mean and in the almost
surely sample sense or with probability one. These re-
sults include the earlier results in Ref. 3 as special
cases. Finally, examples are given to illustrate the
usefulness of our results.

2. NOTATIONS AND DEFINITIONS

Let R” denocte the n-dimensional Euclidean space with
a convenient norm I - il. We also denote by the same
symbol Il - Il the corresponding norm of a matrix. Let
R, and R denote the nonnegative real and real lines, re-
spectively. For ©>p>0, D=D(,p,RM={xcR": iix!
<p}. Let (9, 7, P) be a complete probability space. Let
S(R") denote the set of random »n vectors defined on
(92, /, P) into R". For x< S(R"), the gth moment of x is
defined by E(ix11%) = [qlix(w)iI°P(dw), 0<g <, and for
1< g <= let LYR) be the space of n-dimensional random
vectors with the norm lixll, =[E(Ix19]1/¢, Let
ACI[R,,S(R™] denote the set of all almost surely abso-
lutely sample continuous random functions defined on
R, into R". For p>0, D(SR")=D(0,p,SR™) ={xc SR
= llx(w)Il < p with probability 1}. In this paper we shall
consider p, g such that 1 €p<g <«. We shall mean by
M[R,xD,S(R™] the class of random functions f(t, x, w)
defined on R, X DX into R" such that f{, x(¢, w), w) is
product measurable whenever x{f, w) is product
measurable.

Consider the system of stochastic differential equa-
tions of the type

X', w) = At x(t, w), @), x(ty, w)=xy(w), 2.1

where xc R", fe M[R,xD, S(R")], and f is smooth enough
to guarantee the existence of a sample solution x(¢, w)
=x(t, ty, Xy w) of (2.1) for t=¢,. For existence and uni-
queness theorems, see Refs. 3 and 19.

We shall assume that f{¢, 0, w) =0, with probability 1
(abbreviated w.p. 1), so that the system (2.1) possesses
the trivial solution x(#)=0, w.p. 1.

Now, depending on the mode of convergence in the
probabilistic analysis, we shall formulate some defini-
tions of stability.
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Definition 2.1: The trivial solution of (2. 1) is said to
be

(SPy) stable in probabdility, if for each € >0, >0,
t,€ R,, there exists 6= 6(¢, €, ) > 0 such that

Plw: llxg(w)li > 8t <
implies
Plow:llx(t, oMl= et <n, t= te

(SP,) asymptotically stable in probability, if it is
stable in probability and, if for any €>0, n>0, {;e R,,
there exists 6,= 6,(f;) and T= T(t,, €, 1) such that

Plw: x> 6 <7
implies
Plw:llx(t, o)l = €t <m, t>t,+T;

(SMy) stable in the mean, if for each € >0, f,c R,,
there exists a 6= (), €) such that the inequality
E[llxy()]< 6
implies
E[llx(t, w)ll]< €, t=t;

(SM,) asymptotically stable in the mean, if it is stable
in the mean and, if for any € >0, {;c R,, there exists
8,=08,(¢;) and T = T(t,, €) such that the inequality

Elllx ()] < 8,
implies
E[llx(t, wll] <€, t=t,+T;
(88,) stable with probability 1 (or almost surely sam-

ple stable), if for € >0, f;c R,, there exists a 6= 6(¢, €)
such that the inequality

lxg(wll <6 w.p. 1
implies

Hx(t, w)ll<e, t=t, w.p. 1

(SS,) asymptotically stable with probability 1 (or al-
most surely sample asymptotically stable), if it is stable
with probability 1 and, if for any € >0, ;= R,, there
exist 0 < §;=6,(¢,) and T = T(¢;, €) such that the inequality

llx (@l <6 w.p. 1
implies

Ix(f, W)l <€, t=¢,+T w.p. 1,

Definition 2.2: The trivial solution of (2. 1) is said
to be:

(USP;) uniformly stable in probability, (USM;) uni-
formly stable in the mean, and (USS;) uniformly stable
with probability 1, if the 6’s in Definition 2.1 (SP,),
(SM,), and (SS,) are independent of f,, respectively;

(USP,) uniformly asymptotically stable in probability,
(USM,) uniformly asymptotically stable in the mean,
and (USS,) uniformly asymptotically stable w.p. 1, if
(SP;), (SM,), and (SS,) hold, and the corresponding &’s
and T’s in Definition 2.1 (SP,), (SM,), and (SS;) are in-
dependent of /), respectively.

Based on Definitions 2.1 and 2. 2, one can formulate
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other definitions of stability and boundedness, '*'*
analogously.

Consider now the auxiliary stochastic differential
system

w'(f, w) =glt, ult, w), w), u(ty, ) = uy(w), (2.2)
where gc LC[R,XR™, S(R™)], LC[R,<R™, S(R™)] stands
for the class of random functions g(¢, #, w) defined on

R, XR™XQ into R™ such that g(¢, u, w) satisfies the
Caratheodory condition in (¢, #) for almost all we Q, i.e.,
g(t, u, w) is continuous in « for each < R, and Lebesgue
measurable in / for each fixed u with probability 1, and
there exists a product measurable random function K:

R, xQ~R, which is summable on R, with probability 1,
such that 11g(¢, u, w) Il SK(t, w) for tull<p, 0<p<o w.p.1;
g(¢, u, w) is quasimonotone nondecreasing in u for fixed
teR, w.p. 1. Under these conditions, existence of maxi-
mal and minimal solutions with probability one can be
shown analogous to the deterministic case!® with simple
modifications. Let u(f, w}= u(t, t;, 2, w) be any solution

of (2.2).

Relative to auxiliary differential system (2.2), we
need the corresponding definitions in our discussion that
may be defined analogously. For example, the definition
of stable in probability (SP¥) runs as follows:

Definition 2. 3: The trivial solution of (2.2) is said to
be stable in probability, if givene>0, n>0, {,cR,,
there exists 6= 6(t,, €, 7) such that

m
P{w:f) ugy(w) > 6}<n
i=1
implies
. .
P{w;Z}ui(t, w) = e}<n, t= 1.
i=1
Definition 2.4: A function b(») is said to belong to the
class K if be C[R,, R,], b(0)=0, b(#) is strictly increas-
ing in 7.
Definition 2.5: A function b(») is said to belong to the
class VK if be C[R,, R.], b(0)=0, b(») is a convex and
strictly increasing in 7.

Definition 2.6: A function a(¢, ») is said to belong to
the CK if ac C[R,XR,,R,], a(t,0)=0, and a(t,*) is con-
cave and increasing in » for each fixed fc R,.

Definition 2.7: Let G be a function defined on R" into
R™. The function G is said to be convex if each compo-
nent G; of G is convex for 1 <¢<m, and G is said to be
concave if — G; is convex.

In order to avoid monotonicity, hereafter, it will be
understood, unless otherwise specified, that all equali-
ties, inequalities, and relations that involve the random
processes will hold with probability 1.

3. RANDOM DIFFERENTIAL INEQUALITIES

In this section, we shall establish the result that will
be widely useful in the qualitative analysis of random
differential systems of the type (2.1).

Theovem 3.1: Assume that

(1) g LC[R,XR™, S(R™], (¢, u,w) is quasimonotone
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nondecreasing in u for each fixed f € R,, with probability
1, and #(f, @) = »(#, ty, 1y, @) be the maximal solution pro-
cess of the system of random differential equations

(2. 2) existing for = f;

(ii) m € AC[R,, S(R™)], and m(¢, w) satisfies

m(t, w) < g(t, m(t, w), w) 8.1
almost everywhere on (¢, w) € R, X,
Then
mi(ty, w) Suplw) w.p. 1 (3.2
implies
mt, w) < vty by upy w), =1, w.p. 1. (3.3
Proof: For any i I={1,2,...,m}, we define the
function
gt u, W) =gilt, u, w), (3.4)
where uc R™, m(t, w)<u, and for jeI
_ wy, i m(t, w) < uy,
“’:{mj(f), if m(t, w) > uy. (3.5)

It is easy to observe that Z(¢, u, w) € LC[R,XR™, S(R™)]
and satisfies the quasimonotone nondecreasing property
in u, for fixed tc R,, w.p. 1. Let ¥(f, w)=7{t, t;, uy, w)
be the maximal solution of

(3.8

From (3.4) and (3.5), one can easily see that 7(, w)
=»{t, w), whenever m(f, w) <¥({, w). In view of this, the
validity of the inequality (3. 3) is immediate, if we can
show that

w'{t, wh=glt, wult, w), W),  ulty, W) =ulw).

m(t, w) < ¥{t, w), t= 4, (3.7

If (3.7) is false, there exists an index i€/, 4 and ¢, with
ty<t <ty and @ C Q with P(£;) >0 such that

(a) ”Ii(tl, w):;i(tly w)’ we Ql!
(o) m;(t, ) >7,(t,w), tc(f,t,) and we @y,
(e) m{t, w) s7;(t,w), w.p. 1, telh,t,) foralljel.

For almost every fa {#,t,), and we §,, we obtain from
(3.1) and (3. 6) the inequality

mi(t, w) = 7, w) < g;(t, m(t, w), w) = g,{t, 7{t, w), w). (3.8)

From (3.4), (3.5), {a)—{c) and quasimonotone nonde-
creasing property of g give

mi(t, w) = ¥{(t, w) <0,
which implies

t
Jiy

(3.9)

Since m(t) € LC[R,, S(R™], we have
Jotmi(s, @) =mylt, ) = mylty, w). (3.10)

From (3.9), (3.10), (a), and (c), we have the
contradiction

m(t, w) < 7,(t, w) <m(t, w)
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mi(s, ) <7lt, w) = 7(ty, @), tell,t,) and we Q.

which establishes the relation (3.7). Thus the proof of
the theorem is complete.

Remark 3.1: Theorem 3.1 is analogous to determi-
nistic Corollary 1.7.1 in Ref. 18. Furthermore, it is
direct extension of the deterministic Theorem 1.10. 1!®
that is obtained in the context of differential inequalities
of Caratheodory type.

Remavrk 3.2: If, in Theorem 3.1, the inequalities
(3.1) and (3. 2) are reversed, then the conclusion (3. 3)
is to be replaced by

m(t, w) = plt, w), t=t,,

where p(t, w) = p(t, t;, 1y, w) is the minimal solution pro-
cess of (2.2).

4. COMPARISON THEOREMS

In this section, we shall develop some results which
furnish a very general comparison theorem for random
differential systems. This is achieved by employing the
system of random differential inequalities that are de-
veloped in Sec. 3, and by introducing the concept of
random vector Lyapunov function analogous to the earlier
work. '* These results play an important role not only
in studying the qualitative behavior of (2.1), but also in
studying the qualitative behavior of competitive process-
es in biological, physical and social sciences.

Let the function Ve LR, XD, S(R™)], where
L[R,xD, S(R™] stands for collection of random functions
V(¢, x, w) defined on R,XDXQ into R™ such that V(t, x, w)
is locally Lipschitzian in (f,x)c R, XD w.p. 1. We de-
fine a vector
D*V(t, x, w) = lim sup(1/R)[ V(¢ + h, x + hf(t, X, w), @)
1) =0
- V{t, x, w)] (4.1

for (¢, x) € R,XD. Note that D*V(t, 2, w) is a product mea-
(2.1)
surable random vector in view of the assumptions on V.

From here on, we shall assume that the function g in
(2.2) and the function V satisfy the following hypothesis:

(H;) g< LC[R,XR™, S(R™], glt,u, w) is quasimonotone
nondecreasing in u, for fixed tc R,, w.p. 1.

(H,) Let »(¢, tg, 1y, w) = 7(¢, w) be the maximal solution
process of the auxiliary random system (2. 2) existing
for ¢> ¢,.

(Hy) Assume that g{#, 0, w) =0 almost everywhere
(a.e.) on (t, w) € R, xQ.

(Hy) V= L[R, XD, S(R™], V(t, x, w) is Lipschitzian in
(t,x) € R,XD w.p. 1. Furthermore, for (¢, ¥x) € R,XD,

D'V(t, x, w) < g(t, V(t, x, w), w), w.p. 1. 4.2)
(2.1

(H;) Assume that the hypotheses (H,) holds except that
the inequality (4.2) is strengthened to

ABD VIt x, w) +A' BV, x, w)
(2.1)

<g(t, A(BV(L, x, ), w), 4.3)
where D'V(t, x, w) is defined in (4. 1),
{2.1)
Here A(H) =(a;,(#), a;;< LIR,,S(R,)]}; A1 (t) exists
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w.p. 1; AT(HA'(H) is (¢, w) measurable, and its off-
diagonal elements are nonpositive w.p. 1, for £= 0.

{H,) For (¢,x) € R, XD,

b(llxll) <25 Vi(t, x, w) < a(z, llxl) (4. 4)
i=1

where b, a(t, -)eK.

(H,) For (f,x)c R,XD, (4.4) holds with b VA,
ac CK.

(Hy) In addition to the hypothesis (Hy), we assume that
alt, ) = a(r).

(Hy) Assume that (H;) holds with a(t, ) = a(»).

We shall state and prove the following comparison
theorem.

Theovem 4.1: Let the hypotheses (H;), (H,), and (H,)
be satisfied. Assume that for any sample solution pro-
cess x(f, w) =x(4, ), ¥, w) of (2.1) with x,c D(S(R™) and

V{te, xp(w), w) < 2y(w). (4.5)
Then
V(t, x(t, w), w) < (¢, ty, u,, w), (4.8)

as long as x(¢, w) € D(S(R™) for ¢ =1,.
Proof:. Set
m(t, wy=V(t, x(t, w), w), mlty, w) = V(ty, x,(w), w).
(4.7

Since x(¢, w) is a sample solution of (2.1) and

Ve L[R,xD,S(R™], we conclude from the Rademacher’s
theorem?®® that m(f, w) is sample absolutely continuous
w.p. 1 for f={,. For small 7>0, we have

mit +h, w) - m(t, w)

=Vt +hx(t+h, o), w) -~ V(i, x(t, w), w)

=V({t+h,x(t+h,w),w)— VE+h,xE, w)
+hf(t,x{t, w), w),w) +V{+h,x(t,w)
+hf(t, x(t, w),w), w) — V{, x({f, w), w)

<Kllx(t +h,w) - x(t, w) = hf{t, 2, w), w)ll
+VE+h,x(t, w) +RfE, x(t, w), w),w)
- V{t, x(f, w), w),

where K is the local Lipschitz constant. This, together
with (2.1), (4.2), and sample absolute continuity of

m(t, w) yields the inequality
m'(t, w) = g(t, m{t, w), w) (4.8

almost everywhere on (¢, w) € R,X. From (4.5) and
(4.7), m(t,, w) <uy(w). Hence, by Theorem 3.1, we have

m(t, w) < v(t, ty, u,y, @)

as long as x(/, w) € D(S(R") to the right of {,. The proof
is complete.

The following variant of Theorem 4.1 is often made
useful in applications.

Theovem 4.2: Let the hypotheses of Theorem 4.1 hold
except (H,) is replaced by (Hg). Then, V(f, xy(w), w)
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< uy(w) implies

V(t, x(t, w), w) < R(¢, ty, vy, w) (4.9)

as long as x(¢, w) € D(S(R") where R(!, {,, vy, w) is the
maximal solution process of the auxiliary random dif-
ferential system

v'(t, w) =AM O[= A (B, @) +g{t, AlDv(t, w), w)]
(4.10)
existing for £ > ¢,.

Pyoof: Set W(¢, x, w) =A({t)V({, x, w). Because of (4. 3),
we have

D*W(t, x, ) =A@RD*V(t, x, w) +A' (1) V(L x, w)
(2.1) @e.1)

< g(t, Wit; x, w), w).

Now, by following the arguments used in Theorem 2.3
in Ref. 13 and Theorem 4.1, the proof of the theorem
can be constructed, analogously.

Remark 4.1: Note that the comparison theorems in
Refs. 12—14 are developed for 1t type stochastic differ-
ential systems. However, our present comparison theo-
rems are for random differential systems in the context
of random vector Lyapunov functions and systems of
sample random differential inequalities.

5. STABILITY RESULTS

In this section, we employ the comparison theorems
developed in the preceding section to study stability
properties of the trivial solution of the random differ-
ential system (2. 1),

The following result establishes the stability properties
of (2.1) in the sense of probability.

Theorem 5.1: Let the hypotheses (H,), (H,), (H,), (H,),
and (Hg) be satisfied. Assume that f(¢, 0, ) =0. Then,

(i) (SP¥) implies (SP,),
(i1) (SP¥) implies (SP,).

Proof: Let us prove the statement (i), Let n>0,
0<e<p, and ;< R, be given. Assume that (SP¥) holds.
Then, b(¢), n>0 and t,c R,, there exists a positive
function & = 8,(¢,, €, 7) such that

P{w:Z}ui(z‘, Loy gy, W) b(e)}<n, t=t, (5.1)
.=1
provided
P{w:z,uio(w)>51}<n. (5.2)
i1

Let us choose ty= (1; 4, Usgs - - - » Ump) SO that V(¢ x(w), w)

< uy{w) and

3 t34(@) = alty, l1xo(@)) for xoe DS®R™) .« (5.3)
=t

Since alty, -) €K, we can find a 6=05(t,, €, ) such that
Plw:alty, Ixg(@)l) > 6} = P{w : [lx,(w) Il > 6. (5.4)

Now, we claim that (SP;) holds. Suppose that this claim
is false. There would exist a solution process x(t, w) of
(2.1) with P{w: llx,(w)l > 8} < 7 and a #; > ¢, such that
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Plw:llx@ty, o)ll= et =n. (5.5)
On the other hand, by Theorem 4.1, the inequality
(5.6)

is valid as long as x{f, w) € D(S(R")). From (4. 4) and
(5.6), we have

b(ix(t, @) szm;l Vit (1, ), w)

V(t: X(t, w); w)S V(t; tOr Uy (4))

< 25 vyt toy ttgy ). (5.7
i<l

The relations (5. 1), (5.5), and (5.7) lead us to the
contradiction

n=Plw: lIx(t, w)ll> €
=P{w: b(llx(ty, w)l)) = b(e)}
:P{w S35t byt @) > b(e)} <,
i=l

thus proving statement (i).

To prove statement (ii), it is enough to prove that for
any €>0, 7>0, and fy R, there exist positive numbers
8,= b,(t,) and T=T(t,, €, 1) such that P{w : llxy(w){l > 65}
<7 implies

Po:lixt, 0= et <n, t=t,+T.

Assume that (SP¥) holds. Then given b()>0, >0,
and ¢y R,, there exist numbers 8°(¢y) = 6% and T'(¢,, €, n)
=T >0 such that

(5.8)

(5.9

i=l

P{w 100wyt by, gy W) B b(e)}< n, t=t,+T,
whenever
P{w 220 upplw) > 6“} <.
i=1

As before, we choose u; so that (5. 3) holds, and choose
84(ty) = 6, > 0 such that

Plw: alty 1x(@)l) > 6% = P{w : lxg(w)ll > 6}

We claim that (5.8) holds. Otherwise, there exists a
sequence {t,}, t,2 t,+ T, {,~> as n~= such that for
some solution process of (2. 1) satisfying Plw : llx,(w!
> 8ot <7, it will satisfy the relation

Plw:llx(t, o)l = et=n, t,>¢t,+T.

This together with (5.7) and (5. 9) will establish the vali-
dity of (5.8). This completes the proof of the theorem.

Remark 5. 1: If we replace the hypothesis (Hy) in
Theorem 5.1 by the weaker hypothesis, namely,

(H) inf (Z, V(¢ x, w)) =b(e), whenever € >0,
>0 \i=
Nxli>e

then the conclusions of Theorem 5.1 remain true. Under
(H¥), the proof of Theorem 5.1 can be formulated anal-
ogously, except for a few modifications.

Remark 5. 2: In the context of Remark 5.1, we note
that the scalar version of Theorem 5.1 contains the re-
sults in Ref. 10 as special cases, whenever f(Z, x, w) in
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(2. 1) is defined by f(¢t, x, w) = F(¢, x) + o{t, x)y(¢, w), where
FcR", oisakXn matrix, and v € M[R,,S(R®)] and it is
sample continuous, and Ilv(#)!l satisfies the law of large
numbers, In fact, under the hypotheses of Theorem 2.1
in Ref, 10, we have g(t,u, w)=(-cy+ Lcy [l y (Oll) v where
¢y, L, and ¢, are defined in Ref. 10. Note that under
the hypothesis on lly{£}Il, ¢y, L, and ¢q, #'=g{f,u, w)

is stable in probability.

The following result establishes the stability prop-
erties of (2.1) in the sense of first moment.

Theorem 5. 2: Assume that the hypotheses of the The-
orem 5.1 holds except that (Hg) is replaced by (H;).
Then,

(i) (SM¥) implies (SM;y),
(ii) (SM$) implies (SM,).

Proof: First, we prove (i). Let p>€e>0, tjc R, be
given. Assume that (SMf) holds. Then 6(¢) > 0 and
ty€ R,, there exists 8, = &(¢), €) such that

m

E E[llio(w)] b

i=1

implies
é E{ut, ty, ug, @) < b(€), t=t,. (5.10)
We c—hoose uy such that V{tg, x,(w), w) < uy(w) and
éE[uw(w)h alty Elllxg()ll]) for xy(w)eD.  (5.11)

Since a(t), -) €K, we can find a 6= 5{¢), €) such that

Elllx (] < 6 implies a(t;, E[llxy()) <&. (5.12)

Now, we claim that if E[llx,(w)l]] < 6, then E[llx(¢, w)I]
<€, t=1,. Suppose that this is false. Then, there would
exist a solution process x{t, f,, x,) with E[lx(w)!il] <&
and a 44 >/, such that

Elllx(ty, w)lll=€¢ and E[llx(¢, o}ll] <€, tclt, 4]
(5.13)

By following the proof of the Theorem 5.1, we have
the inequality (5.7), and hence by the convexity of b,
we have

B(EMx(E, )] <Z§ E[V,(t, x(t, @), w)]

<5 Elrt, by, g, ). (5.14)
i=1

The relations (5.10), (5.13), and (5. 14) lead to the
contradiction

E[Vi(ty, x(ty, 0), w)] €25 Elr;(ty, ty, uy, w)] < ble),
i=1

NgE]

ble) <

u
[N

proving (i).

Based on the proof of (i) and the proof of (i) and the
proof of Theorem 5.1, the proof of (ii) can be similarly
formulated.

Remark 5. 3: In the light of Remark 5.2 and p=1, our
Theorem 5. 2 includes Theorems 2.2 and 3. 2 in Ref. 10
as special cases.
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The following result establishes the stability property
of (2. 1) in the sense of a probability one or almost sure
sample.

Theorem 5. 3: Assume that the hypotheses of Theorem
5.1 hold. Then,

(i} (8S#) implies (SSy),
(ii) (SS$) implies (SS,).

Proof: The proof of the theorem can be formulated by
following the arguments used in proofs of Theorems
5.1 and 5.2 and the deterministic version!® of the the-
orem. We omit the details.

Remark 5.4 Again in the light of Remark 5.2, our
Theorem 5. 3 includes Theorems 2.1 and 3.1 in Ref. 10,
whenever the random processes {ly({)!! in Remark 5.2
satisfies the sharper law of large numbers, i.e.,
lim, . {1/8) [E1y(s)ids = lim, . o(1/8) [f EQiv(s)) ds w.p. 1.

Under this condition, the trivial solution of the com-
parison random differential equation u’ =g(t, u, w) is
asymptotically stable with probability one, where
g(t, u, w) is as defined in Remark 5. 2.

Remark 5.5: In general, we may not be able to find the
auxiliary random differential system (2. 2) whose trivial
solution has (SP*), (SM*), and (SS*) properties. In such
cases, the comparison Theorem 4.2 is useful in dis-
cussing the stability properties of (2.1). Further detail
discussion about the usefulness of Theorem 4.2 can be
formulated by following the discussion about the use-
fulness of the comparison Theorem 3.2 in Ref. 13 rel-
ative to It6 type stochastic differential equations.

Remark 5.6: Note that one could formulate the results
corresponding to uniform notions under the hypotheses
of the previous theorems except that (Hy) and (H,) are
replaced by (H,) and (H,), respectively, and the corre-
sponding notions relative to auxiliary system (2. 2) are
uniform.

Remark 5.7: We also note that our stability results
are local in nature. I, on the other hand p=<, then
D=R", and the previous stability results would be of
global character.

6. EXAMPLES

In this section, we give some examples in order to
demonstrate the scope of our results.

The following example shows that the use of the com-
parison theorems and theory of differential inequalities
is an alternative approach for the use of the variation
of constants formula®® for studying the stability prop-
erties of systems of random differential equations,

Example 6.1: Consider the system of random differ-

ential equations
x'(t, wy=F(t, w)x(t, w), x(ty w)=x,(w), 6.1)

where xc R”, F(f, w) is an nXn random matrix function
whose n column vectors belong to LC[R,,S(R™)]. We
further assume that

(a) P {w:lim sup[ﬂ; u(F(s, w)) ds]<»}=1;
t~m
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{(b) for some positive real number a,

Plw: limsup[(1/f) ftz w(F(s, w))ds)< -~ a}: 1,

tew

where p(F(f, w)) is the logarithmic norm for the random
matrix function F(t, w) defined by

p(F(t, @) =4mQ/R[lI +rF({E, o) -1], w.p. 1.,
h-Q*
(6.2)

which is a direct analog of the logarithmic norm for
deterministic matrices.!® Further details about the log-
arithmic norm of random matrices and its properties
and scope, appears in Ref. 21. We further note that

the value of u(F(t, w)) depends on the particular norm
used for vector and matrices. However, in the following
discussion, we use hxly =37, x| and 1F{, w)l
=sup,[% 74 1fix(f, @} 1]. In this case, p(F{, w)) is given
by

u(F (¢, w)) = sup, [ Fuslt, w)’fé [fint, w) {1

i#R

(6.3).

This is analogous to the deterministic case.!®
Take m=1, and V(¢{, x, w) =lixty. For >0, from
(6.2), we obtain

Hx +hF(t, wixll < 1 +RFE, )l il

< [hu(F(t, w) + 1+ o) x|l (6.4)

where o(h) /R~ 0 as h~ 0", From (6.4) and the definitions
of V(¢, x, w}, Di.1,V(t, x, w), we have

Dig.q,V(t, x, w) < u(F{t, ) V(L x, w). (6.5)
The auxiliary or comparison random differential equa-
tion is u'(t, w)= u(F(t, w)u(t, w). I (a) holds, then u=0

is stable with probability 1. On the other hand if (b)
holds, then u=0 is asymptotically stable with probability
1. Thus, all the hypotheses of Theorem 5.3 are satisfied.
Hence, relative to (6.1), the conclusion of Theorem

5.3 remains true,

Remark 8. 1: Note that one can state suitable condi-
tions on w(F(f, w)) so that the other types of stability
properties of (6. 1) can be similarly derived.

In the following, we discuss a simple example that
shows that our approach is not only an alternative ap-
proach over the variation of constants formula approach,
but also shows certain gain over the earlier stability
analysis, *°

Example 6.2: Consider the special type of random dif-
ferential system
x'(t, w) = A(w)x + B(t, w)x, (6.6)

where x€ R", I1A(w)I<M w.p. 1, E[1B{t, w)i]<= for
te R,, and the elements b;;(¢, @) of the random matrix
function B{¢, w) = (b;;(¢, w)) are product measurable.

We further assume that

P{w :lim sup{(l/t)ftz p(A(w) + B(s, w))]< -~ a}: 1,

for a > 0. 6.7

As before, take V(t, x, w) = lixli; and by following the
argument in Example 6.1, we conclude that the trivial
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solution of (6.6), asymptotically stable with probability
one.

In order to compare, the stability condition (6.7) with
the earlier stability condition, **® we use the property of
logarithmic norm, p(A(w)+B(f, w)) < p(A(w))

+ u(B(f, ). 2! In the light of this, the inequality (6. 5)
relative to (6. 6) reduces to

D*V(t, x, w) < [p(A(w) + u(B(t, )]V, ¥, w). (6.8)
(6-6)

Similarly, the stability condition (6.7) reduces to
Plw: u(A(w)) +lim sup[(l/t)ft; u(B(s, w)ds]<-at=1
t=w

for a>0. (6.9
Again by using the property w(B(t, w)IB(t, )1, if we
further majorize (6.8), we get

{6.10)

DV(t, x, w) < {p(AW) + 1B, WV, x, w).
(6.6)
In this case, the stability condition (6. 9) becomes
P{w : uw(A(w)) + Llim sup{(1/#) ft; [1B(s, w)llds] < - a}=1.

t=w
(6.11)

From (6. 3), the stability conditions (6.7), (6.9), and
(6.11) are equivalent to

P{w :lim inf [tl/t inf[~ (a; ;{w) + b, (s, w))
to

teo i

- i |a;(w) +by(s, w) | ]ds] = a}: 1, (6.12)
=
P{w :inf [— (a,,(w))—i)l | a;;(w) ']
iz
1 t
+liminf [t_f inf (— (b;;(s, @)
twoo tyg J
_2" |;5(s, ) \)ds]za}:l, (6.13)
i=1
i)
and
P{w s inf [—- (a;;(w))—iz"; Ia;;(w)] ]
=1
i#
1 t
—~ lim sup [—f HB(s, w)ll ds]z a}z 1, (6.14)
teo ¢ ty

respectively.

With respect to (6.6), if we further assume that the
elements b,,{#, w) of the random matrix function B{¢, w)
are strictly stationary metrically transitive stochastic
processes, 2? then the stability conditions (6.12), (6.13),
and (8. 14) reduce to

P {w 1= (a;,;(w) + E{b;,(0,w)])

_éE[|ai!(w)+b”(O,w)]|2(1}:1,- (6.15)
i#j
P{w H— (a,-,(w) +E[bjj(0’ w)])
- &laa| + S ellb00 1= al=1, 610

i#j i#j
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and
P{w ;= (a;;(w) + E[b;;(0, w)])

_[5"31 | a;;(w)| +E[II B, w)“]]z a}: 1,

i
i#1

(6.17)

respectively. We note that the stability condition (6. 17)
implies

Plw:a;{w)<0t=1 and P w:lajj(w)]—L |a(w) > a =1,
"
and hence P{w: u(A(w)) < - a}. This together with the
property that ReXw) < p(A(w)) for any eigenvalue Mw)
of A(w) yields
P w:maxReMw)<-a =1. (6.18)
Mw)STA (w))

From (6.18), the random matrix A(w) is P-stable, 8
This shows that the stability condition (6. 17) is stronger
than the P-stability of A(w). Recently, *® by assuming
the P-stability of A(w) and measurability, strictly sta-
tionary metrically transitive property of the coefficients
of random matrix B(¢, w), the stability of the trivial solu-
tion is established, whenever E[1B(0, w)il] is sufficiently
small. Now, by comparing the different set of the sta-
bility conditions (6.15), (6.186), and (6.17), one can im-
mediately conclude that our approach is certainly more
advantageous over the earlier approach.®®® Further-
more, the particular stability condition (6. 16) that is
more restrictive than (6. 15), shows that the matrix
A(w) may not be P-stable. From (6.16), we can conclude
that the trivial solution of (6. 6) is asymptotically stable
with probability one, if at least one of the matrices A(w)
and E[B(0, w)] is P-stable, and the matrices A(w),

E[B(0, w)] satisfy the relation (6. 16). This shows an
important gain over the earlier approach.

In the following, we shall make further remarks which
are important by-products of our above discussion.

Remark 6.2: We note that the special type of random
differential system (6.6) is not a very restrictive as-
sumption. In fact, the differential system (6.1) can be
rewritten as (6.6) whenever E[F(f, w)] exists. For in-
stance, we set

Al = E[F(t, w})] and B(f, w)=F(t, w) - E[F(t, w)].

Then, the system (6.1) can be rewritten as

x'(t, w)=A(x + B(t, w)x. (6.19)

Now, one can formulate the stability conditions for
(6.19) analogous to the stability conditions of (6.6). For
details, see Ref. 21,

Remark 6. 3: We also note that in the case of white
noise coefficients, 3*318 the randomness is a destabiliz-
ing agent, however, in the case of nonwhite coefficients
such as strictly stationary metrically transitive random
coefficients, the randomness may be a stabilizing agent.
This remark can be justified from (6.15) and (6. 16).
Further note that this observation confirms the Note
3.2 made by Khas minskii. '’

In the following, we give an example to illustrate the
comparison principle relative to the system (2.1).
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Example 6.3: Suppose that (2. 1) satisfies
llx; +nf,(¢, x, W
= ”x,H +h(2 aij(t, (U)iju>, i=1, 2, - (6. 20)
j=

for ({,x) € R, XD, sufficiently small 2 >0, where

x;€R™, n=2,n,;, a;<LC[R,,SR)], a;;> 0 for i#,.
e

Take

V(t, x, w) = (V,(t, %), Vo(t, %), ..., Vau(t, )T (6.21)
where V,(¢, x)=lix;il, i=1,2,..., m. Note that

bl < 25 Vilt, 0 <alieh, (6. 22)

where b(ixil) = lixlt, a(lxi) =+ ixi,
From (6. 20) we have the vectorial inequality

D‘V(t’ X, w) Sg(t, V(t, X, w)),
2.1)

where
g(t, u, w) =Alt, wu.

It is obvious that g(¢, u, w) € LC[R,%xR™,S(R™)] and

g(t, u, w) satisfies the quasimonotone nondecreasing
property in u for fixed € R,. Assume that the trivial
solution of {2.2) is uniformly stable in probability, Thus
all the hypotheses of Theorem 5.1 and Remark 5.6 are
satisfied. Hence, we conclude that the trivial solution
of the system (2. 1) is uniformly stable in probability.
Note that one can draw similar conclusions with respect
to the stability in the mean and the stability with pro-
bability one in the context of Theorems 5.2 and 5.3
together with Remark 5.6, analogously.

Remark 6.5: In order to show an advantage of a vector
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Lyapunov function over a single Lyapunov function, an
example similar to the Example 5.3 in Ref. 13 can be

analogously constructed. To avoid monotonicity, we do
not want to discuss further details.

*The research reported herein was supported by the SUNY Re-
search Foundation F aculty Fellowship.
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ERRATA

Erratum: Clebsch-Gordan coefficients for crystal space
groups [J. Math. Phys. 16, 227 (1975)]

Rhoda Berenson and Joseph L. Birman

Department of Physics, City College, C.U.N.Y., New York, New York 10031
(Received 4 August 1976)

It has been pointed out to us that due to our use of Wagirghstoglrg1=1.
condensed notation, certain of the equations could be
misread. In order to avoid this possibility we give be-

. t is not to be read as
low some equations, including expanded notation. It 1s not to a

(1) Equation (3. 8) can be clarified by writing w’f%”a}"%_i e ety = 1.
1 tm
P% Ip = w A Hm(¢a-l¢l¢'r)uv by Thus what appears in Eq. (5.16) is
0, 6° -

Dy | 7} {6 THo, | 7

im
Wyl LW,
= O TR, T
= Gelaes 35 gm0

ool st and not
(2) Equation (5. 15) states D({‘Pq-x | ,—0_1}{% | 7, Ho. | T.D.
w* =1
o, a1

We thank Professor R. Dirl for suggesting that we
This is to be read (in expanded notation) as clarify our notation.

Erratum: Optimal factor group for nonsymmorphic space
groups [J. Math. Phys. 17, 1051 (1976)]

R. Car, G. Ciucci, and L. Quartapelle

Istituto di Fisica, Politecnico di Milano, 20133 Milano, Italy
(Received 2 August 1976)

In Table I, p. 1054, some group operations are not TABLE I. Multiplication table of @p.

in the right place. The correct Table I should read as

follows on the right. The relation R;'R,R;=R, in the Ry e’ Ry Ry

first column of p. 1054 must be replaced by R3'R,R, Ry Ry R, Ry Ry

=1tR,. In the first row of Table III the right values of R, R, Ry tR, IR,

D, (R;)yy and D, (Ry),, are respectively D;(R3); =1 and R R R R R

D1(R4)12:—1v 3 3 4 1 2
R, R, R, tR, t
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